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This book is a supplement to the special edition of Economic Theory hon-
oring David Cass on the 30" anniversary of his joining the faculty at the
University of Pennsylvania’s Economics Department. As with the ET is-
sue, the contributions to this volume are, for the most part, from Dave’s
students or co-authors, and we hope they communicate both to Dave and
to the economics profession generally the high regard those of us who have
trained under Dave’s tutelage or worked with him on research have for him.

Most scientists would be happy to have had one major, influential idea
over the course of their careers. Dave Cass has had three, and is still going
strong.

His first major contribution to economics was the characterization of
optimal growth trajectories in his thesis work under Hirofumi Uzawa’s su-
pervision. The celebrated Cass criterion for optimal time paths in the one
good growth model quickly followed. The essence of this work is the search
for price characterizations of efficiency for dynamic time paths, an effort
that directly pointed the way to the subsequent full dynamic decentraliza-
tion of the neoclassical optimal growth model, a fact that permits its use
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for modeling a wide range of business cycle and other macroeconomic phe-
nomena. Accordingly, Dave is rightly honored, in conjunction with Tjalling
Koopmans, as one of the fathers of dynamic macroeconomic analysis.

Dave’s second contribution — the notion of a so-called sunspot equilib-
rium in dynamic economies which he developed jointly with Karl Shell — is
also the stuff of legend, and grew out of his long and productive collabora-
tion with Karl at Penn. The early impetus for Dave’s interest in this topic
stemmed from work he did with Manny Yaari on overlapping generations
models, and from his early acquaintance with Bob Lucas at Carnegie Mel-
lon and Lucas’s seminal work on rational expectations in dynamic economic
models. To quote from the interview with Dave by Spear and Wright in
Macroeconomic Dynamics

I wasn’t so interested in macro, but what struck me, and this is related
to some of my later work, was the assumption that [Lucas] made to solve for
equilibrium, that the state variables were obvious. ... Bob and I had some
long discussions, and I would say, “Well Bob, why is this the actual state
space in this model?” That question came up ... after I came to Penn. At
some point Karl [Shell] and I started talking about that and we developed
what we called the idea of sunspots. (Spear and Wright [8])

In addition to raising troubling questions about what the right state
space was for dynamic stochastic economies, the notion of sunspot equilib-
rium raised a number of deep questions about the overall determinacy of
economic equilibria and the role of the welfare theorems in the occurrence
or non-occurrence of sunspot equilibria. These questions spawned a large
literature on determinacy in dynamic economies in which the welfare the-
orems broke down. These include overlapping generations models, growth
models with externalities or taxes, and models in which asset markets were
incomplete. All were shown to allow the existence of sunspot equilibria.
And, in a suitable twist of intellectual fate, macroeconomists have more
recently begun to explore the question of whether sunspots can provide a
more plausible source of fluctuations in dynamic equilibrium models than
the conventional aggregate productivity disturbances.

Dave’s third major contribution to economic theory was his work on
general equilibrium with incomplete markets, work which grew out of his
exploration of the question of existence of sunspot equilibria in models with
incomplete asset markets. Dave’s follow-on work on existence and deter-
minacy of general equilibrium in models with incomplete asset markets
spawned another large literature which has come to be known simply as
GEL

The earliest work on market incompleteness goes back to Arrow in the
1950’s, Diamond in the mid-‘60’s and a number of related papers in the
finance literature between the late 1950’s and early ‘70’s (Geanakoplos [4]
provides an excellent survey of this literature). The canonical GEI model was
formulated by Radner in the early 1970’s (Radner [7]) in a paper which also
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pointed up one of the fundamental puzzles about models with incomplete
markets: the possible loss of dimensionality in the span of the asset payoffs
as prices vary.

This potential for non-existence of equilibrium (which was formally de-
veloped in Hart’s [6] counterexamples to existence of equilibrium) left the
literature in limbo for almost a decade, until Dave’s work on existence in
economies with purely financial assets pointed the way out. As Geanakoplos
notes

Suddenly in the middle 1980s the pure theory of GEI fell into place.
In two provocative and influential papers, Cass [1,2] showed that the
existence of equilibrium could be guaranteed if all the assets promise
delivery in fiat money, and he gave an example showing that with
such financial assets there could be a multiplicity of equilibrium. Al-
most simultaneously Werner [9] also gave a proof of existence of equi-
librium with financial assets, and Geanakoplos and Polemarchakis
[5] showed the same for economies with real assets that promise
delivery in the same consumption good. (Geanakoplos [4])

This work was followed very quickly by results showing that the non-
existence problem pointed out by Hart was not generic, and led ultimately
to the generic existence results of Duffie and Shafer [3], and again spawned
a new literature looking positively at the welfare implication of market in-
completeness, and normatively at issues of asset engineering.

In the course of making these contributions, Dave has worked with a
large group of coauthors, including (to date): Y. Balasko, L. Benveniste,
G. Chichilnisky, A. Citanna, R. Green, M. Majumdar, T. Mitra, M. Okuno,
A. Pavlova, H. Polemarchakis, K. Shell, P. Siconolfi, S. Spear, J. Stiglitz,
A. Villanacci, H.-M. Wu, M. Yaari, and I. Zilcha. Dave’s graduate students
(to date) include S. Chae, A. Citanna, J. Donaldson, R. Forsythe, F. Kyd-
land, Y. W. Lee, M. Lisboa, A. Pavlova, T. Pietra, P. Siconolfi, S. Spear,
S. Suda, J-M. Tallon, and A. Villanacci. Those of us who have worked
with Dave and/or under his tutelage as graduate students have benefited
tremendously from his razor-sharp analytic mind, from his willingness to
work at understanding problems we have posed to him, or new methodolog-
ical techniques we have discovered, and (perhaps most importantly) from
his no-nonsense approach to doing science.
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Monopoly Power and the Firm’s Valuation:
A Dynamic Analysis of Short versus
Long-Term Policies*

Suleyman Basak! and Anna Pavlova?

! London Business School and CEPR, Institute of Finance and Accounting,
London NW1 4SA; UK sbasak@london.edu

2 Sloan School of Management, Massachusetts Institute of Technology, Cambridge,
MA 02142-1347, USA apavlova@mit.edu

Summary. Recent anti-trust cases exacerbated the concerns of investors regard-
ing the effects of a firm’s monopoly power on its production choice, shareholder
value, and the overall economy. We address this issue within a dynamic equilibrium
model featuring a large monopolistic firm whose actions not only affect the price
of its output, but also effectively influence the valuation of its stock. The latter
renders time-inconsistency to the firm’s dynamic production choice. When the firm
is required to pre-commit to its strategy, the ensuing equilibrium is largely in line
with the predictions of the textbook monopoly model. When the firm behaves in a
time-consistent manner, however, the predictions are strikingly at odds. The trade-
off between current profits and the valuation of future profits induces the firm to
increase production beyond the competitive benchmark and cut prices. This policy
may result in destroying shareholder value, and does indeed fully wipe out the firm’s
profit in the limit of the decision-making interval shrinking to zero, in line with the
Coase conjecture.

1 Introduction

The pervasiveness of monopoly power, across many product categories in
almost every part of the world economy, has long pre-occupied economists
and lawmakers. There is also undisputed evidence that monopoly power is
widespread amongst firms dominant enough to matter at an economy-wide

*We thank Steve Spear and the anonymous referees for helpful suggestions.
We are also grateful to Franklin Allen, Dave Cass, Peter DeMarzo, Bernard Du-
mas, Ron Giammarino, Rich Kihlstrom, Leonid Kogan, Branko Urosevic, Dimitri
Vayanos, seminar participants at Boston University, University of Colorado at Boul-
der, Columbia University, MIT, University of Pennsylvania, Princeton University,
American Finance Association Meetings, and European Finance Association Meet-
ings for valuable comments. All errors are solely our responsibility.
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level, the so-called “bellwethers.” This is evidenced by the series of ongoing
anti-trust cases brought about by the U.S. government against, for exam-
ple, IBM (1969 - 1982), AT&T (1974 - 1982), Microsoft (1994 - 1995, 1998 -
present), and Bell Atlantic (1996 - 1997). Apparently, there is concern that
these large monopolists may not just exert power in their own product mar-
kets, but their actions may impact the overall economy. For example, as argued
in the Microsoft case, US consumers and businesses alike feared to become
critically dependent on Microsoft products. There are well-known dominant
players outside the US, too. For instance, OPEC’s production decisions appear
to affect not only the oil producing countries’ economies, but also the overall
world economy. While the surveys of imperfect competition by Hart (1985)
and Bonanno (1990) have highlighted the importance of a general equilibrium
analysis of such large monopolists, most studies of monopoly behavior have
been undertaken at a partial equilibrium level assuming no impact on other
markets. A true general equilibrium approach must face up to the challenge
of accounting for the so-called “feedback” or “Ford effect,” as once argued by
Henry Ford: through the influence of its own actions, a non-price-taking firm
may affect the wealth of its customers, and hence the demand for the firm’s
product. Finally, although there is growing work on general equilibrium asset
pricing with market imperfections (e.g., see the survey by Sundaresan (2000)),
the consideration of monopoly power is still missing in this literature.

Our primary objective in this paper is to investigate the optimal behavior
of a monopolist who has sufficient power to impact economy-wide pricing.
We model the extreme case of an economy containing a single monopolistic
firm who then, at a general equilibrium level, impacts the overall price of con-
sumption in the economy. Beyond the traditional assumption that its actions
impact the price of its own good, the firm’s actions also influence the valuation
of its stock. As will become evident from our analysis, the dynamic setting we
employ leads to a distinction between short-term and long-term policies of the
monopolistic firm. (For a competitive firm, there is no such distinction.) Part
of our emphasis will be to study the differences between the ensuing equilibria
under short versus long-term policies.?

We adopt a familiar Robinson-Crusoe formulation of a discrete-time
production finite-horizon economy populated by a representative consumer-
investor-worker and a representative firm. The consumer derives utility from

3Firms’ short-termism is receiving increasing attention from both academics and
practitioners. For example, Business Week (09/13/1999) voices the often-quoted
complaint that Wall Street exerts increasing pressure on many firms for short-term
results due to a shrinking of investors’ time horizons. The article points out that
a share in AT&T is held for an average of 1.1 years, down from 3 years in 1990;
a share in General Motors is held for an average of 1 year, down from 2 years in
1990. Firms’ short-termism is also frequently blamed on ever increasing managerial
turnover. Anecdotal evidence and recent academic literature (Allen and Gale (2000),
Palley (1997)) seem to agree that revolving management may be damaging for a
long-lived firm.
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consumption and leisure, simultaneously invests in financial markets (includ-
ing the firm’s stock), and earns a labor income. The consumer’s labor is de-
manded by the firm as the sole input to a stochastic non-constant-returns-
to-scale production technology, producing the only good in the economy. We
assume the objective of this firm is to maximize its market value, or the present
value of its expected profits. The firm has monopoly power in the good market,
in that it takes account of the impact (via market clearing) of its production
plan on the price of its output. In our setting, the monopoly power manifests
itself as an impact of the firm’s labor demand on the state prices (or the pric-
ing kernel). This manipulation of state prices results in time-inconsistency of
the firm’s production strategy, in that it has an incentive to deviate from the
initial plan at a later date. To rule out time-inconsistency, we focus on two dis-
tinct types of monopolistic strategies: a “pre-commitment” strategy in which
the firm initially chooses a plan to maximize its initial value, and thereafter
cannot deviate from that plan; and a “time-consistent” strategy in which the
firm chooses a plan each period, maximizing the value at that period, taking
into account the re-adjustments that it will make in the future. Consistently
with the literature (e.g., Blanchard and Fischer (1989, §11.4)), we interpret
the time-consistent strategy as a short-sighted or short-term strategy, and the
pre-commitment one as long-term.

Solving for the pre-committed monopolist’s strategy reveals his optimal
plan and the extent of his monopoly power to be driven by the concurrent
profit, the marginal product of labor, and the consumer’s attitude towards risk
over consumption. The most immediate implications on the ensuing dynamic
equilibrium are consistent with the predictions of textbook static monopoly
models: lower good output and lower labor input, and higher price of consump-
tion than the competitive counterpart. However, in contrast to the textbook
case, profits and the firm’s value can be either higher or lower. This arises
because it is the firm’s initial value the monopolist maximizes, not the profits
nor the value at later times. By restricting production, he moves away from
the competitive, profit maximizing, production plan.

The optimal behavior of the time-consistent monopolist contrasts sharply
with that of the pre-committed monopolist. His optimal production plan and
his monopoly power are driven by the negative of the ex-dividend stock price,
in place of concurrent profits. In attempting to maximize the current stock val-
uation, this monopolist trades off between today’s profit and the ex-dividend
stock price; hence the appearance of the ex-dividend price. In direct oppo-
sition to the pre-commitment case, the equilibrium good output and labor
demand are higher than the competitive case, while the price of consumption
is lower. It is in this short-term monopolist’s interest to depress the current
price of consumption, so as to boost today’s stock price. Yet more strikingly,
the profits in every period are decreased in the monopolist’s presence, and may
even go negative, while the firm’s value can be either lower or higher than in
the competitive benchmark. We also argue that our main conclusions regard-
ing the time-consistent equilibrium hold true in the infinite horizon limit of
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our economy within a parametric example. To further explore the robustness
of these results, we provide an alternative, albeit extreme, form of a produc-
tion opportunity (constant-returns-to-scale) under which the monopoly power
vanishes, and the solution coincides with the competitive.

It is well-recognized in monopolistic models of durable goods, that absent
commitment the monopolistic firm may in a sense “compete with itself” across
different time periods, and weaken its monopoly power. The Coase (1972)
conjecture proposes that as the time interval between successive decisions is
reduced to an infinitesimal length, this intertemporal competition will drive
the firm’s profits to zero. Since our long-lived firm’s stock resembles a durable
good, it is of interest to explore the limiting case of our economies where
the decision-making time interval shrinks to zero. While the competitive and
the pre-commitment monopolistic equilibrium retain their basic discrete-time
structure and implications, we find the time-consistent equilibrium to tend to
the limit of zero profits and hence zero firm’s value at all times. Hence, un-
der the time-consistent scenario, monopoly power destroys shareholder value.
However, within our framework, this zero profit limit does not coincide with
the competitive solution.

The importance of imperfect competition is, of course, well-recognized in
many areas of theoretical and applied research. The standard textbook treat-
ment of monopoly (Mas-Colell, Whinston and Green (1995, Chapter 12), Ti-
role (1988, Chapter 1)) considers a profit-maximizing firm which is the only
producer of a good (and has no influence on other markets), in a static partial
equilibrium setting. The main implications of the textbook monopolist are
restriction of production and a raising of the price of output in the market
for its product. While this behavior is consistent with the equilibrium im-
plications of our pre-committed monopolist, it is at odds with those of the
time-consistent monopolist. The distinction is due to our accounting for the
economy-wide impact of the firm’s decision and in particular for the impact
on its stock price valuation.

In that regard, the most closely related work in a general equilibrium set-
ting where the valuation of financial securities is affected by market power
are the works of Basak (1997) and Kihlstrom (1998). These authors consider
a single large consumer-investor acting as a non-price-taker in securities mar-
kets, in a Lucas (1978)-type pure-exchange setting.* While the monopolists in
Kihlstrom and Basak select a consumption-investment plan to maximize util-
ity, our monopolist selects a production plan to maximize the stock price of
his firm. In this respect, ours is much closer to the standard textbook monop-
olist. Basak demonstrates that the non-price-taker acting as a price-leader in
all markets manifests itself as a dependence of the state prices on the agent’s
consumption choice. Kihlstrom relates the dynamic security price choice of
the monopolist to the Coase (1972) conjecture, and shows that the inability

“See also Lindenberg (1979) and Grinblatt and Ross (1985) for related analysis
within a static mean-variance framework.
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of the monopolist to commit to the future (second period) price quote reduces
his monopoly rents. Consequently, the first period security price is less than
in the commitment scenario (but is still higher than the competitive price).
In the spirit of Kihlstrom, but with an additional moral hazard problem of
the monopolist, is the dynamic model of DeMarzo and Urosevic (2001).> Ab-
sent commitment, they demonstrate an analog of the Coase conjecture in the
continuous-time limit of their economy.

The rest of the paper is organized as follows. Section 2 describes the econ-
omy. Section 3 characterizes equilibrium in the economy with a monopolistic
firm for the cases when the firm can commit to its future production plan
and when it cannot. It also presents comparison of the resulting equilibrium
quantities to those of a benchmark competitive economy. In Section 4, we take
the economy to its continuous-time limit and explore the Coase conjecture in
the context of our economy. Section 5 concludes and the Appendix provides
all proofs as well as discussions of alternative choices of the numeraire and
the case of a monopolistic-monopsonistic firm.

2 The Economy

We consider a simple Robinson-Crusoe production economy with a repre-
sentative firm and a representative consumer-investor-worker. We make the
standard assumption that the consumer-investor-worker represents a con-
tinuum of identical atomistic agents who take prices as given and cannot
act strategically. The economy has a finite horizon [0, 7], in which trad-
ing takes place at discrete times ¢ = 0,...,T. There is a single consump-
tion good serving as the numeraire (other choices of the numeraire are dis-
cussed in Remark 1). Uncertainty is represented by a filtered probability space
(2, F,{F;t=0,1,...,T} P) generated by a production shock process . All
stochastic processes are assumed adapted to {F; ¢t =0, 1,...,T}, all stated
(in)equalities involving random variables hold P-almost surely. We assume
all processes and expectations are well-defined, without explicitly stating the
required regularity conditions.

The financial investment opportunities are represented by: a risky stock of
the firm in constant net supply of 1 share that pays out dividends 7 (¢), t =
1,...,T; and enough zero net supply securities to dynamically complete the
market. 7 is endogenously determined via the firm’s optimization problem.
Dynamic market completeness allows the construction of a unique system of
Arrow-Debreu securities consistent with no arbitrage. Accordingly, we may
define the state price density process & (or the pricing kernel £(s)/£(t), s > t),
where £(t,w) is interpreted as the Arrow-Debreu price (per unit probability

®See also DeMarzo and Bizer (1993), who were the first to point out the connec-
tion between durable goods and securities markets. DeMarzo and Urosevic (2001)
also provide a comprehensive review and classification of the literature.
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P) of a unit of consumption good in state w € (2 at time t. The process ¢ is
to be determined in equilibrium. The time-t (cum-dividend) value V'(¢) of the
stock (of the firm) is then given by

T £(s
Z—t n(s) ]ﬂ]. M

As evident from the subsequent analysis, our main results are valid in a de-
terministic version of our model, where £ has only one value in each period.
We introduce uncertainty to make our formulation comparable to financial
markets models, standard in the literature.

2.1 The Consumer’s Preferences and Optimization Problem

A representative consumer-investor-worker is endowed at time 0 with 1 share
of the stock, and at each time ¢ with ¢ units of available labor, to allocate
between leisure h(t), and labor £(t), for which he is paid a wage at rate w(t).
The consumer intertemporally chooses a non-negative consumption process c,
labor process ¢, and portfolio (of securities) process so as to maximize his life-
time utility.5 The consumer derives a separable von Neumann-Morgenstern
time-additive, state-independent utility u(c(t)) + v(h(t)) from consumption
and leisure in [1,T]. The functions u and v are assumed three times contin-
uously differentiable, strictly increasing and strictly concave, and to satisfy
lim. o u'(c) = oo, limy, ¢ v'(h) = 00.”

Under the complete markets assumption, the consumer-worker’s dynamic
optimization problem can be cast in its Arrow-Debreu formulation as a static
variational problem with a single budget constraint:

ma B | Y u(e(t)) +v(f — (1) 2)
subject to E | S &(1) (c(t)—w(t)e(t)) <E ]
t=1

We do not explicitly apply the nonnegativity constraints c(t) > 0, £(¢ §
2, £(t) > 0, because the conditions lim. .o u'(c) = oo and hmh_,o v'(h) =

5We introduce labor as one of the simplest, most commonly-adopted choices of
input to the firm’s production function; employing labor does not introduce the
intertemporal complexity of employing capital.

"We make the assumption of separable utility for simplicity, given our intention
is to focus on a comparison of monopolistic behavior in a particular good market.
Our analysis readily extends to the general non-separable case u(c, h). Our major
comparative statics results (Propositions 2 and 4) remain valid under the assumption
Uep, > 0 (which includes separable utility and Cobb-Douglas u(c, h) = %(c"hl_”)"’7
for v € (0,1).)
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guarantee c(t) > 0, £(t) < £, while (in the equilibrium provided) the firm’s

production technology (Section 2.2) guarantees £(t) > 0.
The first-order conditions of the static problem (2)—(3) are

w'(e(t) = () . (4)
v'(E= L) = y &t w(t) , ()

where the Lagrangian multiplier y satisfies

E

i £(t) (C(t) —w(t) E(t))

Consequently,

2.2 The Firm’s Production and Optimization

The representative firm in this economy faces the same information structure
and set of securities as the consumer. At each time ¢t = 1,...,T, the firm uses
labor, ¢7(t), as its only input to a production technology, f, which provides
consumption good as output.® The technology is stochastic, driven by a shock
process ¢, assumed (without loss of generality) to be strictly positive. The
firm’s output at time ¢ is given by f(£”(t),e(t)). We assume f is increasing
and strictly concave in its first argument and that limyo_,4 f¢(¢2,€) = co and
limgp _,q f(£7,€) > 0. The firm pays out a wage w(t) for each unit of labor it
utilizes, so its time-t profit is

m(t) = f(£°(1),e(t)) — w(t) £7(2), (®)

all of which it pays out as dividends to its shareholders. The firm’s objective
is to maximize its market value, or the present value of its expected profits
under various market structures.

The firm’s behavior is the main focus of this work. For the purpose of
comparison, we first consider the optimal choice of a competitive firm, and the
resulting competitive equilibrium (Section 2.3), and then turn to an economy
where a firm exercises monopoly power in the market for the consumption
good (Section 3). In the latter set-up our assumption of the firm’s maximizing
its value is prone to the criticism that applies to all equilibrium models with
imperfect competition. To this day, the issue whether value maximization
is the appropriate objective is still open (see Remark 1). Our viewpoint in
this paper is to simply adopt the most well-understood equilibrium concept,

8For simplicity, we do not model the time-0 consumption/leisure and production
choice. All our results for ¢ = 1,...,T quantities, in the propositions of the paper,
would remain valid if the time-0 choice were additionally modeled.
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the Cournot-Walrasian equilibrium, and despite its possible criticisms, focus
on the implications. In particular, we interpret our representative consumer-
shareholder as a standard Walrasian price-taking agent. As such, he perceives
his decisions as having no effect on the valuation of his consumption/labor
stream, given by the left-hand side of the budget constraint (3). On the other
hand, as a shareholder, he can affect the quantity on the right-hand side of
(3), his initial wealth, which is equal to the value of the firm. Monotonicity of
his indirect utility of wealth, then, justifies the firm’s value maximization as
a desired objective of its shareholder.

2.3 Benchmark Competitive Equilibrium

The objective of the competitive firm is choose the input £” so as to maximize
its time-0 value, V(0), taking the state prices and wage as given. The first-
order conditions for a competitive firm’s problem are given by

P (@), e0) —w(t) =0 t=1,...T. (9)

Definition 1 (Competitive Equilibrium). An equilibrium in an economy

of one competitive firm and one representative consumer-worker is a set of

prices (£, w¢) and choices (c¢, £¢, £P°) such that (i) the consumer chooses

his optimal consumption/labor policy given the state price and wage processes,

(i) the firm makes its optimal labor choice given the state prices and wage,

and (i) the consumption and labor markets clear at all times:

(1) = f(L7°(t),e(t)) and  £5(t) = L7°(t). (10)

It is straightforward to show from (7)—(10) that in the competitive equi-
librium, the equilibrium labor ¢¢ = ¢*° is given by
V(- £5())

fe(€°(),e(t) — 2 7erm i =0 (11)

w/(f(€e(t), (1))

and the equilibrium consumption and profit processes by

(t) = fUE0(E),e(t)),  mo(t) = f(E°(2),e(t)) — fe(E9(8),e(t)) £°(2) . (12)
The equilibrium state price density, wage and firm value processes are given
by

§(t) = u'(f(£°(t), (1)) , we(t) = fe(€(1),e(1)), (13)
Ve(t) =

T
W (F(E(s), £(5)))
F {Z W (F(E(D), 2(2))

The above conditions present a fully analytical characterization of the
equilibrium, with (11) determining the labor as a function of the shock € and
then (12)—(14) determining all other quantities. Equation (11) states that the
marginal rate of substitution between consumption and leisure is equated to
the marginal product of labor.

{7 (s),2(5)) = fult2(5), (5 (s) |

ft} . (14)
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3 Monopolistic Equilibrium

In this section, we assume the consumption good market to be imperfect,
in that the firm has monopoly power therein. We take the firm to act as a
non-price-taker in its output market, taking into account the impact of its
production plan choice on the price of output. The firm is still a price-taker
in its input/labor market, taking the wages w as given. (The extension to the
case where the firm is additionally a non-price-taker in the labor market is
straightforward and is discussed in Appendix C.)

We will observe that the firm’s production strategy is time-inconsistent, in
the sense that a monopolist has an incentive to deviate from his time-0 plan at
a later date. When the monopolist gets to time ¢, he no longer cares about the
time-0 value of the firm; rather, he would like to revise the production plan so
as to instead maximize the time-¢ value of the firm. In Section 3.1, we consider
the optimal choice of a monopolistic firm that chooses an initial strategy
so as to maximize its time-0 value and “pre-commits” to that strategy, not
deviating at subsequent times. In Section 3.2, we solve for the time-consistent
strategy of a monopolist who re-optimizes his production plan to maximize
the firm’s current value at each date ¢, taking into account the fact that he is
not restricted from revising this plan at the future dates s =t+1,...,T. The
former can be thought of as a “long-term” strategy, providing the first-best
solution to the problem of maximizing the firm’s initial value. The latter can
be interpreted as a “short-term” or “short-sighted” strategy since the firm
continually re-optimizes every period to boost current value. We present the
equilibrium for both cases.

3.1 The Pre-Commitment Case

We now formulate the monopolist’s optimization problem. Recalling the price-
taking consumer’s demand (4), clearing in the consumption good market im-
plies

&) = ' (F(E7(),6)) 1y (15)

The monopolist’s influence in the good market manifests itself, via (15), as
a (non-linear) impact of its input demand on state prices. Accordingly, the
pre-committed monopolist solves the following optimization problem at time
0:

max V(0) subject to £(t) =’ (f(fD(t)@(t)))/y, Vit=1,...,T, (16)
'€
where y satisfies (6).

Proposition 1 presents the optimal solution to this problem, assuming it
exists.”

It is well-known that the objective function in models with monopolistic
firms may not necessarily be concave and hence not satisfy the second-order
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Proposition 1. The pre-commitment monopoly optimal labor demand ¢,
t=1,...,T satisfies

fe(t) —w(t) = A(t) fe(t)m(t) > 0, (17)
where _ _U"(t)
A =-24,

and f(t), u(t) and their derivatives are shorthand for f(¢P(t),e(t)),
u(f(L"(t),e(t))) and their derivatives.

The structure of the first-order conditions bears resemblance to that of
the textbook single-period monopolist. Any direct increase in profit due to an
extra unit of input must be counterbalanced by an indirect decrease via the
impact of that extra unit on the concurrent price system. In our set-up, the
extent of monopoly power is driven by the current profit, the marginal product
of labor and the (positive) quantity A, which captures the consumer’s attitude
toward risk over consumption. (The quantity A can also be restated in terms
of the textbook “monopoly markup.”) The higher the marginal product the
more responsive is output to an extra unit of input. The more “risk-averse”
the consumer, the less his consumption reacts to changes in the state price,
or conversely, the more the state price reacts to changes in his consumption,
and so the more incentive the monopolist has to deviate from competitive
behavior. In the limit of a risk-neutral investor (preferences quasi-linear with
respect to consumption), the monopolist cannot affect the state price at all
and so the best he can do is behave competitively.

We now turn to an analysis of equilibrium in this economy.

Definition 2 (Monopolistic Pre-Commitment Equilibrium). An equi-
librium in an economy of one monopolistic firm and one representative
consumer-worker is a set of prices (£*, w*) and choices (c*, £*, £P*) such
that (i) the consumer chooses his optimal consumption/labor policy given the
state price and wage processes, (ii) the firm makes its optimal labor choice in
(16) given the wage, and taking into account that the price system responds
to clear the consumption good market, and (i) the price system is such that
the consumption and labor markets clear at all times:

() = F(LP*(t),e(t))  and  £%(t) = LP¥(L).

The fully analytical characterization of the equilibrium in the monopolistic
pre-commitment economy is given by (18)—(21). Equilibrium is determined by

conditions without additional assumptions (e.g., Tirole (1988, Chapter 1)). In
the pre-commitment case a sufficient condition for concavity is u'(c)fee(f,€) +
20" (¢) fo(£, ) (ol £) —w)+u" (€) foe (£, ) (F(£, €) —wl) -+ (€) F2(£, ) (F(£, £) —~wl) <
0, ¢ = f(¢,e); Ve, ¢, w. Examples of utilities and production functions that satisfy
this condition include the commonly employed power preferences over consumption
u(c) = ¢/ with v € (0,1) and power production f({,e) = e, v € (0,1) (no
additional restriction on v(h) is required).
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computing the supply and demand for labor from the consumer’s and firm’s
first-order conditions, and then applying labor market clearing £* = ¢*" to
yield the labor as a function of the shock & (18).1° The remaining quantities are
then straightforward to determine; we list them in (19)—(21). The equilibrium
labor is given by

= A() (€7 (1), €(t)) [ (€7 (1), &(t)) — NMGEOREO)]

c(t) = f(@),e(), 7 (t) = F(£(1),e(t) — —)5*(0- (19)

The equilibrium state price density, wage and firm value processes are given
by

() =u'(f(7(1).c(t),  w'(t)= TOED. D) (20)
V() =

) )
O (5), () | @) .
E[ 2 B GEw.0) {feeeo) - ZrEmaom ) H' 2D

Proposition 2 summarizes the comparison of pertinent quantities across
the monopolistic and competitive economies.

Proposition 2. The equilibrium labor, output, state price and wage in the
pre-commitment monopoly economy and competitive economy, satisfy for all
t=1,2,...T, all ¢(t):

() < ot),  f{(0),et) < fUe(t),e(t), (b)) <c°(t)  (22)
() >€@1), wi(t) <w(). (23)
The firm’s initial value satisfies,
V*(0) > V(0).
However, the time-t profit ¥ (t) > 0 and firm’s value V*(t) can be either

higher or lower than 7¢(t) and V¢(t), respectively, Vt =1,...,T.

1?See Lemma A.1 of Appendix A for the existence of an interior solution £*(t) €
(0,£) to equation (18).
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The monopolist has an incentive to manipulate the price of consumption by
producing less than his competitive counterpart. Reducing the supply raises
the price at which clearing occurs, thereby increasing the valuation of the
monopolist’s intertemporal profits along with his stock price. The firm needs
to use less input and, accordingly, the wage rate decreases. These results are
consistent with the textbook static monopoly analysis. A difference in our
model is that the flow of profits, 7(¢), in the monopolistic equilibrium may be
lower than that in the competitive benchmark (as illustrated in Example 1 of
Section 3.2); this is because it is the present value of profits that our monop-
olist is striving to maximize, not profits per se. By restricting production, the
monopolist moves away from the competitive, profit maximizing, production
plan. Since the monopolist is maximizing the firm’s initial value and since he
has market power, it is intuitive that the firm’s initial value will be higher
than in the competitive case. However, we have not forced him to maximize
later values of the firm, so it is not surprising that these later values may lie
higher or lower than the competitive case (as illustrated in Example 1).

The optimal policies and equilibrium in this subsection rely on the ability
of the monopolist to pre-commit to his time-0 plan. Without this commitment,
the monopolist would later want to deviate from his initial plan; that is, at
any date ¢ > 0, the solution to the firm’s problem

j = P =t,....,T
o V(D) subject to €(s) = (F(°(5),2() fy, Y=t

is different from his time-0 plan, unless V' (t) = 0. Due to the intertemporal
dependence of V on the price of consumption, if the monopolist solves his prob-
lem at the initial period, he would change his mind at a later stage about the
optimal £ process. In other words, his production plan is not time-consistent.
A similar problem arises in the context of a durable good monopoly (e.g., Ti-
role (1988, Chapter 1)), or in the context of dynamic securities markets with
non-price-taking investors (Basak (1997), Kihlstrom (1998)). The firm’s stock
in our model is similar to a durable good since it provides value over many
periods. If there were a credible mechanism for the monopolist to commit to
his time-0 plan, the time-0 share price of the firm that he owns would be ce-
teris paribus the highest possible; if however such commitment is impossible,
we will show that the monopolist might be better off behaving competitively
(Example 1). Possible pre-commitment mechanisms may include (i) employ-
ing a production technology with a time-to-build feature, and following Tirole
(1988), (ii) handing the firm over to a third party instructed to implement
the optimal strategy with a penalty for deviating from it (although renegoti-
ation would be a potential issue), (iii) long-term relationships/contracts, (iv)
“money-back guarantee” penalizing deviations from a targeted labor demand.
Modeling additionally a pre-commitment mechanism is beyond the scope of
our analysis. However, we provide the pre-commitment solution since we view
it as a valuable yardstick against which we compare the time-consistent solu-
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tion, reported below. Moreover, the pre-commitment solution also resembles
the standard textbook monopoly behavior.

3.2 The Time-Consistent Case

We now turn to the time-consistent monopolist’s optimization problem. For-
mally, the time-consistency requirement imposes an additional restriction on
the firm’s production choice: at no time ¢ can the monopolist be willing to
deviate from his time-0 strategy. If the firm is not restricted from revising
its strategy at dates t = 1,...,T, it should optimally choose the intertempo-
ral production plan taking into account that it will always act optimally in
the future. We proceed to find the monopolist’s subgame perfect strategy by
backward induction; this is a time-consistent strategy. Specifically, the mo-
nopolist chooses the current input and price of consumption to maximize the
firm’s current value given the firm’s future maximized value V¢t = 0,...,T,
i.e., solves the dynamic program:

V()= max V(¢
®) 2D (1), &(t) ®)

subject to &(t) = ' (£(£” (1), (1)) /y, (24)
V(s)=V(s), ((°(s), &(s)) = argmax V(s), Vs =t+1,...,T,

where y satisfies (6).
Proposition 3 presents the optimal solution to this problem, assuming it
exists. !

Proposition 3. The time-consistent monopoly optimal labor demand (7, t =
1,...,T — 1 satisfies

fe(t) —w(t) = —A(t) fot) Vea(t) <0, (25)

where Ve (t) denotes the ex-dividend value of the firm given by

[f(s)—w(s)é(s)]‘ﬂ] Vi=1,...,T—1;
Vem(T) =0.

At time T, the time-consistent monopoly optimal labor demand €7 satisfies
fo(T) = w(T) =0.

111 the time-consistent case a sufficient condition for concavity of the objective

s o u(e) u'’(c) _ fee(Le) —

function is —2 e) + Ty < 726 c =

by power preferences u(c) = ¢” /v with v € [0, 1), which includes u(c) = log(c) (no
additional restriction on the production function f(¢,¢) is required).

f(l,e); Ve, £, satisfied, for example,
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The ex-dividend value of the firm’s stock at time T is zero; hence the
terminal first-order condition and optimal choice of the firm coincide with
those of the competitive firm. The first-order condition at time T is the ter-
minal condition for the backward induction: the remaining labor choices are
determined by solving (25) backwards.

Similarly to the pre-commitment case, at the optimum for the time-
consistent monopolist the increase in profit due to an extra unit of input used
must counteract the indirect decrease via the impact of that extra unit on the
price system. However, the extent of this monopoly power is now driven by
the negative of the ex-dividend stock price in place of the current profit. (The
consumer’s attitude toward risk for consumption and the marginal product of
labor appear as in the pre-commitment case.) The short-sighted monopolist
only cares about (and tries to manipulate) the current valuation of the stock,
which is made up of current profit plus the ex-dividend value of the firm.
Given the time-consistency restriction, this monopolist takes the future value
of profits as given and can only boost the firm’s ex-dividend value by depress-
ing the current price of consumption. So, while it was in the pre-committed
monopolist’s interest to boost the current price of consumption, it is in the
time-consistent monopolist’s interest to depress it; hence the negative term
in (25). The ex-dividend value of the firm appears because this is what he
manipulates; the higher is V. (¢), the stronger the incentive to cut concurrent
profit to manipulate the firm’s valuation. Hence, the firm’s value serves as an
extra variable in determining the optimal policy of the firm.

We now define an equilibrium in a monopolistic economy containing the
time-consistent firm.

Definition 3 (Monopolistic Time-Consistent Equilibrium). An equi-
librium in an economy of one monopolistic firm and one representative
consumer-worker is a set of prices (€, W) and choices (¢, 0, 1) such that
(i) the consumer chooses his optimal consumption/labor policy given the state
price and wage processes, (ii) the firm chooses a time-consistent strategy so
as to maximize its objective in (24) given the wage, and taking into account
that the price system responds to clear the consumption good market, and (iii)
the consumption and labor markets clear at all times:

&(t) = fUEP(t),e(t)  and  I(t) = °(t).

The fully analytical characterization of the monopolistic time-consistent
equilibrium is presented in (26)—(29). Again, from labor market clearing, we
first determine the labor as a function of the shock € (26).12 Then, (27)—(29)
give the remaining equilibrium quantities. The equilibrium labor is given by

V(- (1)
w/(F(E(D). (1)

128ee Lemma A.3 of the Appendix for the existence of an interior solution Z(t) €

(0,£) to equation (18).

fo(l(t),2(t)) — = —A(t) fo(0(t), e(t) Vealt)  (26)
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and the equilibrium consumption and profit processes by

&t) = fU(t),e(t),  ®(t) = f(Et),=(t)) —

by

£t) =/ (fU(t),e(1))),  (t) = —), (28)
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Proposition 4 presents a comparison of the monopolistic time-consistent
and the competitive economies.

Proposition 4. The equilibrium labor, output, state price and profit in the
time-consistent monopolistic and the competitive economies satisfy, for all
t=1,...T—1, all e(t):

0ty > eo(t),  ft),e(t) > F(E(),e(D),  &(t) > () (30)

§(t) <€), w(t) >w(t), @) <E(BH7(t), () <7°(t). (31)

The firm’s initial value satisfies,

V(0) < V°(0).

At time T, all the equilibrium quantities coincide with those of the competitive
benchmark. The firm’s value, V (t), can be either higher or lower than in the
competitive economy, VE(t), t =0,...,T — 1.

The short-sighted monopolist’s behavior is exactly opposite to that of the
monopolist who pre-commits. He desires to depress the current price of con-
sumption (to boost the current stock price); hence the lower level of state
price density. He achieves this by increasing output, hence demanding more
labor input, and in return pushing up the wage rate. Although this monop-
olist moves his labor demand in the opposite direction to the pre-committed
monopolist, he also moves away from the maximum profit point and so prof-
its are reduced relative to the competitive case. In his attempt to manipulate
the stock price, concurrent profit and its value are cut. This type of behav-
ior may overall result in a higher or lower value of the firm’s stock price. By
consistently reducing the value of concurrent profit, the short-sighted owners
of the monopolistic firm may, then, cause damage to the firm and its stock
price. This is so even though the time-consistent monopolist is restricted to
maximize the firm’s value at each point in time. For the pre-committed mo-
nopolist, we could explain this result by his not attempting to maximize this
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quantity, but here the explanation must be more complex (see Examples 1
and 2).

We now present three examples which deliver additional insights into the
equilibrium quantities. The first example demonstrates that the monopolistic
firm’s profits can go negative in equilibrium. The second example allows an
investigation of the relationship between the monopolistic and the competitive
firm values, as well as the infinite horizon limit. The third example shows
how under an alternative, albeit extreme, form of a production opportunity
the time-consistent monopolist’s profits go to zero, while the pre-committed
monopolist’s profits do not.

Example 1 (Negative Profits) Here, we provide a numerical example in
which the time-consistent monopolistic firm’s equilibrium profits #(t) are
sometimes negative, and its stock price is always lower than that of a com-
petitive firm. Consider the following parameterization:

_ T (=0
u(C)+U(€€)_C’Y+(p)7 ’76(0,1), p <l
fllye)=e+ ", ve(0,1); T=2.

The productivity shock enters the technology additively; this type of shock
can be interpreted as providing an additional endowment as in a Lucas (1978)-
type pure-exchange economy. We set £ = 1, v = 0.5, p = v = 0.9, e(1) =
0.1, ¢(2) = 0.5 (deterministic for simplicity of exposition). The resulting
equilibrium labor choices, profits and stock prices are reported in Table 1.

Table 1. Equilibrium labor choice, profits and firm value in the com-
petitive, monopolistic pre-commitment and monopolistic time-consistent
economies. The reported values are for the economies parameterized by u(c) +
=0 = )y+U—=0°/p, flye)=ec+ 0", T=2, withf=1,vy=05 p=v =
0.9, e(1) =0.1, e(2) = 0.5

Competitive Monopolistic Monopolistic
Equilibrium Pre-Commitment  Time-Consistent
Equilibrium Equilibrium
£(1) 0.60 0.41 0.84
£(2) 0.37 0.01 0.37
(1) 0.16 0.22 -0.27
w(2) 0.54 0.51 0.54
V(0) 0.75 1.02 0.54
V(1) 0.65 0.75 0.52
V(2) 0.54 0.51 0.54

At time 1 the time-consistent monopolist sacrifices his concurrent profit in
order to boost the time-1 value of the stock. Indeed, consistent with Proposi-
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tion 4, depending on the parameterization, nothing prevents the sign of (1)
from becoming negative. This is a notable feature of our solution. Although
real-world firms frequently announce losses, this phenomenon cannot be gen-
erated in a competitive model where production occurs within the decision
period (provided the firm has an option to costlessly shut down during that
period). Negative profits can obtain in models of predation, where rivalrous
producers are competing for market share (e.g., Tirole (1988, Chapter 9)); in
our model, in contrast, the monopolist controls the entire market and does
not fear entry, yet his profit may still go negative.

A further striking conclusion revealed by Table 1 is that non-competitive
behavior of the firm does not necessarily result in a higher value of the firm;
in fact, the time-consistent monopolistic firm’s stock price is lower than its
competitive counterpart at all times. The recognition of his monopoly power
actually damages the time-consistent monopolist at all points in time, and
he would be better off behaving competitively. For completeness and com-
parison we also provide the equilibrium quantities for the monopolistic pre-
commitment economy. Example 2, having a longer time horizon, and yielding
an explicit solution, allows us to investigate this stock price effect more closely.

Example 2 (Firm Value Comparison and Time Horizon Effects)

Since it appears that the intertemporal nature of the problem is critical, in
this example we extend the horizon beyond T' = 2. It would also be important
to discuss the limiting case of our model as T' — oo, since in some models
(e.g., repeated principal-agent), the equilibrium changes dramatically on tran-
sitioning from a finite to infinite horizon. In order to obtain explicit formulae
for all equilibrium quantities, we simplify beyond the general specification
of the utility function employed so far. The utility we adopt has the form
U(C(t), t) - U(ﬁ(t), t) = 6t(10gc(t) - é(t)ﬂ/p), ﬁ € (Oﬂ 1)7 p > L, where ﬁ is
the time discount factor, required to make pertinent quantities well-defined
in the limiting case of T'— oo, and the second term is the disutility of labor.
We show equilibrium labor to still be bounded from above by ¢ = 1. The
firm’s technology is represented by f(£(t),e(t)) = e(¢)£(t)¥, v € (0,1). To
ensure that the equilibrium quantities are well-defined in the infinite horizon
limit, we assume that ¢ is bounded, as well as assume away speculative bub-
bles. The resulting exact formulae for the equilibrium labor choices, profits
and stock prices are reported in Table 2, with the comparative statics as in
Proposition 4.!3 The time-consistent labor choice monotonically increases as
T —t increases, converging to a limit (and diverging away from the competi-
tive labor, which is constant). As T' — t increases, time-consistent profits fall,

13We do not report the monopolistic pre-commitment equilibrium quantities since
for logarithmic utility over consumption, the monopolist’s problem is not well-
defined, as is the case in the standard textbook treatment of monopoly (Mas-Colell,
Whinston and Green (1995, p.429)). Moreover, one may extend our earlier analy-
sis of the monopolistic pre-commitment and competitive equilibria to the case of
infinite horizon without major difficulties.
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although do not vanish. At this point, the parallel with to the Coase (1972)
conjecture is unavoidable: ceteris paribus, the more future production deci-
sions the time-consistent firm can make, the lower its profits today. Does the
firm erode its profits by allowing for more future decisions? We revisit this
issue in Section 4.

Table 2. Equilibrium labor choice, profits, and firm value and their lim-
its as T'—t — oo in the competitive and monopolistic time-consistent
economies. The reported formulae are for the economies parameterized by
u(c(t), t) — v(l(t), t) = B'(loge(t) — £(t)"/p), B € (0,1), p > 1; f(L(t),e(t)) =
e(t) L), ve(0,1)

Competitive Monopolistic Time-Consistent
Equilibrium Equilibrium
1 1B —y)T-t1] /P
£(t) vi/e [VTZ_U)
v 1= (B(1—v))T—t+117/P
(1) ) vy () [
o A=) A=p)+1(Ea—r) T~
1-p(1-v)
1% v/e (1 e 1= (B(1—p)T—t+1 |/ P
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Of special interest is the value of the firm’s stock. In Figure 1, we plot
the firm value in the competitive and monopolistic equilibria as a function of
time. The monopolistic firm value can be either higher or lower than that of
the competitive firm, depending on the age of the firm. At first blush, this
result seems surprising, because the time-consistent monopolist is optimizing
the firm’s value at each point in time. Since he has more market power than a
competitive firm, how can his firm’s value come out lower? At time ¢ he solves
the problem

V()= max f(07(0), <)~ (1)

1
(f(er (1), et)))

The competitive firm solves the same problem except that: it has no power

over £(t); and that w(t), V(¢ + 1), £(t + 1) are replaced by their respective

E|§t+1)V(t+1)|F

+u’



Monopoly Power and the Firm’s Valuation 19

values in the competitive equilibrium. This latter distinction explains why
the monopolist’s firm value may come out lower: he faces both a different
equilibrium wage and different choices of the future state prices and firm
value.

Fig. 1. Equilibrium firm value versus time in the competitive and mo-
nopolistic time-consistent economies. The dotted plot is for the competitive
economy and the solid plot is for the monopolistic time-consistent. The economies
are parameterized by u(c(t), t) — v(£(t), t) = B*(logc(t) — £(t)/p), B = 0.9, p =
1.05; f(L(t), e(t)) =) £(t)", v=0.2,e(t) =1, Vt; T=5

Figure 1 also reveals that in this example the monopolistic firm increases
the firm’s value later in its lifetime and decreases it earlier in life. This is
because the monopolistic firm competes with itself in future time periods;
earlier in life it faces more competition, which adversely affects its value. In
the limit of T' — ¢t — oo, the competitive firm value is unambiguously higher
(Table 2).

Example 3 (Constant Returns to Scale Technology) A constant ret-
urns to scale technology is widely employed in both the monopoly literature
(e.g., Tirole (1988)), and asset pricing literature (e.g., the workhorse produc-
tion asset pricing model of Cox, Ingersoll and Ross (1985)). Thus far, we have
been assuming strictly decreasing returns to labor; in this example, we extend
our analysis to the case of constant returns, f(¢,¢) = ef. The firm’s profit is
now given by w(t) = e(¢)4(t) — w(t)£(t).
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For the competitive firm to demand a finite positive amount of labor, the
equilibrium wage w®(t) must equal £(¢); the equilibrium labor ¢¢(¢) is then
determined from the consumer’s optimization (7):

AA0))
w(f(e(t),€4(t)))

The remaining equilibrium quantities, for all ¢t =1,...,T, are

() = f(L°(t),e(t)), =°(t) =0,
§(t) = u'(f(Lo(t),e(t)), V(0) =Ve(t) =0.

= £(b). (32)

Adaptation of our analysis in Section 3.1 shows that the pre-commitment
monopolistic equilibrium labor demand ¢*(¢) (assuming it exists and yields a
maximum in the firm’s problem) solves

e O

implying ¢*(t) < £°(t). The remaining equilibrium quantities are obtained
from (19)—(21). The pre-commitment equilibrium, then, retains the main
implications derived in Section 3.1; in particular, the firm cuts production
and raises the price of output. The main difference from Section 3.1 is that
monopoly profits are now always higher than the competitive ones (which are
zero), consistent with the prediction of the textbook monopoly model. The
firm’s value is also higher.

The monopolistic time-consistent equilibrium coincides with the compet-
itive one. To see why, recall from Proposition 4, that at the final time,
#(T) = w°(T). Since 7°¢(T) = 0, the time-(T-1) ex-dividend value of the
monopolistic firm, VBI(T — 1), is zero; hence by backward induction it can be
shown that £(t) = ¢¢(t) V¢, and the competitive equilibrium obtains:

et) = f(ee(t),et), #=(t) =0,
£(t) = o' (F(E4(1),e(t)), V(0)=V(t)=0, t=1,...T.

In contrast to the decreasing returns to scale case, the time-consistent mo-
nopolist loses all his monopoly power. Accordingly, the value of his stock, as
well as profit, are strictly lower than in the pre-commitment equilibrium. It
is quite clear that the short-sighted behavior has a devastating effect on the
firm’s valuation. Ironically, it benefits the representative consumer, who, in
effect, sets the labor demand of the firm so as to maximize his own expected
lifetime utility.
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Remark 1 (Price Normalization in Monopolistic Models).

Ours is a general equilibrium model with imperfect competition; accord-
ingly, it is not immune to the general criticism of all such models initiated by
Gabszewicz and Vial (1972) (see also Mas-Colell (1982)). The criticism has
to do with the so-called “price-normalization problem” which arises in the
presence of multiple goods because Walrasian (and Cournot-Walrasian) equi-
librium theory determines relative prices but has little to say about nominal
price formation. In the perfectly competitive benchmark, this deficiency is not
an issue, since the nominal price indeterminacy does not affect real quantities.
In the monopolistic (imperfectly competitive) equilibrium, however, the real
quantities become dependent on the choice of price normalization. Indeed, for
some choices of normalization, Dierker and Grodal (1986) show that no equi-
librium exists, while for others it does exist. This prompted us to consider
the robustness of our results to alternative specifications of the numeraire.
Our model contains two commodities, the consumption good and labor, at
each time and state. Instead of the consumption good, we could have speci-
fied a basket of commodities consisting of a units of the consumption good
and (1 — «) units of labor as the numeraire, a € (0,1).! Our main quali-
tative results and corresponding intuitions would then still remain valid, as
demonstrated in Appendix B.

Related to the price-normalization problem, is the issue of whether maxi-
mizing the firm’s value through time is the correct objective. From the point-
of-view of realism, it is generally accepted that this is what a firm should do,
so the problem we solve is consistent with conventional thinking. However,
the literature such as Dierker and Grodal (1986) (see also Dierker and Grodal
(1999)), clearly casts some doubt on this approach. Hart (1985) suggests that
profit maximization may be inappropriate in a monopolistic world because
“the owners of the firm are interested not in monetary profit per se but in
what that profit can buy”. Although Hart discusses maximization of owner’s
utility as an alternative objective, he points out that the question of how to
aggregate is not resolved when there are multiple owners. Similarly, Bonanno
(1990) (in his survey) remarks, “unfortunately we are still far from a satisfac-
tory theory of general equilibrium with imperfect competition”. To this day,
the price normalization and the objective of the firm under imperfect com-
petition in general equilibrium remain open issues. Based on this, we have
simply adopted the most commonly employed price normalization, as well
as the most conventionally considered objective function as the best starting
point, and we focus on the implications.

1Such a basket is a natural and realistic numeraire to adopt, as argued, for
example, by Pavlova and Rigobon (2003) (for more discussion of prices indexes, see
Schultze (2003)).
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4 Connection to the Coase Conjecture

As we discussed in Section 3, the time-inconsistency of the firm’s production
plan in our monopolistic pre-commitment equilibrium is similar to the time-
inconsistency arising in the context of a durable good monopoly (e.g., Tirole
(1988, Chapter 1) and references therein). The long-lived firm’s stock in our
model is similar to a durable good in that its value is durable over many
periods. The durability of goods implies that a monopolistic firm in a sense
competes with itself in pricing goods that it produces at other times and must
take this into account in its production behavior. Similarly, in our context,
“current owners” of the firm can be thought of as competing with “future
owners” in maximizing the value of the firm’s stock; they must account for
possible revisions to today’s intertemporal production plan by the future own-
ers. This effective competition between past and future sales in the durable
good problem tends to weaken the monopoly power and may ultimately en-
force competitive behavior. This observation is the Coase (1972) conjecture:
as the time interval between successive decision points shorten, the price of the
durable good charged by the monopolist converges to the competitive price
(marginal cost), and the monopoly profits are driven to zero.

To examine the extension of Coase’s intuition to the case of a long-lived
monopolistic firm manipulating the price of its stock, we explore the limiting
case of our economy as the decision-making interval shrinks.!> We partition
the time horizon [0, 7] in our economy into n small intervals of length A, so
that t =0, A, 24,...,nA = T. All flow variables in the economy (¢(¢), c(¢),
f(t) and 7(t)) are now interpreted as “flows over the interval ¢ to t + A”. We
then take the limit as n — oo (A — 0). Proposition 5 reports the resulting
optimality conditions and equilibrium characterization for the competitive,
monopolistic pre-commitment and monopolistic time-consistent economies,
assuming appropriate regularity conditions are satisfied.

Proposition 5. In the continuous-time limit, as n — oo, Vt:

(i) The competitive firm’s optimal labor demand ¢° satisfies
Fe(£P (), e(t)) —w(t) = 0. (34)

Consequently, the competitive equilibrium characterization is given by the
conti-nuous-time analogs of equations (11)-(14).

150Qur goal here is to merely explore what happens to equilibrium quantities as
the firm’s decisions become more frequent, and to not present a continuous-time
extension of our model. Similar discrete-time models with T" = oo have been argued
to exhibit multiple equilibria as the decision-making interval shrinks, according to
the Folk Theorem (see also Ausubel and Deneckere (1989)), which motivated us to
keep the horizon T finite.
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1) The pre-commitment monopolistic firm’s optimal labor demand ¢° satis-
(1) P P D

fies
fe2(t),e(t) —w(t) = A(t) fo(t) w(t) > 0. (35)

Consequently, the monopolistic pre-commitment equilibrium characteriza-
tion is given by the continuous-time analogs of equations (18)—-(21).

(i1i) Assume further that e(t) € [k,K], 0 < k < K < oo. Then the
continuous-time limit exists for the monopolistic time-consistent equilib-
rium. The time-consistent monopolistic firm’s optimal labor demand £°
satisfies

m(7(t),e(t) = f(L7(1),e(t)) —w(t)e”(t) =0, Vi (36)
Consequently, the equilibrium labor for ¥t is given by

M@ = 0. 37
Gt (37

Furthermore, for Vt,

&t) = f(U(t),e(t), #(t)=0, &) ="1u'(f(£()c(t)),
M and V(t)=0
w(f(€,e(t)))

The equilibrium characterization of the competitive and the monopolistic
pre-commitment economies are exactly analogous to the discrete-time charac-
terizations. Our main focus is on the monopolistic time-consistent equilibrium.
There, the firm’s profit and value indeed shrink to zero, as the monopolist’s
decision interval becomes arbitrarily small — in line with the Coase conjec-
ture. In other words, the competing forces between current profits and the
valuation of future profits may diminish shareholder value, fully destroying it
in the continuous-time limit. Note, however, that our monopolist’s profits are
not equated to the competitive ones. This is simply because, in contrast to
the textbook Marshallian framework adopted by Coase where competition im-
plies free entry of firms, competitive behavior in our setting does not yield zero
profits in equilibrium. This distinction is due to our Arrow-Debreu-McKenzie
setting; in particular, to the assumptions that there is a fixed number of firms,
and that the technology of each firm is convex.

W(t) =

5 Conclusion

In this paper, we model a production economy which, along with a standard
representative consumer, includes a large value-maximizing monopolistic firm.



24 Suleyman Basak and Anna Pavlova

The firm manipulates its valuation as well as the price of the good that it pro-
duces. This feature makes its time-0 production plan time-inconsistent. We
address the time consistency problem in two polar ways: first, we assume the
firm can credibly commit to never revoking its time-0 decision (long-term pol-
icy); and second, we assume that the firm takes into account that it will revise
its production plan at each decision point (short-term policy). At a general
equilibrium level, we show that the long-term policy is largely consistent with
the implications of the textbook static monopoly model; as compared to the
competitive economy, the output is decreased and the price of consumption
is increased, yet the profits and the firm’s value can be either increased or
decreased. The short-term policy, however, is at odds with the static model;
the output is increased while the price is decreased. More strikingly, under
the short-term policy, the profits in every period are decreased, and may even
go negative, while the firm’s value can drop below than in the competitive
benchmark. The distinction between the long- and short-term policies be-
comes even sharper in the continuous-time limit of our economy: while the
pre-commitment equilibrium retains its basic discrete-time structure and im-
plications, the time-consistent equilibrium tends to the limit of zero profits
and hence zero firm’s value at all times. Since our primary focus is comparison
between the long- and short-term approaches, and comparison with the text-
book model, we have omitted an analysis of the volatility and risk premium of
the monopolistic firm’s stock price, and of the impact of monopoly power on
the equilibrium interest rate, market price of risk, output and consumption
variabilities. This analysis would be straightforward in the continuous-time
limit of our economy, but less tractable in discrete-time.

Our analysis involving a single monopolistic firm, a single consumption
good, and a representative consumer is, admittedly, simplistic. Our goal in
this paper has been to develop the minimal setting possible capturing the
mechanism through which the firm’s market power may impact valuation
in the economy, and not to produce the most empirically plausible model.
Throughout the paper, we also discuss the robustness of our implications to
alternative modeling approaches. For realism, however, one would need to
extend this work to include multiple imperfectly competitive firms producing
homogeneous, or differentiated, goods, or multiple consumers. The former
(multiple firms) would draw from the results of the oligopoly literature, while
the latter (multiple consumers) would involve aggregation of the consumers’
preferences into a representative agent.

Appendix A. Proofs

Proof of Proposition 1.

Since there is no consumption or production at time 0, we can set £(0) = 1/y
w.l.o.g. Upon substitution of (15) into (1), and using the definition (8), we
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obtain an equivalent representation of (16):

T

S (e, ) ), <)) - w(t)f(t)}] S

t=1

max F
L

where the firm’s objective is now a function of {¢(t); t =1,...,T} only. The
first-order conditions for (A.1) are given by

u (f(O(t),e(t))) fe(€(t),e())(f(£(t), (1)) — w(t)L(t))
T+l (F(O), e(t) (fo(b(t),(t)) —w(t)) =0, Vt=1,...,T.

Using the definition of A(t) and rearranging above yields (17). The sufficient
condition for concavity in footnote 9 guarantees that the labor solving (17)
is the maximizer for (16). Since the firm has the option to shut down (set
(P (t) = 0) during any period [t,t + 1] in this static optimization, 7(t) > 0
and o/ (f(4(t),e(t))mw(t) > 0. This together with strict concavity of each term
in (A.1) (by assumption) guarantees that u'(f(¢”(t),e(t))nw(¢) > 0 at the
optimum, and hence 7 (t) > 0. w(t) > 0 together with A(t) > 0, fe(¢,e(t)) >0
(by assumptions on preferences and technology), ensures that the expression
on the right-hand side of (17) is strictly positive. O

The following Lemmas A.1 and A.2 are employed in the proofs below.
Lemma A.l shows that under regularity conditions (satisfied, for example,
by power preferences over consumption u(c) = ¢7/v with v € (0,1) and
power production f(¢,e) = ¥, v € (0,1); no additional restriction on v(h)
is required) both equilibrium ¢¢ and ¢* belong to the interior of [0, /]. Lemma
A.2 is employed in the proofs of Propositions 2, 4 and 5.

Lemma A.1.

Under the standard assumptions on preferences and production (see Sections
2.1 and 2.2), there exists a unique solution, £°(t) € (0,€), to (11). As-
sume further that lim,_o /' (f(¢,€)) f(¢,€)) < oo, limy_ou'(f(¢,€))¢ < oo,

limg o —u"(f(€,€)) f(€,e)/u'(f(£,€)) <1 and limeo(u”(f((,€))) fo(,) £+

u'(f(£,e)) < oo Ve. Then there exists a solution, £*(t) € (0,4), to (18).

Proof of Lemma A.1. Since lim,_qu'(f(¢,€))fe(£,e) = oo > limy_o v (£ —
), and lim,_;v'( — £) = oo > lim,_;u'(f(¢,€))fe(f,€), and since u'f,
is decreasing in ¢ while v’ is increasing in ¢, there exists a unique so-
lution, ¢¢ € (0,£), to (11). Since limy_ou/'(f(¢,€))fe(l,e) — v'(£ — £) —
A(t)ff(& 5)(u/(f(€7 E)f(& 5) - UI(Z_ ﬁ)ﬁ) = 00 and hmé—iul(f(& 5))ff(£’ 5) -
V(0 —0) — At) fo(le) (! (f(L,e))f(€,e) — v' (£ — £)f) = —o0, continuity of
W (f(l,e)) felie) — ' (€ —£) = A(t) fo(€, ) (W' (f(£,€)) f(L,e) — v'(£ — £)f) on
(0,¢) together with the boundary behavior at £ — 0 and ¢ — £ ensures exis-
tence of a solution, ¢£* € (0,¢), to (18). O
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Lemma A.2.
fe(le) — % is decreasing in £ for all €.

Proof of Lemma A.2. Assumptions on preferences and production and
straightforward differentiation deliver the result. 0O

Proof of Proposition 2.

Since the right-hand side of (18) is strictly greater than zero due to Proposition
1, and the right-hand side of (11) is zero, it follows from Lemma A.2 that
£*(t) < £°(t). The remaining inequalities in (22)—(23) are then straightforward
to derive: they are due to f(¢,¢) and w = v'(£—£)/u/(f(¢,€)) being increasing
in ¢, Ve, the good market clearing, and & = u/(f(¢,¢)) being decreasing in
¢, Ve. Equation (6) is automatically satisfied in equilibrium due to clearing in
the good and labor markets, hence y is indeterminate and we can normalize
y = 1. Together with our earlier normalization £(0) = 1/y, this yields £(0) =1
in both the competitive and monopolistic pre-commitment equilibria. For w =
w*, the function &n (¢, e,w) = u/'(f(4,€))(f(¢,e) — wl) achieves its maximum
at £*. £ is strictly decreasing in w, hence for any w > w*, u/(f(¢,¢))(f (4, &) —
wl) < ' (f(€*,€))(f(€*,e) —w**), for all £. This together with we(t) > w*(¢)
implies that for each term in the expression for V(0) (1), we have £*(t)7*(t) >
&e(t)me(t), Vt. Hence V*(0) > V¢(0). Example 1 provides evidence for the last
assertion of the Proposition. 0O

Proof of Proposition 3.

Substituting (15) into (1) and solving (24) at time ¢ = T, we obtain the
optimality condition f,(T) — w(T) = 0, identical to that of the competitive
firm. Consequently, V(T) = f(T) — w(T)¢?(T) > 0 and V., (T) = 0. At time
t =T — 1, the first-order condition for (24) is

Joll(T =1),e(T=1)) —w(T' = 1)
u(fIUT = 1),e(T = 1)) foll(T = 1),e(T — 1))
w(fUT = 1),e(T - 1)))?
< B[ (fo(((T),e(T))) {£(T) — w(T)e"(T)}| Fr-a] = 0.

Using the definition of V,, and rearranging above yields (25) at time 7" — 1.
Continuing the backward induction, we obtain (25) for all ¢ = 1,...T — 1.
The sufficient condition for concavity in footnote 11 guarantees that the labor
solving (25) is the maximizer for (24). V(t), obtained on each step of the
backward induction, is strictly positive because the firm’s objective in (24)
in strictly concave and V(t) > 0 (V(t) < 0 is ruled out since the firm can

shut down at any time and thus increase its value to zero). Consequently,

Ve (t) = E[gg;tr)l) V(t+1)|F] is strictly positive. This together with A(¢) > 0

and fy(¢,e(t)) > 0 implies that the right-hand side of (25) is strictly negative.
O
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Lemma A.S.

Under the standard assumptions on preferences and production (see Sections

2.1, 2.2), and the regularity condition —2 u,((g)) + “/,,((Cc)) < —f“((f;),

flle); Ve, £, (footnote 11), there exists a unique solution, é( ) € (0,0), to
(26).

Proof of Lemma A.3. Since on each step of the backward induction,
i /(/(6,2))o(6:2) — V(E — ) + AQW () oll,e)Ver = 00 and
timy i/ (F(E, ) Fe )~/ (= 0)+ A (7(6,2) fo(£,)Vew = —o0 and since
w(fl,e))fe(le)—v" (=) + AW (f(L,€)) fe(€,e)Vey is decreasing in ¢, there
exists a unique solution, ¢ € (0,), to (26). O

CcC =

Proof of Proposition 4.

Since the right-hand side of (26) is strictly less than zero due to Proposition 3,
and the right-hand side of (11) is zero, it follows from Lemma A.2 that £(¢) >
¢(t). Consequently, f(¢,¢) and w = v'(£ — £)/u’(f(£,€)) being increasing in
£, Ve, and the good market clearing yield the comparisons on f, ¢, w. The
comparison on £ follows from & = u/(f(¢,€)) being decreasing in ¢, Ve.

To prove the remaining statements, define the equilibrium profit function

I(L(t),e(t) = fe(t),e(t)) — % £(t). The first-order condition for

maximization of IT(£(t),e(t)) with respect to £ is satisfied by £(t) such that

~ o' (0 — (1))
0(t),e(t) — ——
fe(0(t),e(t)) o f(g(t_),e(f))) .
. 1)
w (F(0(),e(1))  w/(f(E(),e(t)
N (A.2)

Due to Lemma A.2, ((t) < (°(t), Vt,e(t). It is straightforward to verify that

for any ¢ such that f, — i}(jf(e ?)) < 0, Ve, II; < 0. This together with (26)

implies that IT,(¢¢(t)) < 0 and IT,((t)) < 0 Vt,e(t). Continuous function
IIy(- ;) does not change sign on [£°(t), {(t)], because if it did, there had to be
a point £(t) on [¢¢(t), £(t)] satisfying IT,(£(t)) = 0, which is not possible for we
have shown that any such point has to lie to the left of ¢°(t). Consequently,
IT(- ; €) is monotonically decreasing on [¢¢(t), £(t)], and hence 7 (t) < m¢(t), Vt.
It then follows that since £(t) < £°(t), £(H)a(t) < £°(t)m¢(t), and hence from
(1) that E(t)V(t) < €°(t)VE(t). This together with the argument behind the
normalization adapted from the proof of Proposition 2, yields V(0) < V¢(0).

Since at time T the equilibrium conditions (11) and (26) of the competitive
and the monopolistic time-consistent economies coincide, £(T) = ¢¢(T), yield-
ing equalization of the remaining equilibrium quantities at time 7. Finally, an
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example can be constructed to verify that V(t) can be lower or higher than
Ve(t). Example 2 of Section 3.2 demonstrates this under a modified set of
assumptions on v(h). O

Proof of Proposition 5.

Consider an arbitrary partition ¢ = 0, A, 2A,...,nA = T of [0,T]. The
consumer-worker’s problem is now given by

T
maxE Z( )) + vl — 4t )))A
T T
wmmmoza§:aw@m—w@awyxgE 3 é(s)m(s)A

where the flow of utility is defined over a rate of consumption and leisure. The
above yields the first order conditions

W (e(t) A = yE(t) A, (A3)
V(T — 68) A = ye(t) w(t) A

For any A, the first-order conditions are equivalent to (4)—(5), consequently,
the consumer demand facing the firm is the same as in the discrete case.
The value of the firm is given by

E(s

§:4; dm—w@amav; (A.4)

The competitive firm is choosing ¢” to maximize V(0) in (A.4) taking £ as
given; accordingly, its labor demand ¢” satisfies for all t = A,..., T — A

Folt) A—w(t) A =0.

The pre-committed monopolist is choosing ¢” and ¢ so as to maximize V(0)
in (A.4) subject to £(t) = w'(f((t),e(t)))/y (as implied by (A.3)). His labor
demand ¢” satisfies

fo(®) A —w(t) A= A(t) fo(t)m(t)A

Since the equations above are independent of A, equations (34) and (35)
obtain; in addition, the continuous-time limits of the discrete-time competitive
and monopolistic pre-commitment equilibria are now given by the continuous-
time analogs of (11)—(14) and (18)—(21), respectively, for all ¢ € [0, T.

Similarly, the problem of the time-consistent monopolist is given by (24)
with V(¢) specified in (A.4). The backward induction solution yields the fol-
lowing for the firm’s labor demand ¢



Monopoly Power and the Firm’s Valuation 29
(fo(t) —w(t) A= —A(t) fo(t) Veu(t) <0, t=A,....,T—A. (A5)

£(t) is bounded from above by £, and, anticipating equilibrium, since the right-
hand of (A.5) is nonpositive, it is bounded from below by ¢°(t) > 0 due to
Lemma A.2. £(t) is bounded by assumption, hence f(¢,¢), fo(¢,e), v’ (f(¢,¢))
and A(t) are bounded. As we take the limit as A — 0 in (A.5), given the
boundedness, its left-hand side tends to zero, hence, so must the right-hand
side. Given the boundedness of all quantities except V., (t) on the right-hand
side of (A.5), we must have V,,(t) — 0. Consequently, 7 (¢) — 0; in addition,
given our boundedness argument, V' (t) — 0, and the firm’s labor demand has
to be such that ¢7(t) yields zero profit 7(t) = f(£°(t),e(t)) — w(t)¢”(t) =0
as is stated in (36). In the resulting equilibrium, #(¢) = 0 as well, hence (37).
(37) yields the equilibrium labor, which in turn determines the remaining
equilibrium quantities. 0O

Appendix B. Alternative Specifications of the Numeraire

Suppose that instead of the consumption good, we specified a basket of com-
modities consisting of « units of the consumption good and (1 — &) units of
labor as the numeraire, a € (0,1). In other words, the price of this basket is
normalized to 1:

1=ap(t)+ (1 — a)w(t), vi=1,...,T, (A.6)

where p(t), w(t) are prices of the consumption good and labor, respectively,
in units of the numeraire.

Under this numeraire, the price-taking consumer-worker’s problem is given
by

T
> ) (p(t)et) = w(t) (1))

t=1

subject to F <F

T
> E(t)ﬂ(t)] ;

t=1

where £(t) in the state price density process in units of the numeraire basket.
The first-order conditions of this problem are

u'(c(t) = y&(t)p(t)
V(L) = y &) w(t)
leading to -
0
u/(c(t))

The time-t value of the firm, in units of the numeraire, is given by

p(t =w(t) . (A7)
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T £(s
Zg—t w(s) ]ft], (A8)

where 7(s) = p(s) f(£"(s),e(s)) — w(s)€"(s).
The competitive firm maximizes the time-0 value of the firm, taking all
the prices as given. The optimal labor demand, for all ¢ = 1,...,T, of this

firm is given by
1—(1—-a)w(t)

(0%

fe(t) —w(t) =0, (A.9)

where we substituted the consumption good price from (A.6).
A monopolistic firm maximizes the quantity in (A.8) taking into account
the consumer-worker’s demand for its product

u'(f(E(1), £())) = y&(t)p(t). (A.10)

The pre-committed monopolist’s problem of maximizing the time-0 value of
the firm subject to (A.10), with p(¢) from (A.6), yields the optimal labor
demand, for all t =1,...,T, solving
1—(1-a)w(t)
o

fe(®) —w(t) = AQt) fe(t)m(t) > 0. (A.11)

By backward induction, we find the time-consistent monopolist’s labor de-
mand, for all t =1,...,T — 1, to be the solution to

1—(1-a)w(t)

fe(t) —w(t) = —At) fe(t)Vea(t) < 0, (A.12)
where

Vee(t) =

2 p0) - T e 0] |
Vi=1,...,T—1.

T
E Zs:tJrl u’ (t)

At time T, the time-consistent monopoly optimal labor demand ¢ satisfies
# fo(T) — w(T) = 0. The only difference between expressions (A.9),
(A.11), and (A.12) and the corresponding ones in the paper, (9), (17), and
(25), respectively, is the presence of the additional term M multi-
plying the marginal product of labor — this additional term is the price the
consumption good. Since the right-hand sides of equations (A.11)—(A.12) are
given by the same expressions as in the paper, all our partial equilibrium
implications remain valid.

We now turn to equilibrium comparisons. First, from (A.7), (A.6) and the
good market clearing, ¢(t) = f(t), the equilibrium consumption good price
and wage satisfy:
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W)

o (7)) + (1= )/ (T— €(1))
(- l)

o/ (f(t)) + (1 — a)v' (£ — £(1))

To obtain the equation determining labor ¢¢ in the competitive equilib-

p(t) = >0,

w(t) = > 0. (A.13)

rium, we multiply (A.9) through by the positive quantity m (: ﬁ)
and then substitute in the equilibrium expression for the wage (A.13). Then,
the equilibrium labor ¢¢ in the competitive economy solves

A 0))
w (f(Le(t),e(t)))
Analogously, multiplying (A.11) through by ﬁ and using (A.13), we

obtain the expression for the equilibrium labor ¢* in the monopolistic pre-
commitment economy

Je(€6(2),£(2)) =0. (A.14)

v'(L— (1))
w(f(E(t),2(t)))

= A@)fe(€(8),e(8)) | F(7(2),€(t) —

fe((0),£(t)) —

- 0)
FREORED) M R

Finally, the equilibrium labor in the monopolistic time-consistent economy /
is given by the solution to

Comparison of (A.14), (A.15), and (A.16) to the corresponding equations
determining the equilibrium labor in the paper (A.14), (A.15), and (A.16),
respectively, reveals that equilibrium labor is invariant to the choice of the
numeraire.

Once we have shown that the equilibrium labor is unchanged, it is straight-
forward to verify that the remaining results listed in Propositions 2 and 4 are
robust as well, apart from the comparison of the state prices £(-). However,
the more meaningful quantity to consider instead of £(-) in this case is the
price of the consumption good relative to the numeraire basket. The prices
of consumption in the monopolistic pre-commitment, competitive and time-
consistent economies satisfy, for t =1,...,7 — 1,

p(t) > p°(t) > p(t),
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and p*(T) > p*(T) = p(T'). Similarly to the textbook monopolist, the pre-
committed monopolist in our model raises the price of the good it produces,
while the time-consistent monopolist does the reverse.

Appendix C. The Case of a Monopolistic-Monopsonistic
Firm

Let us suppose we allow the firm to also have power over the wage rate, i.e.,
to solve for all t =0,...7T:

V() subject to £(s) = ' (F(£7(5)(5))) /.
w(s) = v'(l—LP(s))

—w(f(eP(s), e(s)))
Vs=t,...,T.

max
£P (s),&(s), w(s); s>t

The pre-committed monopolist-monopsonist (hereafter “monopsonist”) only
solves this problem at ¢ = 0, while the time-consistent solves it backwards for
t = 0,...,T. The first-order conditions for the pre-committed monopsonist
are

fot) —w(t) = A() fe(t)m(t) + (A°(t) + A(t) fo(£)L()V'(£) >0,  (A17)
and for the time-consistent monopsonist are
fo(t) = w(t) = —A() fo(t)Veu () + (A (8) + A(t) fo(£) €)' (8), (A1)

where

All other things (A, fe, m) being equal, (A.17) suggests that the wage effect
acts in the same direction as the price effect, implying that the pre-committed
monopsonist will decrease his labor (and output) even more than the monopo-
list, and in turn the value of the firm will increase more. For the time-consistent
case, however, (A.18) suggests that the wage effect counteracts the price effect,
implying again a lower labor input (and output) than the monopolist. If the
price effect dominates, comparative static comparisons with the competitive
case will be as in Proposition 4; if the wage effect dominates, they will be as
in Proposition 2. The intuition for this extra term is quite clear; it is in the
firm’s interest to reduce wages, and to do so it will reduce its labor demand.
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Revealed Intertemporal Inefficiency

Christian Bidard

University of Paris X-Nanterre

Summary. In a stationary state, inefficiency is established if some marginal per-
turbation leads to a positive surplus for all commodities. We consider the case when,
though the original perturbation itself results in positive and negative changes, an
adequately chosen combination of such perturbations is conclusive. A characteriza-
tion in terms of the positive roots of a polynomial is obtained.

1 Introduction

Let there be a differentiable model describing a system in a stationary state. In
order to test the efficiency of that state, we introduce one or several marginal
perturbations at some date, or on some consecutive dates, and contemplate
the effects of this basic operation in terms of surplus. The paper examines
when the operation allows us to conclude to inefficiency. Section 1 presents
the result in the one-dimension case. Section 2 wonders if, in the presence of
several commodities, inefficiency for each separate commodity is sufficient to
conclude to global inefficiency. A general version of the theorem used in both
cases is given in the mathematical appendix.

2 The One-Commodity Case

Considering the impact of marginal perturbations is the classical tool for
studying inefficiency (Cass, 1972). In this section it is assumed that the basic
operation affects one commodity. The implicit reason is not that there is one
commodity only in the model, but that the marginal perturbation has been
designed in order to have no influence on the surplus of the other commodi-
ties. In the next section, we retain another interpretation: there are positive
or negative effects on the other commodities, but these effects are ignored, as
if the supply of these commodities were illimited.
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Starting from a stationary state, let the effects of the original perturbation
be described by a variation ea = € (aq, ..., ar) of the surpluses between dates ¢
to t 4+ T'. Inefficiency is established if the operation leads to an increase of the
surplus at every date, i.e. if the vector a is positive. The same if the vector
is negative: it suffices to reverse the operation (linearity of marginal changes
is used here). The interesting question occurs when, for instance, and up to a
positive factor e, the intertemporal changes in the surpluses are represented
by the vector a = (1,—2,5) at the successive dates ¢, t+1 and ¢+2. Though
the operation does not seem conclusive at first sight, let us consider the more
complex transform which consists in repeating the same basic operation one
period later and doubling its activity level (yo = 1, y1 = 2). The overall result,
represented in the last row of the table below, is semipositive: intertemporal
inefficiency is revealed.

Table 1. An example of revealed inefficiency

dates t|t+1|t+2(t+3
Yo = 1 125

yL = 2 2 [ 410
overall surplus|1| 0 [ 1 | 10

Note that, since the changes (1, -2, 5) are linear approximations of the
exact values, the zero component in the overall surplus is only a value close
to zero and might be a small negative scalar. The choice y; = 2.1 would be
more convincing, or the whole operation might be repeated with a lag, thus
generating the positive surpluses (1, 0, 1, 10, 0) + (0, 1, 0, 1, 10). In general,
the construction of a complex transform that generates a semipositive surplus
is not obvious. However, what we need is not an expression of that complex
transform itself, but a simple criterion that indicates the possibility or the
impossibility to generate a semipositive surplus.

Let the basic operation, which remains unspecified and results in a se-
quence of marginal changes in the surpluses, be characterized by the activity
level yp = 1. During the next periods, let the same operation be performed at
levels y1, ..., yn which may be positive or negative since they reflect changes
in activity levels. We assume that the perturbations and the effects take place
within a finite time. At date ¢+ k, i.e. k periods after the initial perturbation,
the change in the surplus amounts to

Sk = Yoak + Y1ak—1 + ... + Yrao (1)

where the coefficients which are not defined (viz., ap for k > T and yj, for
k > N) are set equal to zero. Let us associate the formal polynomial A(X) =
T N 4
ST a; X! to the basic operation, the formal polynomial Y (X) = > ¢, X*
i=0 i=0
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to the sequence of activity levels and, finally, the formal polynomial S(X) =
>~ 5: X! to the sequence of surpluses. The algebraic relationship between these
magnitudes is written S(X) = A(X)Y (X). Therefore, inefficiency is revealed
if S(X) has semipositive coefficients (after multiplication by 1+ X + ...+ XM
it might as well be required that its coefficients are positive). Let the tech-
nology be linear, but consider finite instead of infinitesimal changes. The dif-
ference is that the scalars y; in formula (1) represent activity levels instead
of changes in activity levels and, therefore, are semipositive (nonnegativity
restrictions would also matter in the marginal case if the initial activity level
is zero). Hence the following definition (to ease the reading, formal polyno-
mials and formal series with semipositivity or positivity restrictions on the
coefficients are denoted by letters P, Q or R):

Definition 1. A marginal change described by the formal polynomial e A(X)
reveals inefficiency in a finite time if and only if there exists a formal polyno-
mial Y (X) such that the formal equality

AX)Y(X) = P(X) (2)

holds, where P is semipositive. A non marginal change reveals inefficiency in
a finite time if and only if there exist semipositive formal polynomials P and
Q such that

A(X)Q(X) = P(X) ®3)

It is immediately seen from equality (2) that a necessary condition is that
the real polynomial A(x) admits no positive root. Theorem 1 states that
the condition is also sufficient. Curiously enough, condition (3) is not more
restrictive than (2):

Theorem 1. A marginal or non marginal change leading to the sequence of

surpluses (ag, ...,ar) reveals inefficiency in a finite time if and only if the
T

polynomial A(z) = Y a;xt has no positive root.

=0

Proof. Let ag > 0 and apply Theorem 4 of the mathematical appendix to the
case when the matrices A; have dimension one and are the coefficients of the
polynomial A(z). The alternative between conditions (z) and (iii) of Theorem
4 means that either A(x) admits a positive root or A(z) is the ratio between
two polynomials with semipositive coefficients, as in (3).

Up to now we have proceeded to a finite number of successive changes. A
justification of the hypothesis is that, if there were infinitely many nonzero
values of y;, ¥ might tend to infinity and the marginal approximation would
hold no longer. However, the objection is avoided if we restrict the attention
to uniformly bounded sequences {y}. For instance, the perturbation leading
to the surpluses €(ag, a3 = —1) with ag > 1 cannot reveal inefficiency in a
finite time, but it does so in an infinite time, by repeating the operation for
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all dates at the same activity levels. The example suggests that, in infinite
horizon, what matters is the position of the real roots of A(z) with regard to
1. The following notations are adopted: bars refer to formal series, as opposed
to polynomials, and U means that the coefficients are uniformly bounded.

Definition 2. A marginal change reveals inefficiency in a finite or infinite
time if and only if the formal equality

AX)U(X) = P(X) (4)

holds, where the formal series U has uniformly bounded coefficients and the
formal series P is semipositive.

Theorem 2. A marginal change reveals inefficiency if and only if its asso-
ciated polynomial A(z) has no root in |0,1] and the root x = 1, if any, is
simple.

Proof. If A(z) has no root in ]0, 1] and, possibly, a simple root at x = 1, A(X)
is written
AX)=B(X) I (1 - p; ' X) [1 - X] ()

where B(z) has no positive root, the p;s are the roots of A greater than 1
(let 1 < p < p, <---<p,) and the presence of the factor [1 — X] is optional.
According to Definition 1 and Theorem 1, an equality

B(X) Q1 (X) = P (X) (6)

holds, where P;(X) and Q(X) are semipositive polynomials. The formal
inverse > p, X" of the polynomial IT; (1 - p; x ) is positive and written

; (1 p;'X) "' = (3 p; ' XY
t

Sy X = (1= pr ' X) 7 = (1= py X

Therefore
t+k-1 _,

_ (k=1
Pe="ga 1y

:Ut

Since vi1 /ve = pyt(t+k)(t+1) < p~! for t great enough, there exists
some positive scalar m such that p, < v, < mp’t for any ¢. As a consequence

the series II; (1 - pi_lX)f1 or, if the case occurs,
Ty (X) =10 (1 — p; ' X) " 1= X] ! (7)

has positive and uniformly bounded coefficients. By multiplying equalities (5),
(6) and (7) side by side, equality

AX)[Q1(X)UL(X)] =P (X)
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is obtained and condition (4) is met. Hence, inefficiency is revealed.
Conversely, let equality (4) hold. Assume first that A admits a root zg

in ]0,1[. The real series U(z) converges at x = o and a contradiction is
obtained between equality P(z9) = A(zo)U(z0) = 0 and the semipositivity of
P. Assume now that A admits no root zg in ]0, 1] but that 1 is a root of order

k (k> 2). Then
A(X) =1 =X)"BX) I (1- p; ' X)

where B(x) has no positive root and p; > 1. There exist positive polynomials
P, and @9 such that P, = BQs. Replace A (X) by the above expression in
(4) and multiply both members of (4) by the positive series

RX)=(1-X)FQu(X)11; (1-p;'X) "

Equalit
qay (1= X)*Ts(X) = Pa(X)

is obtained, where Uy = P,U has uniformly bounded and the coefficients of
P, = P R are positive. (In other terms, a comparison with (4) shows that the
original problem has been reduced to the specific case A(X) = (1 — X)*.) Let
S(X) = (1 - X)Usy(X). The inequality (1 — X)S (X) > 0 implies 0 < 3y <
51 < Sy < --- . Therefore the tth coefficient of Us(X) = (1—X) 'S (X) =
(>, XS (X) is greater than ¢35, and a contradiction is obtained with the
uniform boundedness hypothesis.

In the case of finite but bounded changes, instead of marginal changes, the
series U in Definition 2 must moreover be semipositive. An inspection of the
above proof shows that the characterization given in Theorem 2 is unchanged.

3 Several Commodities

We now consider the case when the initial perturbation affects several com-
modities, for instance two commodities A and B during several periods. The
effects are described by the simultaneous changes e(ag, ai,..., ar) for com-
modity A and e(bg, b1, ..., br) for B. The question of detecting global ineffi-
ciency is that of giving the vectoral version of Theorems 1 and 2 and, therefore,
the expected tool is a theorem on vectors, as the one stated in the appendix.
We explore an alternative path and consider the question component by com-
ponent.

An initial condition is required. Assume first that ag and by are both
nonzero, i.e. the first real effects of the changes occur at the same date. If
ag and by have opposite signs, this will also be the case for any complex
transform derived from the basic operation. Then the surpluses in both com-
modities cannot be simultaneously positive and it is not possible to conclude
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to inefficiency. In the more complex case when the initial effects on A and B
are not simultaneous, say ag > 0 but by = by = 0 # bs, the initial condition
is transformed as follows: the first activity levels (yo = 1,y1, y2) must be such
that

Yoag > 0 Yoa1 + y1ag = 0 Yoaz + y1ai + yaag = 0 y2by >0

These inequalities require minimum levels for y; and y», but the sign of the
minimum level of y5 is undetermined.

To avoid these discussions, we return to the simplest case and assume
simultaneous initial changes: ayp > 0 and by > 0. Apart from that initial
condition, let us consider the surpluses (aq, ..., ar) and (by, ..., br) separately
and assume that, when each good is considered in isolation, some marginal
perturbation reveals inefficiency in a finite time (the result for infinite time
would be similar). Can we conclude that the change reveals inefficiency for
both commodities considered simultaneously? Normally not: the activity lev-
els revealing inefficiency for A differ from those revealing inefficiency for B,
whereas the same activity levels should apply to both commodities.

In formal terms, the inefficiency relative to A is written

FY1(X) AX)Y1(X) = 51(X) with S; >0 (8)
and the one relative to B is

I Ya(X) B(X)Y(X) = S2(X) with S > 0 9)
Global inefficiency, with A and B considered as joint products, is written

FY(X) AX)Y(X) >0 and B(X)Y(X)>0 (10)

There is no obvious way to derive (10) from (8) and (9). A curiosum is that
the implication does hold:

Theorem 3. If agby > 0, the revelation of inefficiency for commodities A and
B separately suffices to reveal inefficiency for the system as a whole.

Proof. If the inefficiency of A is revealed, the equivalence between conditions
(2) and (3) shows that it is possible to write down an equality of the type (8)
holds where, moreover, Y; is semipositive (if ag > 0). The same for commodity
B (if by > 0). Then condition (10) is met by Y (X) = ¥1(X)Ya(X).

4 Conclusion
A marginal perturbation in a stationary system may result in positive and

negative variations of the surplus over several periods. It reveals inefficiency
if an adequately chosen sequence of such perturbations results in positive
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variations only. Though the adequate combination may be difficult to find,
its existence has been characterized in terms of the roots of a polynomial
associated with the perturbation. In the presence of a multidimensional per-
turbation, an initial condition and inefficiency for each commodity separately
suffice to establish global inefficiency.

5 Mathematical Appendix

Theorem 4 is a slightly adapted version of a result established by Bidard
(1999) to study the theory of fixed capital. A sequence of nonnegative vectors
is called ‘essential’ when T consecutive vectors are not equal to zero. The
hypothesis

Byo>0 — A1yo =2 0 (11)

implies that any nonzero sequence of nonnegative vectors satisfying property
(7i) below is essential. Vectors with semipositivity or positivity restrictions
are denoted by letters p, ¢, r or v.

Theorem 4. Let Ay, A1, ..., A7 be square matrices with Ay semipositive and
indecomposable and Ar satisfying (11). The following properties (i) and (i)
are equivalent. Moreover, either (i) or (ii) holds, or property (iii) holds:

(i) There exists a positive scalar A and a semipositive vector v such that
inequality (12) holds:

T
IA>0 3Ju>0 —<Z)\tAt>v>0 (12)
t=0

(ii) There exists an essential sequence of nonnegative vectors vy such that
the formal product

St (é 4 Xt) (T wx?) (13)

has nonnegative elements for any t > T.
(iii) There exist semipositive row-vectors (qo, ..., qn) such that the formal

product
N+T ) N ] T
> X = (Z@X’) (ZAtXt> . (14)
=0 i=0 t=0

18 positive.

Proof. If property (i) holds, then property (ii) holds for the choice v; = A~ "v.
Conversely, assume that property (i7) holds. Consider the set H made of the
‘heads’ {(vo,v1,...,07)} C RQL_T of all vector sequences satisfying condition
(13), with r; > O for ¢ > T'. H is a convex cone. Let K be the normalized heads,
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i.e. the intersection of H with the unit simplex. Note the following uniform
boundedness (UB) property: Because of the assumptions on Ay, inequality
—(Aovs + A1ve—1 + ... + Apvi_1) > 0 requires that ||v¢]| is not too great with
regard to [|vi—1]|, ..., ||vs—r]| ; therefore, by induction on ¢, ||v¢]| is uniformly
bounded for all sequences whose head belongs to K. A consequence of (UB)
is that K is closed.
Consider the translation correspondence « defined on H by

v (Vo ooy 1) = {v741; (V1,0 v, vr41) € H}. It has compact convex val-
ues. Let the correspondence § : K — K be defined by ¢ (vo,...,vr) =
{A(v1, ..., v, ¥(vo,...,v7))}, where A is a normalization factor (A is well-
defined because (vg,...,vr) € K excludes v; = ... = vy = 0, thanks to
assumption (11)). 6 meets the assumptions of the Kakutani theorem and,
therefore, admits a fixed point

3 (vg,...,vr) € H IA>0 v=v =M1 = ... = Nop (15)

By definition of K, the T'th term of the formal sequence — (>- 4 X*) (3 v X*)
is semipositive:
—(Apvo + Ap_qv1 + ... + Agvr) = 0. (16)

Property (i) results from (15) and (16), therefore the equivalence of (i) and
(i) is proved.

Assume now that properties (i7) and (4i7) hold simultaneously, with v,, >
0. Equalities (13) and (14) lead to a contradiction concerning the sign of the
coefficient of X*+N+™ in the product (3. ¢:X;) (O 4: X)) (O] v X?).

Finally, assume that property (i7) does not hold. Suppose that, for any
N, there exists a finite sequence (’U(()N), veey vt(N), ) > 0, with |jvg]| = 1, such
that the vectors r; defined by (13) are semipositive for any ¢ in the interval
[T, T + N]. By the (UB) property, every ||v¢]| is bounded independently of N.
When N tends to infinity, let us extract successive converging subsequences
and construct an infinite sequence (T, ..., T, ...) as a Cantor diagonal: Ty =

(N) (N)

I\}ir?v vy, U1 =limwv; "/, etc. This limit sequence satisfies property (i¢). This
€No

being excluded by hypothesis, we conclude that there exists some N such
that the system of linear inequalities rp > 0, ..., 774 n = 0 has no semipositive
solution. In matricial terms

Ar - Ag 0
Ar Ay
Pv>0 My =— ) ) v2=20
0 Ar A
According to the Theorem of the Alternative, there exists a semipositive row-
vector g such that ¢gM << 0. Therefore, property (#ii) holds.
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Summary. Sectors with increasing returns to scale have been shown to amplify
business cycles exhibiting more volatility than others [13]. Our hypothesis is that
this volatility could be a cause of the "jobless recovery" suggesting policies for em-
ployment generation. To test this hypothesis we introduce a general equilibrium
model with involuntary unemployment. The economy has two sectors: one with in-
creasing returns that are external to the firm and endogenously determined — the
knowledge sector — and the other with constant returns to scale. We define a mea-
sure of employment volatility, a ‘labor beta’ that is a relative of the ‘beta’ used in
finance. A ‘resolving’ equation is derived from which it is proved that increasing re-
turn sectors exhibit more employment volatility then other sectors. The theoretical
results are validated on US macro economic data of employment by industry (2-3
digits SIC codes) of the 1947-2001 period, showing that the highest ‘labor betas’
are in the service sectors with increasing returns to scale. Policy conclusions are
provided to solve the puzzle of the ‘jobless recovery’, where small firms in the ser-
vices industry play a key role. We conclude with policy recommendations on how to
create jobs in the knowledge economy.

1 Introduction

In a recent article [13] we showed that increasing returns to scale sectors am-
plify the business cycle: they grow faster than others during expansions, and
contract faster during downturns. In this sense they exhibit more ‘volatil-
ity’ than other sectors!. In this paper, we extend the earlier model to analyze

! The effect of the business cycle on IRS sectors has not been analyzed in the
literature. Real Business Cycle models include IRS in order to generate cyclical
productivity (see for example S. Basu and J. Fernald [3] and [4] for a review of the
literature). In international trade, IRS is seen as determining the pattern and the
factor content of trade (Krugman [23], [24], [25], [26], Panagariya [27], Antweiler
et al. [1]). In growth literature, learning by doing leads to endogenous growth
in the economy (see Arrow[2], Romer[30], and Rivera-Batiz and Romer[29]). In
theoretical macrodynamic general equilibrium models, IRS may lead to unstable
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volatility of employment. Our hypothesis is that this volatility could be a cause
of the “jobless recovery”? suggesting policies for employment generation.

Chichilnisky-Gorbachev (2004) measured volatility using a new concept, a
‘real beta’, which is a statistical relative of the ‘beta’ used in financial markets,
and measures real macro data on output rather than in stock prices. We used
a general equilibrium model with two sectors, one with constant returns to
scale (CRS) and the other with external increasing returns to scale (IRS),
similar to that in Chichilnisky [9], [10] and [11]. In both sectors the firms are
competitive, but the ‘knowledge sector’® has increasing returns to scale that
are external to the firm and are endogenously determined. The externalities
arise from “learning by doing,” analogous to Arrow (1962), and from the
free transfer of skills from one firm to the other through job turnover or
freely shared skills or R&D. Increasing returns are endogenous because they
depend on the output in the knowledge sector in equilibrium?. We showed
that IRS sectors exhibit more volatility than other sectors, an outcome we
tested empirically using US data®; as these sectors become a larger share
of the economy their volatility increases economic uncertainty. These results
are related to the ‘virtuous and vicious’ cycles in economies with increasing
returns to scale that were developed earlier in Chichilnisky and Heal [14] and
in Heal [20].

The model in Chichilnisky-Gorachev (2004) had full employment in equi-
librium. Extending this model, we introduce here a general equilibrium model
with involuntary unemployment and two sectors, one with external IRS and

systems and may generate “vicious” and “virtuous” cycles in the economy (see
Chichilnisky and Heal [14], and Heal [20], [19]).

This is the second jobless recovery recorded in the US, the first was in 1990-1991.
To identify "knowledge sectors” we used benchmarks from the World Knowledge
Competitiveness Index introduced by Robert Huggins Associates, London, UK.
The World Knowledge Competitiveness Index 2004 is an integrated and overall
benchmark of the knowledge capacity, computed utilizing 19 knowledge econ-
omy benchmarks, including employment levels in the knowledge economy, patent
registrations, R&D investment by the private and public sector, education expen-
diture, information and communication technology infrastructure, and access to
private equity (www.hugginsassociates.com).

Chipman (1970)[16] provides an excellent general equilibrium model with external
economies of scale. The main difference with our model is in that his has only one
factor of production and economies of scale are exogenously given, whereas here
(and in Chichilnisky 1993, 1994, and 1998) there are two factors and the extent
of IRS is endogenously determined in one sector of the economy— the other has
constant returns.

Our hypothesis is difficult to prove in complete generality, because the data of
the last ten years is complex: industry classifications have changed and, as is
well know, when using nominal data the increasing returns sectors (whose prices
drop when production expands) are underrepresented in GDP. This observation is
related to comments by William Baumol on productive and unproductive sectors,
and to the November 2002 publication of Survey of Current Business, U.S. [35].

w N
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the other with CRS. The external IRS sectors or knowledge sectors are often
characterized by having many small competitive firms. According to the Small
Business Administration Office of Advocacy, small firms, defined as having 500
employees or less, represent 50 percent of all employment but generate about
60-80 percent of net jobs in the US [40]. Therefore, while IRS sectors are more
volatile, small firms within IRS sectors create more jobs than they destroy and
more jobs than larger firms, as pointed out by Chichilnisky (2004).

To achieve a meaningful representation of involuntary unemployment in
a general equilibrium context, in the model presented here we postulate that
labor supply is ‘produced’ as an increasing function of several variables rather
than a constant endowment of time (24 hours) possessed by each individual
from birth. The amount of labor supplied is constrained by the amount of
physical energy, health, free time, skills, effort, and education a person pos-
sesses, which in turn relate to wages. An implication of this is that in a period
of structural change, as labor skills become outdated, involuntary unemploy-
ment increases, an observation that has been made by the Federal Reserve
Bank of New York in 2003 [18]. The formulation of our model of ‘produced
labor’ supply has the same mathematical structure as the well-known Shapiro
and Stiglitz efficiency wage model [32]%; therefore, we do not provide a sepa-
rate derivation of the labor market here, but use the Shapiro-Stiglitz model
for this purpose as presented in the Appendix.

The article proceeds as follows: first we provide a general equilibrium model
with involuntary unemployment and solve it analytically finding all prices,
the level of unemployment, and production levels in equilibrium by means
of a single ‘resolving’ equation; second we define the ‘labor beta’ measure
of employment volatility for the different sectors of the economy, and prove
formally that employment in external IRS sectors is more volatile than in other
sectors; third, we provide details of the data used and validate the results on
the observed ‘labor betas’ during the 1948-2001 periods; fourth, we discuss the
jobless recovery in the context of this model. We show that small firms and the
service sector play a crucial role and conclude with policy recommendations
on how to create jobs in the knowledge economy.

2 General Equilibrium Model with External Economies
of Scale and Involuntary Unemployment

Internal and External Increasing Returns to Scale

A firm or an industry has increasing returns to scale (IRS) when unit costs fall
with increases in production’. Economies of scale are internal to the firm when

5 The produced labor equation that we use here, see section 2.03, is equivalent to
the Non-shirking condition of Shapiro-Stiglitz, developed formally in the context
of our model in the Appendix.

" Sometimes they are defined by ‘average’ unit costs that decrease with production.
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a firm becomes more productive as its own size increases, i.e. more efficient,
in utilizing its resources as is typical to firms with large fixed costs such as
aerospace, airlines, and oil refineries®. In contrast, increasing returns to scale
are external to the firm when the increased productivity comes about as a
result of decreasing unit costs at the level of the industry as a whole. In the
latter case, each firm could have constant unit costs as its production increases,
and behave competitively?. Yet as the industry as a whole expands, positive
externalities among the firms are created leading to increased productivity for
all firms in the industry'®. The free movement of skilled workers from one firm
to another can have this effect, as a firm may benefit at no cost from training a
worker received in another firm!'. Equally, a firm can benefit from unspecific
research and development innovations developed in other firms, which are
accessible to it at little or no cost. These positive ‘knowledge spillovers’ often
originate from innovations generated during the course of production. As the
new knowledge spreads to all the firms in the industry, total productivity in
the industry increases and unit costs fall'2.

General Equilibrium with External Increasing Returns to Scale

The economy produces and trades two goods B and I. B is a traditional con-
stant returns to scale (CRS) industry, whereas I is produced under external
increasing returns to scale (IRS). Both goods are produced using two inputs,
labor L and capital K, and the firms in each industry are perfectly compet-
itive. They minimize their costs given the market prices. Firms production
functions are given as:

8 This type of increasing returns can lead to monopolistic competition due to high
entry costs.

Ezxternal IRS is consistent with small competitive firms; internal IRS depends
instead on large size of firms which is typically inconsistent with competitive
behavior.

For example, in the period between 1990 and 2000, the expansion in output in
the computer hardware industry led to yearly doubling of the computing power
available per dollar, leading to an exponential increase in CPUs per dollar (a stan-
dardized measure of processing power) and to the corresponding rapid increase
in demand and consumption of CPUs across the entire economy.
Workers in the knowledge sectors move between firms more than others, on av-
erage every two years or less.
Any industry that depends on knowledge or skilled labor could benefit from such
knowledge spillovers and external economies of scale. In the growth literature
related phenomena are known as ‘learning by doing’, a concept introduced by
Arrow [2] and developed further by Romer [30] in a one sector growth model.
‘Learning by doing’ often refers to increasing returns that are internal to the firm.
We focus instead on increasing returns that are external to the firm, endogenously
determined and internal to one industry within a general equilbirum model with
two goods and two factors, and in which a second sector has constant returns to
scale.

9

10

11

12
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B* = LYK~ and I* = yLi K, ” (1)

where a, 8 € (0,1). Ly, K; are inputs in the B sector, and Ly, K5 are inputs
in the I sector. The total amount of labor and capital in the economy are
N and K?* respectively. The parameter 7 in the production function for I is
taken as a constant by each firm within this industry. However, at the industry
level, v is endogenously determined and increases with the output of I, i.e.

v = v(I®). For example, v = I?, 0 < ¢ < 1. In this case, when externalities are
B 18
taken into account the production function for this sector is I° = Ly~ " K5 7,

although at the firm’s level the technology that determines the firm’s behavior
is I° = 7L§K2175. Observe that o > 1 leads to negative marginal products,
while 0 < 0 leads to decreasing returns. Therefore, when the sector I has
increasing returns, o satisfies 0 < o < 1, which we now assume'?®. Notice that
returns to scale in the sector I are endogenous because the parameter v = I
is unknown until the equilibrium value of I is determined.
Prices for I and B are p; and pp, respectively, and [ is a numeraire good,
or p; = 1, then
Y*=1I°+ppB*® (2)

By assumption each firm has ezternal IRS so it forecasts a scale parameter
~ as exogenously given, and solves the cost minimization problem with first
order conditions as:

w = ppa(L)* (K1) ™ and r = pp(1 — a)(Ly)* (K1)~ in sector B (3)

w = vB(Ly)? 1K) 7P and r = v(1 — B)(L2)?(K3) ™" in sector T

We assume that both capital and labor markets are perfectly competitive,
thus the factor prices paid in B sector must equal that of I sector. The 7’s
will be determined by equilibrium output and the 7’s that the firms projected

will be the ones obtained in general equilibrium'*.

‘Produced’ Labor and Involuntary Unemployment in General
Equilibrium

Our next task is to achieve a representation of involuntary unemployment in
a general equilibrium context. To this end we postulate a ‘produced’ labor
supply curve that is an increasing function of wages (see Figure 2 below).
It is not the purpose of this article to provide an explicit derivation of the
‘produced labor’ supply curve; instead, we use as a model for this ‘produced

13 From equation (19) the marginal product of labor is MPL =
ﬁ(@(pg)ﬁ)(%)(%). When o > 1 marginal product is negative. When
o is less than or equal to 0, the I sector exhibits decreasing or constant returns
to scale, and 0 < o < 1 is IRS.

4 This notion is similar to that of rational expectations assumptions for technology

and production.
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labor’ supply the non-shirking condition that arises from the efficiency wage
theory of Shapiro and Stiglitz [32] (see Figure 1), the connection between the
two is developed below and in the Appendix, see Figure 1.

The ‘produced’ labor supply function is taken as exogenously given by
workers (hence it is ‘involuntary’). It represents not their willingness to work
but rather the ability to do a certain job at a certain wage given for example
the current skill or education level. In the Appendix, we consider a specific
and familiar representation of this ‘produced labor’ function which delivers
involuntary unemployment as in Shapiro-Stiglitz’ efficiency wages article [32].
In that paper, the non-shirking condition (NSC) as illustrated in Figure 1
and derived in the Appendix!'® acts as the equivalent to our ‘produced’ labor
supply function. Shapiro-Stiglitz observe that in the environment character-
ized by imperfect information (in their case firms are unable to tell the actual
effort level of their workers), firms are forced to pay a higher than market
clearing wage in order to keep workers from shirking, hence the non-shirking
condition and the resulting involuntary unemployment.

Wages , Aggregate Aggregate
Labor Demand NSC
Involuntary
Unemployment
| P(L)
L* N Employment

Fig. 1. Labor Market Equilibrium in General Equilibrium Model with Involuntary
Unemployment Arising from Asymmetric Information from Shapiro and Stiglitz
(1984), see Appendix

5 This figure is reproduced from Figure 2 of Shapiro-Stiglitz paper [32].
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Potential

. s | Labor Force, N
Wages o Produced’ Labor Supply, L e

~

Involuntary
Unemployment

| Labor Demanded by Firms, L

—
L* N Labor

Fig. 2. Labor Market Equilibrium in General Equilibrium Model with Involuntary
Unemployment Arising from ‘Produced Labor’ (analogous to Shapiro and Stiglitz
model of 1984, see Figure 1)

The ‘produced labor’ supply function increases with wages because workers
are able to supply more labor at higher wages since acquisition of skills re-
quires resources. For example, in the efficiency wage models, there is minimal
threshold that workers must reach in order to be considered productive labor
units (due for example to minimal income required to sustain persons’ mini-
mal health). As already mentioned, we do not derive explicitly this function,
taking instead Shapiro-Stiglitz formulation as a foundation.

The concept of involuntary unemployment is illustrated in Figure 2'6.
The vertical line represents total potential labor force in the economy or the
total number of individuals, N. Potential labor force, N, is different from
the ‘produced’ labor supply, which is a positively sloped curve, L?, because
as mentioned above it is an exogenously give function that depends on the
current levels of workers’ skills or education. L® is a function of wages, w, and
prices, pp, or L* = L*(w,pg). Labor demand, L, is a decreasing function of
wage and is derived from firms’ cost minimization problem or after solving for
L in equation (3).

In equilibrium, due to the shape of labor supply curve, there will exist in-
voluntary unemployment, represented by the difference in labor employed L*

16 Notice that Figure 2 is a special case of Figure 1.
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and potential labor supply, N. Unemployment, (N — L*), is involuntary since
there are workers who are willing to work at a lower wage but because they
cannot credibly promise to do the job since they do not have the required-
skills. Thus, they will not be hired. According to Shapiro and Stiglitz’ model,
unemployment is involuntary because workers who are willing to work at a
lower than equilibrium wage cannot make a credible promise to exert effort
or not to shirk.

Resolving the General Equilibrium Model

This section draws on the results of Chichilnisky [9] and Chichilnisky-Gorba-
chev [13] to solve our general equilibrium model with involuntary unemploy-
ment. To solve this model, there are four prices to be determined: the goods
prices pp and pj, and the two factor prices, wages and return on capital,
w* and r*. The quantities to be determined in an equilibrium are: the use of
factors in each sector K7 K3 L L3, the outputs of the two goods B** and I°*,
the parameter v* determining the external economies of scale in I, and the
demand for goods B and I, B* and I%*. Thus the model has 13 endogenous
variables to be computed, pj, pj,w*, r*,Kf)KiLiL’Q‘,BS*,IS*,'y*,Bd* and
I,

We solve the model by finding an explicit function of a single variable,
pB, (called a ‘resolving’ equation) and 5 exogenously given parameters of the
economy: «, 3,0, N and K?®. To obtain the resolving equation we write the
market clearing condition in the I market, demand equals supply, and find a
way to express it as a function of only one variable: pg. Solving this equation
gives the equilibrium value of p},from which all other endogenous variables
listed above can be found!'”. Since the model has constant returns to scale at
the level of the firms'®, we derive the equilibrium relations between supplies
and prices from the marginal conditions, clearing of labor market and full
employment of capital.

For simplicity'”?, demand functions for B given as a function of initial
endowments and prices:

B?=BY(N,K",pp) (4)
In equilibrium all markets clear, or:

B = B¥ 4+ X3 (B market clears) (5)

17 Notice that we have not defined supply behavior outside of an equilibrium; in
particular, there is no information for carrying out stability analysis.

'8 As mentioned in the text, individual firms in both sectors of the economy exhibit
CRS. Firms that belong to external IRS sector don’t know that positive external-
ities are generated by their production or hiring decisions. Thus, firms in external
IRS sectors, take v of (1) equation as given.

19 The results of the model do not depend on the demand specification. But in the
Appendix, we solve for a specific demand function.
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I°* = I 4+ X7 (I market clears)

where X3 and X7 are equilibrium levels of net exports in B and I sectors
respectively. We assume X7 = 0 and X5 = 0 but the results are true for any
given X7 and XF.

ppB®* + I°* = w*L* + r* K™ (zero profits)
K* = K° = K{ + K, (capital market clears)
L* = L* = L% = L} + L} (‘involuntary’ labor market clears)

Notice however that labor market clears in the sense that ‘produced’ labor
supply is equal to labor demand. But since ‘produced’ labor supply is given by
L* = L*(w,pp) and is different from the potential labor supply, N, the labor
market is characterized by the existence of involuntary unemployment, since
N > L*, as shown in Figure 1. Workers without a job are willing to work at a
wage below w* but will not be hired because below the clearing wage, the L®
produced by these workers is below firm’s requirement since workers are not
as educated or not as healthy to do the needed job.

We can characterize ‘involuntary’ labor market equilibrium in a more ex-
plicit way. Denoting I, = IL<—11 and ls = IL(—QQ, we can rewrite marginal conditions
(3) as:

w=a(l})* 'pp and r = (1 — a)(l1)“ps

w=B(12)" " and r = (1 - B) ()"

Indicating logarithms with the symbol “7” the four equations above can be
rewritten as:

@:(a—l)lz—l—&—&-ﬁéand?:ocl:—l—(l/joz)-i-]’)g (6)
W= (B-1)ly+pB+7 and 7 = Bl + (1
so that (a—l)l~1 —’(ﬁ—l)l;ig—a—ﬁé +7
and aly — flo = (1 - B) — (1 —a) —pp +7.
Solving for [y and Iy we obtain:

B)+7

~ (B-pE-a+NEP-1-B)[1-8)—ps—(1-a)+7]

I =

[ —a]
p_@-D=8)—p5—(—a)+7 - a-pp-a-+7)
[ —a]
o _PB gL _PB
ll—(ﬂ_a)‘FAadlg (6_a)+B (7)

where A and B such that:
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P e [ e ) (I e ) ek

5 —a]
C(a-D[(1-f)—(L—a)-alf-a -7
b= 6o

A and B are constants since 7 is taken as a constant by each individual
firm. Also observe that A > 0 and B < 0 if 8 < a. Therefore,

1
R

1
L =eph ™ and Iy = Bph ™ 9)

Using (9), marginal conditions can be written as:

B-1 s
A(O‘_l)pf{“ and r = (1 — a)et®py = (10)

w = e

Substituting (10) into L® = L*(w,pp), we can rewrite L® as a function of
pp alone, or:

L* = L*(pB) (11)

‘Involuntary’ labor market clears, or:

LS(PB) = Ld(pB) =L (12)
Since Iy = I?;:?l or Ly = L* — I5(KS — K1). At same time, [, = 1L<_117 SO

that L* — ZQ(KS — K]_) = llKl-
The quantity of K and L demanded in the B sector are:

L* — K5 A
———— and [ = ——
(lh —12) P )

From (9), (12) and (13) K and L are functions of a single variable pp:

K, = (L* — I,K5) (13)

1
eAL* €A€BKsp§Ta
f= (A —eP)  (eA—eb) L1(ps) (14)
1
L*pgfﬁ eBKs
o= (A —eB)  (eA—eb) Kilps) (15)

Equations (14) and (15) hold for any level of 4. In particular, taking v = 1,
we denote production of B and I as ¥(pg) and @(pg) respectively. Therefore,
from (1), (14) and (15) we obtain the equilibrium level of output as a function
of equilibrium price pj:

20 Notice that this condition is different from the one used in Chichilnisky-Gorbachev
paper [13]. Previous paper had full employment of labor and capital and therefore
no involuntary unemployment. Here due to the ‘produced labor’ function (12)
there is involuntary unemployment.
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_1 1
B :[ 6AL* B eAeBKspgfa ]a[ L*p(éfﬁ B EBKS ]1—a
A—cF)  (eA—el) | eA—eB) (A= eP)
=¥ (pp)
(16)
1 1
AT * A_Biyrs, B—a * a—pB B s
g LT efe Kspp 8 Lpy " K 16
I R A —cP) (A= c)
=9(PB)

For industry I, (16), does not express output as an explicit function of equilib-
rium prices alone as we wished, because v = v(I), and I = I(~,pp). In order
to obtain output as explicit functions of equilibrium prices we must therefore
find out the equilibrium value of the scale parameter v*. This is an additional
“fixed point” problem, since v depends on I, while I depends on . We solve
this as follows.

The industry I has increasing returns which are external to the firms in
this industry, and the parameter v increases with the level of output of 1. We
postulated that

v =17, where 0 < o < 1. (17)

At an equilibrium, equations (16) and (17) must be simultaneously satisfied,

ie. v =[y®(pB)]° =1°®(pp)° or, ¥v'77 = &(pp)°.
Thus,

v =®(pp) T (18)

Therefore at an equilibrium from (16) and (18) we obtain a relation be-
tween the outputs of I and pp:

v ol
I*(pp) = &(pp) T (19)
so that

_1
1 (o) = { L K s
A= F) (A e)

_1_ i—0o
X[K87 L*pg—/i B eBKs }1_[7)
(o = B) (A = F)

The Resolving Equation F(pg)

We can now give explicitly the ‘resolving’ equation for the model, denoted
F(pg) below:

F(pg) = 1" (pg) = I (p) = 1" (p) ~@(p) T =0
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or,

where from (10) and (4), I (py) is a function of pp alone:

L=t £ ; * PV
I™(pg) = (e VpZ=)L* + (1 — a)e*p *)K* —ppB™(py)  (22)

Solving the equation F(pg) =0, gives an equilibrium value of p}; from
which all equilibrium values of other variables (K7, K3, Ly, L, w*, r*, B,
I5*, B%, 1% ~*) can be computed. The model is thus solved.

3 Volatility in the Knowledge Sectors

Our hypothesis is that the level of employment in the increasing returns to
scale sectors (IRS) is more volatile than that of other sectors, in the sense
that employment increases more in IRS sectors than in the rest of the econ-
omy during upturns; during downturns, it contracts more than in the rest
of the economy. To test this hypothesis we introduce a measure of volatility
of employment, similar to that used in our previous paper, and explore its
behavior in a general equilibrium model with involuntary unemployment.

Volatility Index: The ‘Labor Beta’

We define an index to measure volatility that is independent of the scale of

the variables, denoted ‘labor beta’. This is a statistical relative of the financial

markets concept of ‘beta’ that is frequently used to measure volatility of stock

prices:

Cou(X,Y)
Var(Y)

Here X and Y are employment levels rather than stock prices, X repre-
senting employment in a sector and Y, aggregate employment. ;¢ denotes
the ‘labor beta’ associated with the increasing returns sector and S-pg that
of constant returns to scale sector. Our hypothesis can now be stated as:

Hypothesis:  Birs > Bors-

B = (23)
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Volatility: The Effects of Shocks on Employment Across Sectors

To study employment volatility we assume that there are random shocks to
the ‘fundamentals’ of the model (technologies, preferences, demand, initial
endowments of capital and labor). The fundamentals thus vary from period
to period, although there are no intertemporal links between one period or
another. The equilibrium value of pj varies with the fundamentals producing
fluctuations in all equilibrium values of the model, and in particular in equi-
librium levels of labor utilized by each sector: L} and L%. Using the general
equilibrium model, we study the attendant variations in L} and L3, exploring
the extent to which employment in sector I is systematically more volatile
than that in sector B.

From the ‘resolving’ equation, F(pg), we know how all the variables of
the model fluctuate with pj. Expressing labor demand for each sector as a
function of output of that sector will allow us to use the main result of the
“Volatility in the Knowledge Economy” article?! to prove that employment
volatility of the IRS sector I is larger than that of CRS sector B. Solving the
firm’s cost minimization problem L, and Ly can be expressed as functions of
factor prices and total output of their respective sectors, or:

From (10), (16), and (19), the above expressions are functions of a single
parameter pp found after solving the ‘resolving’ equation F(pg) (21), or

—a)r(pg)\* 1 — Br(ps 8
Li(ps) = ¥(ps) (%) and La(pg) = ®(pp) T (%)

Proposition 1. Employment volatility in the increasing returns to scale sec-
tor I is larger than that in the constant returns to scale sector B, i.e. the
abor beta’ of external IRS sector, Brgrg, is larger than the ‘labor beta’ of the
CRS sector, Bopg, namely Brrg > Borg, when increasing returns are large
enough, i.e. 0 <o <1 and o ~ 1.

Proof. We aim to prove the following inequality:

Cov(L3,, L}) Cov(Liy, LY)

Brrs = W > Bers = Var(L}) (25)

where L} = L1+ L. Because the denominators of (25) are equal and positive,
we can restate it as:

2! Specifically, in that article we showed that as ¢ — 1, B;ps > Bors, OF that
output of the IRS sector is more volatile than that of the CRS sector.
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Cov(Ly, Ly) > Cov(Lyy, L) (26)
Rewriting (26):
T T
> (Lo = Lo)(Li = T7) > Y (Lae — L1)(L; — IT¥) (27)
t=1 t=1

where Lyt, Ly and L} denote time averages: L = % ZtT:1(L1t)~
Rearranging the terms (26) becomes:

T
S (Lo~ Ta) — (Lo — )] (Li —T)} > 0
t=1
Substituting for L} and L*:
T D ———
Z{ (Lot — Lo) = (Las — L) [(Lu + Lay) — (L1 + Lz)}} >0, or
t=1
T —_— —_
Z ~ L3+ T{(L1)* — (I2)*} >0
t=
From (21) and (24) we obtain:

Zthl {Sp(pB)ﬁ (%)m — W (pp)? (%)204}

5w(PB) aw(pB)
+T{(L1)* = (12)*} > 0 (28)

For every t, as 0 — 1 and @;(pp) > 1, the inequality (28) is satisfied since
2
the first term (@;(pp) ™) ) dominates the equation. It follows therefore, that
Brrs > Bors-

4 Empirical Issues

In this section we validate empirically our theoretical result that employment
in IRS sectors is more volatile in CRS sectors.

Data Sources and Structure

We use employment data provided by the Survey of Current Business (SCB)??,
prepared by the U.S. Department of Commerce, Bureau of Economic Analysis
(BEA), in Washington, DC, utilizing ‘Full Time and Part Time Employees’

22 Monthly government publications to be found in www.bea.gov.
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by industry in thousands for 1948-2001 period (2-3 digit Standard Industry
Codes (SIC))?3. There is a “break” in the time series of this data due to
the SIC reclassification. Thus, 1948-1987 data uses 1972 SIC classification,
whereas 1987-2001 uses 1987 SIC classification (the estimates of 1977-1987
have not been adjusted to 1987 SIC code due to “lack of adequate data”
according to BEA May 2003 publication [34]).

IRS and Traditional Industries

We reviewed the literature and adopted its findings about IRS sectors,?* as
in our 2004 article [13]. We also used a simple correlation between quantities
produced and prices charged on the level of industry to identify IRS sectors
(the sector is considered to exhibit IRS if correlation is negative)?. Figure 3
lists the IRS sectors identified by the empirical literature, showing in each case
the respective sources. From the list in Figure 3 we separated out industries
that as in the previous paper, we characterize as having internal IRS due to
high fixed costs?¢. We were left with 8 industries with external economies of
scale, which we compared with some of the World Knowledge Competitiveness
Index benchmarks (see footnote 2 for details):

1. Credit agencies other than banks (SIC 61)

2. Electronic equipment and instruments (36, 38)

3. Machinery, except electrical (35)

23 Detailed data series are available at the BEA webpage:
http://www.bea.gov/bea/dn2/gpo.htm

24 A study by S. Basu and J. Fernald [3] of US private economy (2-3 SIC) find TRS

in: 1. Metal Mining, 2. Construction, 3. Furniture, 4. Paper, 5. Primary Metals, 6.

Fabricated Metals, 7. Electrical Machinery, 8. Motor Vehicles, 9. Transportation,

10. Communication, 11. Electric Utilities, 12. Wholesale and Retail, 13. Services

(various).

Work by W. Antweiler and D. Trefler [1] examine 27 manufacturing and 7 non-
manufacturing industries (no services) for 71 countries over 1972-1992 period and
identified 11 industries with increasing returns: 1. Petroleum and Coal Products,
2. Pharmaceuticals, 3. Electric and Electronic Machinery, 4. Petroleum Refineries,
5. Iron and Steel Basic Industries, 6. Instruments, 7. Non-Electric Machinery, 8.
Forestry, 9. Livestock, 10. Crude Petroleum and Natural Gas, 11. Coal Mining.
Their general equilibrium model estimates scale for these industries in the rage
of 1.10 to 1.20.

Paul and Siegel [28] find that scale economies are prevalent in US manufactur-

ing. In particular, this study finds evidence of external economies of scale due to
supply-side agglomeration.
Specifically, we used chain-type quantity index for GDP by industry and chain-
type price index for GDP by industry from BEA for our correlation computations.
Detailed data files can be downloaded at: http://www.bea.gov/bea/dn2/gpo.htm.
It is important to carefully study the structure of each industry before charac-
terizing it as having internal or external IRS. This is a subject of our further
research in this area.

25

26
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Identification
Agriculture, forestry, and fishing AT
Credit agencies other than banks corr=<0
Coal mining AT
Communications BF
Construction BF
Electronic equipment and instruments BF, AT
Fabricated metal products BF
Furniture and fixtures BF
Machinery, except electrical AT
Metal mining BF
Motor vehicles and equipment BF
Oil and gas extraction AT
Paper and allied products BF
Petroleum and coal products AT
Primary metal industries BF
Retail trade BF
Security and commodity brokers corr<0
Services BF
Telephone and telegraph corr<0
Transportation BF
Wholesale trade BF

Source: U.S. Department of Commerce, Bureau of Economic Analysis.
Detailed annual series can be found at:
http://www.bea.gov/bea/dn2/gpo.htm.

Antweiler and D. Trefler study of 2000. Correlation coefficient is computed
as correlation between Total nominal GDP by industry with respect to
industry's Price Deflator.

Fig. 3. List of Increasing Returns to Scale Industries Identified by the Literature
Review and the Correlation Coefficient Specification

4. Retail Trade (52-59)

5. Security and commodity brokers (62)

6. Services (70, 72-73, 75-76, 78-89)

7. Telephone and telegraph (481, 482, 489)
8. Wholesale Trade (50, 51).

Employment in Increasing Returns Sectors Is More Volatile

Total employment’s ‘labor beta’, by definition, is equal to one. Figure 4 pro-
vides ‘labor betas’ for industries with external economies of scale and for some
traditional industries. What is immediately apparent from Figure 4 is that
‘labor betas’ for IRS industries are on average larger than that of traditional
industries, and that the volatility in the service sector drives the results.
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In addition, breaking the data into three sub-periods, 1947-1987 and 1988-
2001 (chosen arbitrarily at the break of the series and to be consistent with
our previous paper) provides another interesting view of the data. The ‘labor
betas’ for IRS on average are largest in the later period, or in 1987-2001
period. This phenomenon could be explained by our model: as ¢ — 1, ‘labor
beta’ of the IRS sector becomes larger.

labor beta % small
1947- 1947- 1988- labor firms
Industry (SIC) 2001 1987 2001 shares 1997
External IRS
Wholesale trade (50, 51) 0.06 0.06 0.03 0.05 65
Services (70, 72-73, 75-76, 78-89) 0.44 0.36 0.53 0.22 55
Retail Trade (52-59) 0.18 0.18 0.15 0.15 51
Machinery, except electrical (35) 0.01 0.02 0.00 0.02 47
Electronic equipment and instruments (36, 38) 0.02 0.03 0.00 0.03 43
Credit agencies other than banks (61) 0.01 0.01 0.01 0.00 35
Security and commodity brokers (62) 0.01 0.01 0.01 0.00 28
Telephone and telegraph (481, 482, 489) 0.00 0.01 0.01 0.01 10
Average IRS 0.26 0.22 0.29 0.48 53
Traditional
Real estate 0.02 0.02 0.01 0.01 88
Miscellaneous manufacturing industries 0.00 0.00 0.00 0.00 67
Lumber and wood products 0.00 0.00 0.00 0.01 64
Furniture and fixtures 0.00 0.00 0.00 0.01 59
Printing and publishing 0.01 0.01 0.00 0.01 51
Leather and leather products 0.00 0.00 0.00 0.00 42
Textile mill products -0.01 -0.01 -0.01 0.01 31
Apparel and other textile products -0.01 0.00 -0.02 0.01 29
Food and kindred products 0.00 0.00 0.00 0.02 28
Paper and allied products 0.00 0.00 0.00 0.01 28
Chemicals and allied products 0.00 0.01 0.00 0.01 21
Average Traditional 0.00 0.00 0.00 0.11 48

Source: U.S. Department of Commerce, Bureau of Economic Analysis. Detailed annual series on “Full Time and Part
Time Employment by Industry™ can be found at: www.bea.gov/bea/dn2/gpo.htm; % of small firms within the industry
in 1997 is provided by the U.S. Small Business Administration Office of Ad , “US Small Business Indicators
2001, 2002.

Note: Shares are averages over 1947-2001 periods and are computed as a number of workers employed in an industry
as a share of the total employment. Average IRS and Average Traditional are weighted averages of the series in the
respective columns using the provided employment shares.

Fig. 4. Employment Volatility in IRS Sectors is Larger than in Traditional Sectors

5 The Puzzle of the Jobless Recovery

We saw that employment in sectors with increasing returns to scale is on
the whole more volatile than in other sectors, in the sense of having higher
‘labor betas’. We also saw that within the IRS sectors, service sectors have
the highest volatility, or highest ‘labor betas’. Service sectors employ 22 per-
cent of the U.S. workers (see Figure 4) and are populated by small firms:
55 percent of the firms in the service industry have less than 500 employees.
Small firms generate most new jobs in the US, between 60-80 percent between
1989 and 2001, as illustrated in Figure 5 [40], even though they employ only
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about 50 percent of the workers. According to the numerous studies by the
Small Business Administration, 80 percent of industries that generated most
employment (during upturns) and lose most employment (during downturns)
over the last 10 years have been in service sector [41]. The service sector is
key to our study: on the whole it has increasing returns to scale; it generates
most jobs; and it is populated by small firms.
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2,900,000
Total Jobs
2,500,000
2,100,000

1,700,000 -

1,300,000 -
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/A\// e N
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Source: Census Bureau, "County Business Patterns Survey". The total employment data is from January 1989 to March
2004, but employment by size of the firm is from January 1989 until January 2001.

Fig. 5. Net Jobs Generated by Size of Firm

If IRS industries were a large part of the economy, they should, in principle,
generate a large increase in employment during a recovery. The US economy
grew 4.1 percent in real terms in the fourth quarter of 2003 (surpassing its
lowest point of third quarter of 2001) [37]. Yet employment has not yet reached
its pre-recession levels. In order for employment to attain its pre-recession
levels, 1.5 million jobs lost over 2001-2003 periods*” must be replaced [39].
Since the IRS sectors are a significant portion of the economy, they employ
around 50 percent of the workers, then we should have job creation rather
than the observed jobless recovery. How do we resolve this puzzle?

There are at least two possible explanations for the jobless recovery: (i)
due to the increased uncertainty in the economy (geopolitical and economic),
external IRS sectors that are populated by small firms have been particularly
badly hit and thus have been unable to generate new employment; and (ii)
there has been a structural change in the economy that shifted the ‘produced

27 Calculations are done by the authors.
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labor’ supply curve to the left, making it more difficult to generate new jobs.
Both of these situations would lead in our model to a jobless recovery. A
combination of these two explanations is at the core of the jobless recovery
and is discussed below.

Small Firms and the Service Sector: Heightened Uncertainty and
Structural Change

In the current cyclical recovery of 2001-2004, the service sector could have gen-
erated most employment, since it has highest ‘labor betas’ and most new em-
ployment comes from this sector [41]. However, the service sector is populated
by small firms, which finance their operations through equity and retained
earnings rather than debt [42]. Obtaining equity funding or venture capital
has been extraordinarily difficult in the environment of high uncertainty?®
both geopolitical and economic since 2001. Equity funding for small firms, as
illustrated by Figure 6, fell 86 percent over three year period, 2000-20032°
[43]. Figure 7 shows that commercial credit, which constitutes 57 percent of
small firms’ debt also fell by 17 percent. Left without funds to finance their
operations, small firms stumbled during this period and therefore generated
fewer jobs. Thus, even though the economy was coming out of a recession, the
continued uncertainty, especially felt by the service sector small firms, reduced
the likelihood of increased job creation generating conditions associated with
a jobless recovery (see Figure 8).

The results of our model support also the Federal Reserve Bank of New
York’s explanation of the jobless recovery [18]. The FRBNY’s explanation for
the jobless recovery is that a structural change®” occurred during the last busi-
ness cycle. This is supported by their recent study in which the authors show
that permanent shifts in the distribution of workers throughout the economy
have contributed to the jobless recovery. FRBNY’s study proposes three expla-
nations for this change: (i) structural decline might be a reaction to a period
of overexpansion, (ii) improved monetary and fiscal policy may have reduced
cyclical swings in employment, and (iii) innovation in firm management may
be promoting a structural shift towards leaner staffing.

A structural change would require a change in workers’ skills. Therefore,
even if the recovery created an increased demand for labor as the ‘produced’
labor function (defined in section 2.03) shifted left, this would have lead to
decrease in employment. Figure 9 shows how the new employment level in
equilibrium L** could be even less than the previous level L* with such a

28 Uncertainty is due to (i) economic and political factors, and (ii) to controversy
over corporate practices after one of the worse collapses in history of the stock
market.

29 Venture capital fell 61% between 2000 and 2001; 45% between 2001 and 2002;
and 37% between 2002 and first half of 2003.

30 Structural adjustments transform a firm or industry by relocating workers or
capital, according to the FRBNY’s definition [18].
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Source: Small Business Administration Office of Advocacy, “SBIC Program Share of Total Venture Capital Financing
to Small Business Reported for Calendar Years 1997-September 2003.”

Fig. 6. Venture Capital Financing for Small Firms

shift even with an expansion in labor demand. Our model therefore supports
the FRBNY'’s conclusions.

6 Conclusions and Policies for Job Creation

We showed that employment volatility is higher in the increasing returns to
scale sectors than in the rest of the economy. The highest volatility is observed
in the service sector, an increasing returns to scale sector mostly populated
by small firms with less than 500 employees. It has been shown elsewhere [12]
that smaller firms create most new jobs in the economy. Yet small firms have
been deprived of funding during the recovery because of heightened uncer-
tainty, geopolitical and economic. This combination of circumstances could
be a reason for the jobless recovery.

Indeed, most of small firms’ funding comes from equity financing and ven-
ture capital that declined 86 percent over the 2001-2003 period. Even though
the current US recovery seems to be standard in terms of real output growth,
the dramatically reduced funding undermined the ability of small firms to gen-
erate employment. Thus we conclude that the first explanation, (i) in section
5.011, for the jobless recovery seems justified.
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are greater than $1million; and the left hand side axis is for the loans to small firms, i.e. loans that are less than
$1million.

Fig. 7. Lending by All U.S. Banks by Size of Loan, in thousands of dollars

A second feature of our model that helps explain a jobless recovery is the
impact of structural change on involuntary unemployment. The Federal Re-
serve Bank of New York has documented that structural change has occurred
in this upswing. This could have shifted the ‘produced labor’ supply to the
left making it more difficult for the economy to create new employment, as in
(ii) section 5.011.

The combination of two circumstances (i) the stumbling of small firms,
and (ii) structural change, is our preferred explanation for the jobless recovery
since 2002.

Several policies can be suggested. Since small firms are viewed as risky,
they have limited access to funds, face higher costs of capital, and have less
access to top talent. Overcoming these obstacles is what will create most new
jobs. Thus, policies should focus on decreasing the risks faced by small firms.

Specific financial policies designed for this purpose were suggested in
Chichilnisky [12]. One is to aggregate the equity of smaller firms into ‘bundles’
that have a lower risk profile due to the ‘law of large numbers’. By securitiz-
ing these bundles they can be sold in financial institutions — such as stock
exchanges — with access to global capital markets. The result is a much larger
pool of funds for smaller firms, and lower cost of capital.
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Fig. 8. Employment Evolution from 1954 to 2003 in Goods-Producing vs. Service-
Providing Industries, in thousands

A second proposal is to create credit - enhancement instruments that facil-
itate the smaller firms’ access to capital. A third proposal is to provide access
to better borrowing rates for smaller firms by creating large baskets of equity
across firms which offer less risk due to diversification — much like Freddie
Mae has done successfully in the lower income home mortgage market. In-
stead of home equity, in this case the assets that back the securities would
be the equity in the firms themselves, aggregated throughout many firms in
order to reduce risk.

In addition to financial solutions, providing low cost training to employ-
ees and benefits to ease sectorial displacements will help resolve problems
associated with structural shifts.

Appendix
Workers and the Labor Market (Shapiro and Stiglitz 1984)
Here we provide a specific formulation of the general equilibrium model with

involuntary unemployment following analysis of Shapiro and Stiglitz’ in “Equi-
librium Unemployment as a Worker Discipline Device” [32].
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Fig. 9. Structural changes shift the ‘Produced Labor’ supply curve leading to the
Jobless Recovery

There are N identical workers in the economy. All workers dislike putting
forth effort, but enjoy consuming goods. Individual’s instantaneous utility
function can be expressed as U(c, e), assuming for simplicity that the utility
function is separable:

U(c,e) = H(c) —¥(e) (29)

where H(c) is a continuous function of workers’ consumption bundle, such

that % >0, ‘22721 < 0; and ¥(e) is a continuous function of disutility of effort,

e, such that % > 0,22 <.

) de2
Each worker maximizes his utility subject to budget constraint:

pec=wL+1rK

where p, is the index of consumer prices and c¢ is the consumption bundle;
w stands for wages and r for rental on capital received by each worker.

Assume for simplicity that every employed worker supplies one unit of
labor, or L = 1 and that utility from consumption has a Cobb-Douglas form.
Then, worker’s problem can be restated as:

maxU(B,I,e) = BT — W(e) (30)
st.ppB+1I <w+rK

where n € (0,1). By solving (30), demand functions for goods B and I,
are given as:
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n(wL 4 rK)
PB

B = = Bw,r,pp) and I = (1 — n)(wL + rK) = I*(w,r,pp)

(31)
One can also show that (30) can be rewritten as an indirect utility function

Vw,re) =0(w+rK)—¥(e)

where § = (5L)17"(1 —n)".

Each worker is in one of two states: employed or unemployed. There is a
positive probability b per unit time that a worker will be separated from his job
due to unrelated to his productivity causes (i.e. relocation, bankruptcy, etc.
of his enterprise), which is exogenously given. Workers maximize the expected
present discounted value of utility with a discount rate p > 0.

W = E/ V(wy, 7, er)e”Pldt (32)
0

The main choice workers make is the selection of the effort or productivity
level. If the worker performs well, or at an expected productivity level, i.e.
he doesn’t shirk, he receives a wage w with probability (1 — b). If the worker
shirks, there is a probability ¢ > 0 that he will be caught and fired, and
therefore will enter the unemployment pool. While unemployed, he receives
unemployment compensation w set by the government (and assumed to be
zero from now on).

The utility from work of a shirker for a short interval [0,¢] can be stated
as:

VE =t{0(w+rK) —W(e)} + (1 — pt)[(bt 4 qt) Vi 4 (1 — bt)(1 — qt) V5] (33)

where Vs is the expected lifetime utility of an unemployed individual and
Vg is the expected lifetime utility of an employed shirker. V2 is the expected
lifetime utility of the employed individual-nonshirker, and can be written as:

Vi = t{0(w+7rK) = ¥(e)} + (1 - pt)[btViy + (1 - bt)VE'] (34)

Solving (34) and (33) by taking a limit of each of the two equations as
t — 0, rearranging the terms, taking Vi; as given, and assuming for simplicity
that ¥(e) is a discrete function, such that ¥(e) = 0 if the individual shirks,
and ¥(e) = e > 0 if he doesn’t, we get:

pVE =0(w+7rK) + (b+q)[Vo — V] (35)

pVE =0(w+7rK) — e+ (b)[Vy — V2]
or

Ow+rK)+ b+ q)Vy

Vi =
B p+b+gq

(36)
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Ow+rK)—e+bVy
p+0b

The worker will choose to be productive, or to put in e > 0 if and only if
VA > VS or

Vi = (37)

oVu e
>— —rK+— b 38
w> G —rK+ S+ (39)
Equation (38) is known as the No-shirking condition (NSC). In order
to determine the wage demanded by the workers, we first have to rewrite
NSC explicitly, taking into account the expected utility of an unemployed
worker,Vu. Thus, analogously to equations (35), Vu can be stated as:

pVu =0(w+rK)+a(Ve — Vi) (39)

where ¢ is the job acquisition rate and Vg is the expected utility of the
employed worker. In equilibrium Vp=V2. Now, plugging (37) into (39) and
rearranging the terms, we get:

_ wh(p+b) +abw ae n orK (40)
p(p+a+Db) plp+a+b)  p
Substituting (40) into (38), NSC becomes:
w2@+§+£m+b+@“ (41)

The implication of NSC in this model is that unless there is a penalty
from being unemployed (or it takes time before a person can get rehired),
there will be no reason for individuals to provide effort32. Thus, in order for
NSC to be satisfied, there will always be a positive number of unemployed.

The wage demanded by the workers positively depends on the job ac-
quisition rate, a. Following the logic of Shapiro-Stiglitz, a can be related to
the more fundamental parameters of the model. In steady-state, the flow of
workers into the unemployment pool, bL and the flow of workers out of the
unemployment pool, a(N — L), (where L is the aggregate employment and N
is the total labor force in equilibrium), must be equal:

31 Notice that this NSC equation slightly differs from that of Shapiro-Stiglitz. The
wage demanded by the workers as in Shapiro-Stiglitz positively depends on the
unemployment benefits, effort that the worker puts in, probability of loosing the
job b, probability of not getting caught shirking (1 — ¢), and the job acquisition

rate, a. But w depends positively on pg, since % = (1—77)”"(7’1];)’"(—,—772—) <0
'B

and 22 = — 5 (1+ %(p—&- b+ a)) < 0, thus, (i“; = 2w 4 8‘293 > 0.
32 Since NSC can be also stated as q(ngVU) > e, if an individual could immidiately
obtain employment after being fired, or VZ = Vi, or a = +00, NSC could never

be satisfied.
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a(N—L)=0>bL (42)
Substituting (42) into (41):
e e, bL
>w+ -+ —(—— 4
w_w+9+q9(N_L+p+b) (43)

Thus, wage demanded is a negative function of the number of unemployed,
and as the number of employed (L) increases, wage demanded increases more
than proportionately, because it is affected by two simultaneous factors (i)
an increase in the number of employed, and (ii) a decrease in the number of
unemployed.

Rewriting the above expression we get an explicit labor supply equation:

eq + ep+ eb— wqb

L°<N
eq + ep — wql

(44)
Or implicitly
LS = Ls(w7pB,e)

such that 2L~ > %3, gTL; < 0%, and 9% 20 depending on the parameters
of the model®®. Figure 1 illustrates this relationship for a specific effort level
e (that could be set to 1 for simplicity).

In equilibrium all markets clear, or:

B%* = B X% (B market clears) (45)

I** = I™ + X} (I market clears)

where X5 and X7 are equilibrium levels of net exports in B and I sectors
respectively. We assume X7 = 0 and X7 = 0 but the results are true for any
given X7 and Xj.

ppB* + I°" = w*L* + r*K* (zero profits)

K* = K° = K{ + K, (capital market clears)
L* = L° = L% = L} + L} (labor market clears)

Notice however that labor market clears in the sense that labor supply is equal
to labor demand. But since labor supply is given by the NSC (43), the labor
market is characterized by the existence of involuntary unemployment, due to

33 (L% _ b
Since == = qGNe—(eq_s_ep_wlg)2 > 0.
OL?® a

34 q: _ 20 1+a —a a
Since B0 = quem > 0 and Deg (1 — a) (;) (*g) < Oa
oL®* 0L® 00
= * — <<
Opp 00  Ops
o(L%) __ eqtept+eb—wqgh __ N N N _
de = N (eq+ep—wqgh)e eq+ep7wq0q + eq+ep7wq9p + eq+ep7wq9b

then

35 Since

N
(6q+ep—wq9)ewq9'
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N > L*, as demonstrated by Figure 2. Workers without a job are willing to
work at a wage below w* but cannot make a credible promise not to shirk at
such a wage3®, and thus cannot be hired by the firms.

We can characterize labor market equilibrium in a more explicit way. Since
the wage paid by each firm must satisfy the NSC (43), wages paid by firms
given by (10) can be rewritten as:

bL* B—1
e e + p + b) _ aeA(afl)pg—a

7 E(N — L
Solving the above expression and taking for simplicity e = 1 when workers

exert effort, gives us the total labor used in the economy in equilibrium L* as
a function of a single unknown parameter pp :

B-1
{aeA(al)pg—a _ %} qe —p— b

L-1
{aeA(al)pga — %} q0 — p

The rest of the solution of this general equilibrium model follows the main
text, writing explicitly the ‘resolving’ equation for the model:

L*=N

= L*(pB) (46)

1

AL* eAeBKspB—a

F _ Id* N L** € B B B
(rp) (rg ) [ (e — eB) (eA —¢B) ]

1
y [KS— L*pgfﬁ B eBKs }1—/3
(X~ cP) (A —eP)

where from (10) and (12), I%*(pp) is a function of pp alone:
B-1 -
I™(pg) =(1 - 1) {(aeA(al)pfé»” L*(pp) + (1 — a)epg " K*)} (48)

Solving the equation F(pg) =0, gives an equilibrium value of pj; from
which all equilibrium values of other variables (K7, K5, Li, L, w*, r*, B,
I5*, B% 1% ~*) can be computed. The model is thus solved.

References

1. Werner Antweiler; Daniel Trefler, “Increasing Returns and All That: A View
From Trade”. NBER Working Papers #7941, Oct. 2000.

36 As pointed out by Shapiro-Stiglitz, the unemployment in this model is different
from that characterized by the search unemployment. Here, all workers and all
firms are identical. There is perfect information about job availability but firms
are assumed unable to perfectly and costlessly observe the work effort applied by
their employees.



72

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Graciela Chichilnisky and Olga Gorbachev

Kenneth Arrow, “The Economic Implications of Learning by Doing”. Review of
Economic Studies, 1962, Vol. 29, No. 3, pp. 155-173.

Susanto Basu; John G. Fernald, “Aggregate Productivity and the Productivity
of Aggregates”. NBER Working Papers #5382, Dec. 1995.

Susanto Basu; John G. Fernald, “Returns to Scale in U.S. Production: Estimates
and Implications”. The Journal of Political Economy, Apr., 1997, Vol. 105, No.
2., pp. 249-283.

Elise S. Brezis; Paul R. Krugman; Daniel Tsiddon, “Leapfrogging in Interna-
tional Competition: A Theory of Cycles in National Technological Leadership”.
The American Economic Review, Dec., 1993, Vol. 83, No. 5., pp. 1211-1219.
Craig Burnside, “Production Function Regressions, Returns to Scale, and Ex-
ternalities”. Journal of Monetary Economics, 1996, Vol. 37, pp. 177-201.
David Cass and Herakles Polemarchakis, “Convexity and Sunspots: A Remark”,
Journal of Economic Theory, Dec. 1990, Vol. 52, pp. 433-439.

Census Bureau, "County Business Patterns Survey", provided by Virginia Uni-
versity at http://fisher.lib.virginia.edu/collections/stats/cbp/

Graciela Chichilnisky, “Traditional Comparative Advantages vs. Economies of
Scale: NAFTA and GATT”. Rivista Di Politica Economica, Apr. 1993, pp. 161-
197.

Graciela Chichilnisky, ” Traditional Comparative Advantage vs. Increasing Re-
turns to Scale: NAFTA and the GATT,” International Problems of Economic
Interdependence, New York, 1994 (eds. Baldassarri, M., Di Matteo, M., and
Mundell R.), St. Martin’s Press Inc., pp. 161-197.

Graciela Chichilnisky, “Trade Regimes and GATT: Resource Intensive vs.
Knowledge Intensive growth” Chapter 10 in Levi-Livermore,A. (ed.) Handbook
on the Globalization of the World Economy, Chapter 10, pp. 226-249, Edward
Elgar, Cheltenham UK. Northhampton, Mausa, 1998, pp. 147-181.

Graciela Chichilnisky, "The Job Creating Machine.", Columbia University
memo.

Graciela Chichilnisky and Olga Gorbachev, “Volatility in the Knowledge Econ-
omy”, Economic Theory, Sept. 2004 (forthcoming).

Graciela Chichilnisky and Geoffrey Heal, The Evolving International Economy.
Cambridge University Press, 1986.

Graciela Chichilnisky, A. Beltratti, and Geoffrey M. Heal, “Sustainable Use of
Renewable Resources,” (with A. Beltratti and G.M. Heal), Chapter 2.1, Sustain-
ability: Dynamics and Uncertainty. (G. Chichilnisky, G.M. Heal, and A.Vercelli,
eds), Kluwer Academic Publishers, The Netherlands, 1998, pp. 49-76.

John S. Chipman, “External Economies of Scale and Competitive Equilibrium”,
The Quarterly Journal of Economics, Aug. 1970, Vol. 84, No. 3, pp. 347-385.
Federal Reserve Board of Governors, "Statistical Release. E.2 Survey of Terms
of Business Lending: 1. Commercial and industrial loans made by all commercial
banks”, 1997-2003.

Erica L Groshen and Simon Potter, "Has Structural Change Contributed to a
Jobless Recovery?" Current Issues in Economics and Finance, Vol. 9, No. 8,
Aug. 2003.

Geoffrey M. Heal, ed., The Economics of Increasing Returns. Edward Elgar,
1999.

Geoffrey M. Heal, “Macrodynamics and Returns to Scale”. The Economic Jour-
nal, Mar. 1986, Vol. 96, Is. 381, pp. 191-198.



21.

22.

23.

24.

23.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Volatility and Job Creation in the Knowledge Economy 73

Dale W. Jorgenson, “Productivity and Postwar U.S. Economic Growth”. The
Journal of Economic Perspectives, Vol. 2, Iss.4, (Autumn, 1988), pp. 23-41.
Dale W. Jorgenson, Mun S. Ho, and Kevin J. Stiroh, “Projecting Productivity
Growth: Lessons from the U.S. Growth Resurgence”. Economic Review, 2002,
Iss.Q3, pp. 1-13.

Paul Krugman, “Scale Economies, Product Differentiation, and the Pattern of
Trade”. The American Economic Review, Dec., 1980, Vol. 70, No. 5., pp. 950-
959.

Paul Krugman, “Intraindustry Specialization and the Gains from Trade”. The
Journal of Political Economy, Oct., 1981, Vol. 89, No. 5., pp. 959-973.

Paul Krugman, “New Theories of Trade Among Industrial Countries (in Inter-
national Trade)”. The American Economic Review, May, 1983, Vol. 73, No. 2,
Papers and Proceedings of the Ninety-Fifth Annual Meeting of the American
Economic Association. pp. 343-347.

Paul Krugman, “Increasing Returns and Economic Geography”. The Journal of
Political Economy, Jun. 1991, Vol. 99, No. 3, pp. 483-499.

Arvind Panagariya, “Variable Returns to Scale in Production and Patterns of
Specialization”. The American Economic Review, Mar. 1981, Vol. 71, Is. 1, pp.
221-230.

Catherine J. Morrison Paul and Donald S. Siegel, “Scale Economies and In-
dustry Agglomeration Externalities: A Dynamic Cost Function Approach”, The
American Economic Review, Vol. 89, No.1, (Mar. 1999), pp. 272-290.

Luis A. Rivera-Batiz, Paul Romer, “Economic Integration and Endogenous
Growth”. The Quarterly Journal of Fconomics, May 1991, Vol. 106, Is. 2, pp.
531-555.

Paul Romer, “Increasing Returns and Long Run Growth”. Journal of Political
Economy, 1986, Vol. 94, No. 5, pp. 1002-1037.

Stephanie Schmitt-Grohé, “Endogenous Business Cycles and the Dynamics of
Output, Hours, and Consumption”. The American Economic Review, Dec. 2000,
Vol. 90, No. 5, pp. 1136-1159.

Carl Shapiro, Joseph E. Stiglitz, “Equilibrium Unemployment as a Worker Disci-
pline Device”, The American Economic Review 74, Is.3, June 1984, pp. 433-444.
Jerome Stein, The Economics of Future Markets, 1987, New York: Basil Black-
well.

U.S. Department of Commerce, Bureau of Economic Analysis: Survey of Current
Business, May 2003.

U.S. Department of Commerce, Bureau of Economic Analysis: Survey of Current
Business, Nov. 2002.

U.S. Department of Commerce, Bureau of Economic Analysis: Survey of Current
Business, “Improved Estimates of Gross Product by Industry for 1947-1998”,
June 2000.

U.S. Department of Commerce, Bureau of Economic Analysis, "News Release:
Gross Domestic Product and Corporate Profits", March 25, 2004.

U.S. Department of Commerce, Bureau of Economic Analysis: Survey of Current
Business, May 1997.

U.S. Department of Labor, Bureau of Labor Statistics, http://data.bls.gov/
servlet/SurveyOutputServlet.

U.S. Small Business Administration Office of Advocacy "Small Business by the
Numbers", www.sba.gov/advo/ December 2003.



74

41.

42.

43.

Graciela Chichilnisky and Olga Gorbachev

U.S. Small Business Administration Office of Advocacy, “US Small Business
Indicators,” 1995-2002.

U.S. Small Business Administration Office of Advocacy, "Financing Patterns of
Small Firms: Findings from the 1998 Survey of Small Business Finance.", Sept.
2003.

Venture One, "Annual financing survey by Venture One of San Francisco,
at www.ventureone.com.

" web



Existence of Sunspot Equilibria and
Uniqueness of Spot Market Equilibria:
The Case of Intrinsically Complete Markets”

Thorsten Hens !, JAnos Mayer ? and Beate Pilgrim 3

! IEW, Department of Economics, University of Zurich, Switzerland
thens@iew.unizh.ch

2 IOR, Department of Economics, University of Zurich, Switzerland

3 Reuters AG, Frankfurt, Germany

Summary. We consider economies with additively separable utility functions and
give conditions for the two-agents case under which the existence of sunspot equilib-
ria is equivalent to the occurrence of the transfer paradox. This equivalence enables
us to show that sunspots cannot matter if the initial economy has a unique spot
market equilibrium and there are only two commodities or if the economy has a
unique equilibrium for all distributions of endowments induced by asset trade. For
more than two agents the equivalence breaks and we give an example for sunspot
equilibria even though the economy has a unique equilibrium for all distributions of
endowments induced by asset trade.

1 Introduction

The purpose of this paper is to clarify the relation between the existence of
sunspot equilibria and the uniqueness of spot market equilibria for economies
with intrinsically complete asset markets. In these economies Pareto-efficient
allocations can be attained as competitive equilibria even without asset trade.

[5] introduce their famous paper “Do sunspots matter?” with the ques-
tion: “What is the best strategy for playing the stock market? Should one
concentrate on fundamentals or should one instead focus on the psychology of
the market”. The sunspot literature, originating from [4] contributes to this
question by emphasizing that even if all market participants are completely

* We would like to thank Anke Gerber, Piero Gottardi, Andreu Mas-Colell and
Mike Jerison for very fruitful discussions. Last but not least we are grateful to
Klaus Schenk-Hoppé for his support in using MATLAB® and to Andreas Tupak
for his help with the manuscript. All remaining errors are ours.
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rational (in the sense that they are maximizing expected utility functions and
have rational expectations), still market outcomes can depend on the psy-
chology of the market. The latter is modelled in the sunspot literature as
a publicly observed exogenous random event, nicknamed “sunspot”. Hence,
even without referring to any kind of bounded rationality the best way of
playing the stock market will not only be based on fundamentals! The sim-
plest case in which this reasoning can be shown to be correct arises when the
economic fundamentals allow for multiple equilibria. The sunspot is then used
as a coordination device. In this case sunspot equilibria are similar to corre-
lated equilibria studied in the game theory literature. The point of this paper
is to analyze whether this is all sunspot equilibria are about, i.e. whether
sunspots matter even when spot market equilibria are unique. Throughout
the paper we assume that agents are strictly risk averse. Hence if utilities
differ across sunspot states then sunspots matter because sunspot equilibria
are Pareto-inefficient (cf. [5]).

We show that for the case of two agents, with utility functions being
concave transformations of additively separable functions, the existence of
sunspot equilibria is equivalent to the occurrence of the transfer paradox. As
an application of this equivalence we demonstrate that the transfer paradox
can occur even if the economic fundamentals can be represented by a repre-
sentative consumer, which in particular implies the uniqueness of equilibria in
the initial economy. We also show that the occurrence of sunspot equilibria is
indeed subject to the same critique as the occurrence of the transfer paradox.
In a model with two commodities, sunspot equilibria can only occur if the
initial equilibrium (the equilibrium without asset trade) is not unique. More-
over, if as in the case of Cobb-Douglas economies, uniqueness of equilibria is
guaranteed for (almost) all distributions of endowments then sunspot equilib-
ria cannot occur at all. Then we show, again using the equivalence between
the two paradoxes, that nevertheless the occurrence of sunspot equilibria does
not need to be based on the exogenous selection among multiple equilibria.
We construct a simple example in which the equilibrium of any sunspot state
is not an equilibrium of any other sunspot state. This example is based on
the idea that financial markets may specify incomplete insurance against the
uncertainty that they induce. That is to say, in this example asset payoffs are
sunspot-dependent and incomplete.

Constructing explicit numerical examples in general equilibrium models is
usually done for a class of economies with a simple enough structure so that
excess demand functions remain manageable. Computable general equilibrium
models (cf. [35]), examples for the occurrence of the transfer paradox ([27, 6,
7, 34, 14], etc), and examples for multiple equilibria ([24, 25, 20, 21]) therefore
use the class of CES-utility functions. The class of utility functions assumed
in this paper (monotonic transformations of additively separable functions)
includes CES-functions. Keeping this assumption we broaden our analysis by
looking into the case of more than two agents (countries). We find that the
occurrence of the transfer paradox is then no longer sufficient for the existence
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of sunspot equilibria. Moreover, we give an example with Cobb-Douglas utility
functions and sunspot-dependent assets in which sunspots matter even though
there are unique equilibria for all distributions of endowments the economy
can arrive at using asset trade.

To get the intuition for our results, note that a sunspot equilibrium con-
sists of a set of spot market equilibria (one for each sunspot state) where
the endowments of each spot market economy are obtained by redistributions
resulting from the equilibrium asset market allocation. Hence an unfavorable
redistribution of endowments as it occurs exogenously in the transfer para-
dox can be derived from asset trade only if the resulting income transfers can
be made compatible with the asset allocation the agents choose. In the asset
market equilibrium the sum across states (adjusted by the common proba-
bility beliefs) of the products of marginal utilities and wealth transfers has
to be equal to zero for all agents. Since marginal utilities are non-negative,
this requires first of all that all agents find some state with positive income
transfer and some with negative income transfer arising from asset trade.
Moreover, supposing that marginal utilities are inversely ordered than utility
levels, this requires that for some state in which an agent receives a negative
income transfer he has a higher utility than for some state with a non-negative
income transfer. This is achieved by the transfer paradox. In a sense the trans-
fer paradox then “crosses the order” of marginal utility levels across sunspot
states. Note that otherwise all states with negative income transfers would be
weighted higher than those with positive income transfer and the probabil-
ity adjusted sum of marginal utilities times income transfers cannot equalize
zero. Hence, provided marginal utilities are inversely related to utility levels
the transfer paradox is necessary for sunspots to matter. Moreover, by ap-
propriate choice of the agents’ risk aversions we can also show the converse,
i.e. that a slightly stronger version of the transfer paradox is indeed sufficient
for sunspots to matter. The role of assuming concave transformations of ad-
ditive separable utilities in this reasoning is to guarantee that indeed higher
marginal utilities are implied by lower utility levels. This relation is neither
true without concavity of the transformation, without additive separability or
with more than two agents. In particular, with more than two agents, the ex-
istence of sunspot equilibria is no longer tied to the occurrence of the transfer
paradox. Of course, a rigorous argument for this intuition will be given once
we have made precise the setup of the model considered.

The question concerning the relation of the existence of sunspot equilibria
and the uniqueness of spot market equilibria has also been addressed by [29]
and [16], for example. One of our results shows that the construction suggested
by [29] can indeed be used to show that, using asset trade, an economy can
arrive at an endowment distribution for which there are multiple equilibria
even though for the initial distribution of endowments equilibria are unique.
Note that in [29] it is not shown that “trading towards multiplicity” can be
done by starting at an initial distribution of endowments with a unique spot
market equilibrium because it is not shown that the equilibrium of the initial
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economy is unique. Also the Cobb-Douglas example in which sunspot equilib-
ria exist even though spot market equilibria are unique (for all distributions
one can arrive at using asset trade) clarifies a confusion that has recently come
up in [19] and [3]. [19] has claimed that such an example is possible, but [3]
have shown that for the particular parameter values [19] has chosen this is
not true! Note that the sunspot equilibrium [3] suggest to consider instead of
[19])’s example, sunspots do not matter because agents are not risk averse. Our
results in this paper show that the problem in [19] has nothing to do with the
parameter values chosen. It arises because [19] considered an economy with
only two agents. As we show here, with three agents the construction in [19]
is actually possible.

Finally, note that the relation of sunspot equilibria and uniqueness of
spot market equilibria has also been studied in economies in which a Pareto-
efficient allocation cannot be obtained without asset trade. These types of
economies originate in the famous “leading example” of [4]. With first period
consumption, asset trade may occur because of intertemporal substitution
and as a by-product this may introduce extrinsic uncertainty as [4] has first
pointed out.

[16] study an intrinsically incomplete economy a la [4], however with real
instead of nominal assets. In our paper assets also have real payoffs but the
result of [16], who show the existence of sunspot equilibria for a strong unique-
ness assumptions on the underlying economy, does not apply to our setting
because it relies on first period consumption. Also for the same reason the tech-
nique developed by [16] is not applicable here because they control the agents
utility gradients both by perturbing the utility functions and by changing the
level of first-period consumption.

In the next section we outline the model. Then we give the definitions
of the transfer paradox and of sunspot equilibria. Thereafter we prove our
result establishing the equivalence of the transfer paradox and the occurrence
of sunspot equilibria. Section 4 applies this result to derive some new insights
both for sunspot equilibria and also for the transfer paradox. Also in Section 4
we also show some implications for the existence of sunspot equilibria when
spot market equilibria are unique. Section 5 concludes.

2 Model

We first outline the sunspot model. The transfer paradox will then be embed-
ded into this model by a new interpretation of the sunspot states.

There are two periods. In the second period, one of s = 1,...,.5 states
of the world occurs. In the first period assets are traded. Consumption only
takes place in the second period. This assumption is important here because
otherwise the sunspot model cannot be linked to the atemporal transfer para-
dox model. There are ¢ = 1,...,I agents and [ = 1,..., L commodities in
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each state. States are called sunspot states because the agents’ characteris-
tics within the states, i.e. the agents’ endowments w? € X and their utility
functions u’ : X? — IR, do not depend on them. X' is a closed convex subset
of IRf_ which denotes agent ¢’s consumption set. In the sunspot literature the
agents’ characteristics [(u’,w");=1,... 1] are called the economic fundamentals.
Throughout this paper we make the

Assumption 1 (Additive Separability)All agents’ von Neumann-Mor-
genstern utility functions u® are monotonic transformations of additively sep-
arable functions, i.e. u'(z},..., z%) = fi(z:l]’:1 gi(x})) for all ' € X, where
the functions f* and g¢, 1 =1,..., L are assumed to be twice continuously dif-
ferentiable, strictly increasing and the g are concave. Moreover, we assume
that for every agent i at least L —1 of the functions gli are strictly concave
and that for all commodities | there is some i for which gli 1s strictly concave.
Finally, u*, is assumed to be concave.

Note that the assumptions on the functions g guarantee strict quasi-concavity
of the function u’. (Strict-) Concavity of u’ however also depends on the
monotonic transformation f?. The class of utility functions covered by as-
sumption 1 includes all utility functions that are commonly used in ap-
plied general equilibrium theory. In particular, the case of CES utilities,

ifi L i1 pt (i \ P - i
ul(zt) = YL, ((0‘1) (x7) ) , defined for all ¢ = 1,...,1 on X* =

{z € IRi+|uZ(x) > ul(w?)}, for some w' € IREr+ and some 0 < of < 1,
[l =1,...,L and p* < 1, is covered by this assumption. Also across states
agents are assumed to have additive separable utility functions:

Assumption 2 (Expected Utility)For all agents, i = 1,...,1, the ex-
pected utility functions, defining preferences over state contingent consumption
zi(s) € RL, s=1,...,8 are given by

Eu'(z%(1),...,2°(S)) = Zﬂ(s)hl(uz(x’(s))) vzt e (X1,

s=1

where the h* are twice continuously differentiable, strictly increasing and con-
cave functions. Moreover, Eu® is assumed to be strictly concave.

An important subclass of economies arises if the von Neumann-Morgenstern
utility functions h*(f*(3", gi(x}))) are concave transformations of additively
separable functions, i.e. if assumption 1 holds and the composite functions
hio f¥ are concave.

Assumption 3 (E.U. with Concave Additive Separability)Assump-
tion 1 and 2 hold and the composite functions h' o f* are concave.

To include CES-functions under assumption 3, the convex transformation
fily) = y'/P" has to be transformed by a sufficiently concave function A’
so that h' o f* is concave. However, to satisfy assumptions 1 and 2 one could
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choose a strictly concave function that makes the expected utility concave
without requiring concavity of A’ o f?. Unfortunately, this subtle difference
will be important for our paper, as we will give examples with CES-utilities,
satisfying assumptions 1 and 2 but not 3, in which sunspot equilibria occur.

In the first period agents can trade j = 1,...,J, real assets with payoffs
Al(s) € IR” if state s occurs. We denote asset prices by ¢ € IR7. Agent i’s
portfolio of assets is denoted by 6" € IR”. Note that all asset payoffs are real,
i.e. in terms of commodities. Moreover, we allow for sunspot depended asset
payoffs. There is an impressive strand of the sunspot literature originating
from [4] in which asset payoffs are nominal. In this literature asset payoffs
measured in real terms differ across sunspot states if and only if sunspots
matter. The same is effectively also the case in our setting: Supposing spot
market equilibria are unique the equilibrium transfers across states measured
in real terms depend on sunspots if and only if sunspots matter.

All equilibria we consider in this setting are special cases of competitive
equilibria, which are defined in

Definition 1 (Competitive Equilibrium). 4 competitive equilibrium is an
allocation (%i, éi), i=1,..,1, and a price system (1*7, 5) such that
1. For all agentsi=1,..,1:
(5",5") € argmax,ic yi gic R/ Zle m(s)ht(ut(z%(s))) s.t. -0 <0 and
1*7(3) c2i(s) < ;?(s) Wt +Z*7(s) - A(8)0 for alls=1,...,S.
2. Zle Ti(s) = Zle W' foralls=1,...,8.
3.3 6 =0.

Remark 1. To simplify the exposition when analyzing competitive equilibrium
allocations we restrict attention to interior allocations, i.e. to allocations
in the interior of X? ¢ = 1,...,I. A sufficient assumption guaranteeing the
interiority of allocations is to impose that the functions f* and g} satisfy the
Inada condition according to which the marginal utility tends to infinity at
the boundary of the consumption set X? C IRf_

Note that a competitive equilibrium consists of S spot market equilibria (one
for each spot market economy with endowments ©%(s) = w®+ A(s)6") together
with an asset market equilibrium by which the ex-post endowments of the spot
markets are generated. It will be convenient to introduce the spot-market
economy of the economic fundamentals as a point of reference. To abbreviate
notations we therefore let this economy be the spot market economy in the
spot s = 0. Finally, note that when showing the existence of sunspot equilibria
we allow to choose the characteristics not fixed by the economic fundamentals,
the sunspot extension, appropriately. The sunspot extension consist of the
probabilities of the sunspot states 7, the asset structure A and the risk aversion
functions h’. The sunspot equilibria are robust with respect to perturbations
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of these characteristics however sunspot equilibria will not exist for all possible
choices of the sunspot extension.
This finishes the description of the model.

3 Sunspot Equilibria and the Transfer Paradox

In the sunspot literature agents transfer commodity bundles across sunspot
states by trading assets. In the international trade literature one thinks of
transfers of commodities arising from donations. Each sunspot state will later
on be associated with different such donations. The transfer paradoz is said
to occur if some agent donates some of his resources to some other agent and
the recipients utility decreases. In the case of two agents by Pareto-efficiency
within spot markets the donor’s utility increases. In this statement the utility
comparison is done across the competitive equilibria of the economy before and
after the donation. In the standard case of the transfer paradox, the transfer
was considered to be a transfer of a non-negative amount of commodities
([27]). In order to make the equivalence to the sunspot model more obvious
we consider a slightly more general definition of the transfer paradox which
only requires that the donated commodities have non-negative value in the
competitive equilibrium after the transfer. As [14] have already shown this
generalization is innocuous.

In the following definition we consider alternative possible transfers Aw(z)
that we index by some scenarios z. When relating the transfer paradox to
sunspot equilibria these scenarios will be associated with different states of
the world, s = 1,...,S. Taking care of potentially multiple equilibria the
transfer paradox is then defined as in'

Definition 2 (Transfer Paradox). Given an economy with fundamentals
(W', w")i=1,...1] the transfer paradoz occurs if and only if there exists some

transfer of endowments Aw(z) € R, with 21‘1:1 Aw(z) = 0 such that for
the economy [(u’, w’ + Aw®(2))i=1,....1] there exists an equilibrium (5(2),2*7(2))
with ]*?(z)-Awl(z) > 0 so that ul(%l(z)) < ul(%l(O)) for some equilibrium

(%(O),Zz(O)) of the economic fundamentals, [(u',w®)i=1, 1], in the reference
scenario without transfers, s = 0.

Note that under certain conditions and if the economic fundamentals have at
least two equilibria then even without any transfers the transfer paradox oc-
curs. Our definition covers this case because then Aw = 0 is already sufficient
to obtain u!(71(z)) < ul(21(0)) for the two equilibria s = 0, z. Of course if
the resulting equilibria are regular then in this case one can also find some

! To save on notation we define the transfer paradox with respect to the value of
the transfers and changes in utility of agent 1.
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transfers of endowments that have positive value and yet the recipients utility
decreases. Making the transfer paradox a bit more paradoxical.

We will show that the occurrence of the transfer paradox is a necessary
condition for sunspots to matter. To show a converse of this claim we consider
the following slightly stronger notion of the transfer paradox.

Definition 3 (Strong Transfer Paradox). Given an economy with funda-
mentals [(u',w®)i=1, 1] the strong transfer paradox occurs if and only if there
exist some transfers of endowments, Aw(z) € R*, with 21‘1:1 Awi(z) =0
and Aw(3) € RY, with Zle Aw'(3) = 0 such that for the economies
[(u',w® + Aw'(8))iz1,...1], s = 2,3
1. there are some equilibria (5(2),]3(2)), (;5(5),]*9(5)) with 2*7(2)~Aw1(z) >0
and ]3(5) - Awl(3) <0 and
2. it holds that u'(¥(2)) < u!(Z'(3)) < u'(Z*(0)) for some equilibrium
(5(0),]3(0)) of the economic fundamentals [(ui,wi)i:17.,,71], in the refer-
ence scenario without transfers s = 0.

Note, that if the economic fundamentals have at least three equilibria then by
the same reason as given for the transfer paradox the strong transfer paradox
occurs. Hence the existence of at least (three) two equilibria is sufficient for
the (strong) transfer paradox. Of course, in regular economies we know that
if there are at least two equilibria then there also are at least three equilib-
ria (cf. [9]). This observation indicates that in regular economies the transfer
paradox and the strong transfer paradox are actually equivalent. Indeed this
it true as the next proposition shows. Recall that in regular economies equi-
libria are well determined, i.e. in a neighborhood of regular equilibria (being
defined by full rank of the Jacobian of market excess demand) there exists
a smooth mapping from the exogenous parameters of the economy to the
endogenous equilibrium values (cf. [8]). In the following argument regular-
ity needs only be required for the spot market equilibria of the economic
fundamentals. This property holds generically in the set of agents’ initial en-
dowments IRY% (cf. [8]).

Proposition 1. Suppose all spot market equilibria of the economic funda-
mentals [(u",w")i=1.... 1] are regular. Then the transfer paradox and the strong
transfer paradox are equivalent.

Proof

The strong transfer paradox implies the transfer paradox. To establish the
converse suppose that the transfer paradox holds. I.e. there exists some trans-
fer of endowments Aw(z) € RY | with Zi]:l Aw'(z) =0, such that for the

economy [(u®,w! + Aw'(z))i=1,. ] there exists an equilibrium (%(z),ﬁ(z))
with ]3(2)~Aw1(2) > 0 so that u!(2!(z)) < u!(£1(0)) for some equilibrium

(521(0),]3(0)) of the economic fundamentals, s = 0.
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We need to show that there also exists some Aw(s) S IRLI, with
Zi:l Awi(3) = 0 such that p(é)-Aw (3) <0 and u ( 1(2)) < ul(z1(3)) <
ul (21(0)).

This is of course the intuitive case in which a negatively valued transfer
leads to a loss in utility. However, we need to ensure that this is the outcome in
the spot market equilibrium after the transfer and that the utility loss is not
too severe as compared to the loss in the transfer paradox case. This is ensured
by the regularity of the equilibrium of the economic fundamentals from which
we construct the transfer appropriately: Consider the utility gradient of agent
1, Vul(21(0)) at the equilibrium of the economic fundamentals. Choose the

transfers (Aw!(8)), such that V'l (21(0 ))(Awl(3)) < 0. By the first order
condition of utility maximization in the reference situation s = 0 we get

that this wealth transfer evaluated at the pre-transfer prices is negative, ]3(0)
(Aw(3)) < 0. Since Vul(21(0))(Aw(3)) < 0, by proposition 31.2 (i7) in [28]
we can find some 1 > o > 0 such that u!(21(0) + a(Aw(3))) < u!(Z(0)).
Moreover, by the regularity of the economy, @ > 0 can be chosen small enough
so that also the utility at the induced equilibrium is smaller than in the
reference situation without transfers, u!(z1(3)) < u!(2(0)). This is because in
regular economies the induced change in the equilibrium allocation :;1(5) can

be held small so that |u!(z (* (%)) ful(* (0)+aAw(8))] is also small. Moreover,
by the same continuity argument this can be done such that Aw!(3) evaluated

at prices after the transfer is non-positive, i.e. p(s)-Aw (8) < 0. Finally, all
this can be done without decreasing the utility level too much, so that for

agent 1 we get the inequality u!(Z!(2)) < u!(21(3)) < u!(21(0)).

The strong transfer paradox ensures the order crossing property mentioned
in the introduction. To see this note that it is always possible to find transfers
of resources, say Aw(§), such that the transfer to agent 1 has negative value in

the resulting equilibrium, i.e. p( YAw!(3) <0, and agent 1 gets a level of utility
that is smaller than any of the utility levels considered in the definition of the
strong transfer paradox, i.e. u'(71(3)) < u!(Z(2)) < u!(£1(3)) < u!(21(0)).5
By this observation we get three transfers, two with negative value and one
with positive value so that the utility decreases for all transfers. As we will see,
by assumption 1, in the case of two agents, we then get that the order of the
marginal utilities does not coincide with the order or the reverse order of the

5Note that these losses in utility as compared to the equilibrium of the economic
fundamentals do not conflict with the fact that trade is voluntary because it may
well be that the utility of agent 1 derived from his initial endowments is even smaller
than the expected utility obtained in the spot market equilibria. Also the agent is
assumed to be a price taker, i.e. he cannot enforce the equilibrium of the economic
fundamentals.
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transfer values, i.e. the order crossing property is also obtained for marginal
utilities.

Note that the transfer paradox concerns the ordering of income trans-
fers and utility levels. In the first order condition for asset demand however
marginal utilities and not utility levels themselves play a role. Hence we need
to know how the levels of marginal utility are related to the utility levels.
Keeping prices fixed across different states, by concavity of the utility func-
tion, marginal utilities are inversely related to utility levels. This feature oc-
curs for example if the agents have identical and homothetic preferences. In
this case however neither sunspot equilibria matter nor the transfer paradox
occurs. In general, changes in relative prices induced by redistributions of in-
come are decisive to determine both the level of utility and of marginal utility.
It is these changes from which the transfer paradox and also the existence of
sunspot equilibria are derived. Nevertheless, with two agents, whose utilities
are concave transformations of additively separable functions, we show that
marginal utilities are negatively associated to the level of utilities. To make
these ideas precise, we first define the agents’ indirect utility function and
their marginal utility of income within each state without considering the
monotonic transformations h':

Let

L
v'(s) = v'(p(s),b'(s)) = max f’ (Z gf(ﬂﬁf(S))) st p(s)-a'(s) < b'(s)
mext =1

be the indirect utility of agents i in state s. Since the functions g{, = 1,...,L
are concave and since at least L — 1 of them are strictly concave there is a
unique point 2 at which the utility attains its maximum, given that for all
commodities the prices p;(s), I = 1,...,L and the income b?(s) are positive.
In our model the income b%(s) will be given by p(s) - (w® + A(s) - 6%). Le., the
values of the transfers are given by r%(s) = p(s)-A(s) - 6°. In the analysis of
the sunspot model the agents’ marginal utility of income will be important

Ai(s) = 8vhz(vz(8)) abvi(p(s), bi(s)) .

Hence the marginal utilities that determine the asset allocation are given by
the marginal utilities within each state, dyv*(p(s), b*(s)), multiplied by the first
derivative of the agents’ concave transformations h* determining the agents’
risk aversion.

The association between levels of utilities and of marginal utilities is an
important link between the transfer paradox and sunspot equilibria which we
therefore need to define properly:

Definition 4 (Inverse Association of Utilities and Marginal Utili-
ties). We say that for some agent i the levels of marginal utility are inversely
associated to the levels of utility if

V(1) > vh(2) > ... > vY(S)
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implies _ _ '
A1) <A(2) < ... < AY(9).

Moreover, if v(3) < v'(z) for some 3,z € {1,...,S} then the corresponding
inequality in the marginal utilities of income should also be strict.

This definition puts us in the position to state the equivalence of the
occurrence of the transfer paradox and the existence of sunspot equilibria.

Theorem 1 (Equivalence Sunspot Equilibria and Transfer Paradox).
Suppose assumption 2 holds and all agents’ level of marginal utility are in-
versely associated to their level of utility. Then

1. the transfer paradox is a necessary condition for sunspots to matter and
2. if there are only two agents then the strong transfer paradoz is a sufficient
condition for sunspots to matter.

Proof

1. To link the transfer paradox to the sunspot economy consider

*

ri(s) = D(s)-A(s) 07,

i.e. the transfer of income to agent i as generated by asset trade in some
competitive equilibrium.
A necessary condition for optimal portfolio choice is

which we call the first-order conditions for asset demand.%

Now suppose that the transfer paradox does not hold. Then negative
transfers r?(s) < 0 are associated with lower utility levels than positive
transfers r¢(s) > 0 are. If moreover marginal utilities are inversely associ-
ated to utilities then negative transfers are associated with higher marginal
utility levels than positive transfers are. Hence the first order condition for
asset demand requires that the probability weighted sum of the absolute
values of negative transfers is smaller than the probability weigthed sum
of positive transfers:

Z m(s)ri(s) > — Z n(s)ri(s), foralli=1,.,1I. (1)
s:rt(s)>0 s:rt(s)<0
This however conflicts with asset market clearing, which implies that in-

come transfers must be balanced:

®This condition follows from Y~ A'(s) w(s) p(s) A(s) = v'q together with ¢- 6" =
0.
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Zri(s):m foralls=1,...,5. (2)

To see this, multiply equation (2) by 7(s) and sum those equations over
states to obtain:

s
Z 7(s)ri(s) = 0. (3)

s=11i=1

Rearranging terms this implies

I

Dol D w@ris) = Y wls)ri(s) | =0, (4)

i=1 \s:ri(s)>0 s:rt(s)<0

which contradicts equation (1).
Suppose the strong transfer paradox occurs, then there exist transfers
indexed by §, z such that

r(2) >0, r'(3) <0 and for some equilibria v'(z) < v*(8) < v'(0)

where v1(0) refers to agent 1’s utility in an equilibrium of the spot economy
s = 0. Given the utility functions u',u? and given the total endowments
w' + w? consider the set of Pareto-efficient allocations as being parame-
terized by the income transfers r.

Now we have to distinguish three cases:

Case 1: If r1(2) >0

then we know that bl(z) > 0 and therefore there exists r1(3) < 0 suffi-
ciently small such that for the induced b'(3) = (b'(z) + 71(3)) > 0 we
get v1(5) < vl(2) for some equilibrium in 8. By thisobservation and the
strong transfer paradox we have the order crossing property:

rt(8) <0, r'(3) <0, r'(z)>0

while

v(8) < v'(z) < v ()
so that by the negative association of marginal utilities to the level of
utilities

M(3) > A(z) > AN(3).
To construct the sunspot equilibrium consider an economy with the three
states s = §, 8, z. In this case the first-order conditions for asset demand
become:

N(3)m(3) ' (3)] + N (3) 7(3) [ (3) = N (=) m(2) [r'(2)], i =1,2.

Now choose 7(z) < 1 sufficiently large (and accordingly w(s) > 0 and
7(8) > 0 sufficiently small) such that



Sunspots and Uniqueness 87
w(38) [r'(8)] + 7 (3) |r' (3)] < m(2) [r*(2)].

Note that Ok’ is any continuous, positive and decreasing function. Recall
that, A1(3) < Al(2) and that v!(3) is the smallest utility level in the
three states. Hence we can choose h' such that A\!(3) is sufficiently large
to solve the first order condition for ¢ = 1. Analogously it follows that
A2(8) < A%(z) and we can choose h? such that A\?(3) is sufficiently large
to solve the first order condition for ¢ = 2.

To complete the proof we follow the analogous steps as in [29]. Choose
A € R¥*? such that

r(s) = p(s)-(A'(s) — A%(s)) for s = 5,5, 2. (5)
Finally, note that

D A s)m(s)p(s)-A(s) = Y N (s) m(s) p(s)- A% (s)

so that we can choose ¢; = go. Accordingly we choose ' = (1,—1),
62 = (—1,1) so that ¢-0° = 0,4 = 1,2 and #' + % = 0. Since we have
chosen an economy with two assets, the first-order conditions for asset
trade are equivalent to the conditions >, X(s) w(s) p(s) A(s) = v'q.

Case 2: If r1(2) =0 and 71(3) =0
then by the strong transfer paradox, even without trading any asset, there
is a competitive equilibrium in which sunspots matter.

Case 3: Finally, the case r1(z) = 0 and r*(3) < 0
is already covered by the reasoning of the first case if one changes the

point of view from agent 1 to agent 2.
O

Remark 2. Note that in the theorem above part 1 has been shown for the
most general statement without evoking any particular assumption on the
asset structure A € RS>, part 2 however is a stronger claim the more the
set of asset structures can be restricted. The choice of the asset structure
matters in equation (5) of the proof. One way of restricting A is to only
consider numeraire assets so that all assets pay off in the same commodity.
Allowing for sunspot dependent assets this is a possible choice in the solution
of equation (5). If assets are not allowed to depend on the sunspot states then
one can still find an asset structure solving equation (5), provided the three
price vectors p(s), s = §, §, z are linearly independent. The latter then requires
to have at least 3 commodities.

To complete this section we first show that under assumption 3 in the case
of two agents the order of the marginal utilities of income is inverse to the
order of their (indirect) utilities. Hence not only in the trivial case of identical
and homothetic preferences we get this property but we also get it for all
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numerical examples with two agents that have so far been considered in the
sunspot and in the transfer paradox literature.

Lemma 1. Suppose there are only two agents. Without loss of generality as-
sume that in a competitive equilibrium

and that
A1) < A2(2) < ... < N¥(S).

Moreover, if v1(3) < v'(z) for some 5,z € {1,...,S} then the corresponding
inequality in the marginal utilities of income is also strict.

Proof
Assume that

v!(3) <w'(z) (resp. that v'(3) <wv'(z)) for some 3,z € {1,...,S}.

Then, by monotonicity of the utility function, for some commodity, say k €
{l,..., L} we must have that

2h(8) < xh(2)  (resp. that z(8) < z1(2)).

Moreover, Pareto-efficiency within spot markets implies that for all states
s =1,...,5 the marginal rates of substitution are equal across agents, i.e.

Oy (T (5)) _ Oga (27, (5))
0gi (i (s))  Agi(xi(s))
for any pair of commodities (I,m). Note that x2,(s) = wl + w2, — x} (s),

s=1,...,5. Hence if the functions g/ are concave and if for some agent the
function g/ is strictly concave then it follows that

r;(8) < xj(z) (resp. that z;(3) < j(z)) forall I=1,...,L.

Without loss of generality assume that [ = n is the numeraire in all states
s=1,...,5, where n is chosen such that g is strictly concave. Hence we have
shown that

vi(1) <ol(2) < ... <oM(S) (withv'(3) <v'(z) for some 3, 2)

implies for the numeraire that

rh(1) <ah(2) <...<zL(S) (with 2.(3) < x5(z) for some 3,z).
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From the first order condition to the maximization problem

max Zgll(xll(s)) st. p(s)-z'(s) < b(s)
1

rie X1t

we get that A (p(s), b (s)) = 9y (hlof!)(y) gl (z}(s)) foralls = 1,..., S. Since
hlof', gl are (strictly) concave and since z}(s) and y'(s) = >, g} (%] (s)) are
increasing (resp. strictly increasing) in s we get that

A1) > AH2) > ... > AY(S)  (resp. that A'(2) > A'(3)).
The claim for ¢ = 2 follows analogously from the inverse inequalities
r7(1) > z(2) > ... >2%(S) forl=1,...,L,

and from
V(1) > 03(2) > ... > v3(9),

the latter inequalities being implied by Pareto-efficiency within spot markets.
O

Before passing to the next section we want to point out that the assump-
tion of additive separability is indeed tight. The inverse association between
the levels of marginal utilities and that of utilities, as shown in lemma 1 does
not necessarily hold without additive separability. As the following example
shows without additive separability one can find that lower utilities are as-
sociated with lower marginal utilities. The endowments in this example are
supposed to be the ex-post endowments. Hence they are allowed to depend
on the sunspot states since the asset payoffs may depend on them.

Remark 3. Consider a two-agent economy with two commodities. The utility

functions are”:

ut(zh) = \/alal + 23 and w?(2?) = \/adxd + 2t

Note that neither of the two utility functions is additively separable but both
are strictly monotonically increasing and strictly concave on IRi 4 and both
satisfy the Inada-conditions. Moreover, note that both utility functions are
homogenous of degree one implying that both goods are normal. In situation
s = 1 the ex-post endowments are

i) =1, @3(1)=5 and &i(1)=4, @3(1)=2.

There is a unique equilibrium® with prices p(1) = (1, 0.7125). The equilibrium
budgets are:

"The transformations h'o f* are assumed to be the identity, which is a strictly
increasing concave function.

8All values have been rounded to 4 decimal digits. The exact values can be
found at the page http://www.iew.unizh.ch/home/hens/sunspot. Uniqueness can
be seen from the graph of the excess demand also shown on the webpage.
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b'(1) = 4.5623 and b*(1) = 5.4249.

The resulting allocation is:
x1(1) = 0.5380, x3(1) =5.6485 and 23(1) =4.4620, z3(1)=1.3515.
The utility levels are:

u'(1) = 7.3917 and w*(1) = 6.9177.

Marginal utilities within state 1, (Bbvi(l) = Uf(l)) , are:
i=1,2

Opvt(1) = 1.6202 and 9pv*(1) = 1.2752.

Now consider a second situation s = 2 with the same total endowments but
with a distribution of ex-post endowments as:

Gi(2) =5, @i(2)=5 and &¥(2)=0, @3(2)=2.

Again, there is a unique equilibrium, now with prices p(2) = (1, 1.5113). The
equilibrium budgets are:

b'(2) = 12,5563 and b*(2) = 3.0225.
The resulting allocation is:
r1(2) =2.3164, 23(2) =6.7758 and 23(2) = 2.6836, x3(2)=0.2242.
The utility levels are:
u'(2) = 10.7375 and wu?(2) = 3.4594 .
Marginal utilities within state 2 are:
o' (2) = 0.8552 and 9pv*(2) = 1.1445.

Note that the second agent’s utility and his marginal utility has decreased is
passing from situation 1 to situation 2. Finally, note that we could also have
chosen two strictly concave functions h* such that the same ordering still holds
for the marginal utilities A\(s) = 9,h*(v?) Opv’(s).

The next example shows that for more than two agents the strong transfer
paradox is no longer sufficient for the existence of sunspot equilibria. The
simple reason is that for agent 1 the strong transfer paradox may occur while
the two other agents will not find income transfers of opposite sign.

Remark 4. The example to construct the strong transfer paradox is the famous
three country example from [6].

There are three agents and two goods. The utility functions are:
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ut(z],r3) = min(z7,4.023),

ug(x%xg) = min(x%,x%) )

u? (23, 23) = min(2.8 2%, 23) .
Note that this example uses Leontief preferences. Hence strictly spoken our
assumption 1 is not satisfied. However, these preferences can be attained as a
limit case of CES-utility functions. That is to say, perturbing the preferences
slightly within the CES-class will establish an example satisfying assump-
tion 1 and if we like to transform it by a sufficiently concave function A’
also assumption 3 can be satisfied, as we mentioned above. Moreover, note
that both utility functions, u’ are homogenous of degree one implying that
both goods are normal. Consider the situations s=0, 3, z, § as required by the
strong transfer paradox.

Let the matrix of endowments (for both goods per agent and state), with

rows corresponding to states s=0, §, z, § and with columns corresponding to
agents, be:

(1, 1.00) (2, 1.00) (1, 3.00)

| (1, 0.10) (2, 2.40) (1, 2.50)
“= 1, 1.10) (2, 1.00) (1, 2.90) |

(1, 0.80) (2, 1.25) (1, 2.95)

In all situations there is a unique equilibrium®. The equilibrium price vectors
are:

p(0) = (5.9084, 1),
p(58) = (4.4892, 1),
p(z) = (9.6382, 1),
p(8) = (0.9438, 1).

Evaluated at these equilibrium prices the transfers as compared to situation
s =0 are:

r(8) r2(3) =0.25 and 73(3) = —0.5,
ri(z)= 0.1, 72(2)=0.00 and r3(z)=-0.1,
r(8) r2(8) =140 and 73(3) = —0.5.

The equilibrium budgets are:

bL(0) = 6.9084, b%(0) =12.8169 and b3(0) = 8.9084,
bL(5) = 5.2802, B%(5) =10.2284 and b3(3) = 7.4392,
bl(z) = 10.7382, b%(z) =20.2765 and b3(z) = 12.5382,
bL(3) — 1.0438, b2(5) — 4.2876 and b3(3) — 3.4438.

9All values have been rounded to 4 decimal digits. The exact values can be
found at the page http://www.iew.unizh.ch/home/hens/sunspot. Uniqueness can
be seen from the graph of the excess demand function which is displayed at the
webpage together with the computations.
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The resulting allocations are:

(1.1218, 0.2804) (1.8552, 1.8552) (1.0230, 2.8643)
L, | (11161, 0.2790) (1.8634, 1.8634) (1.0206, 2.8576)
~ | (1.0860, 0.2715) (1.9060, 1.9060) (1.0080, 2.8225) | °
(0.8744, 0.2186) (2.2058, 2.2058) (0.9120, 2.5756)

The corresponding utility levels are:

u(0) = 11218, u?(0) = 1.8552 and u3(0) = 2.8643,
ul(3) = 11161, u?(5) = 1.8634 and w?(3) = 2.8576,
ul(z) = 1.0860, wu?(z) =1.9060 and wu3(z) = 2.8225,
ul(8) = 0.8744, u?(8) =2.2058 and wu3(3) = 2.5756
Marginal utilities (8bvi( ) = Zlgf;) are
i=1,2,3
Byt (0) = 0.1624, 9p2(0) = 0.1448 and 9v?(0) = 0.3215,
Byv'(5) = 0.2110, 9yv%(3) = 0.1822 and v (5) = 0.3841,
Oyt (z) = 0.1011, 9pv2(2) = 0.0940 and 9yv3(2) = 0.2251,
Oyt (8) = 0.8377, 9pv2(8) = 0.5145 and 9pv3(8) = 0.7479

Note that the second agent’s transfers are never negative while that of the
third agent are never positive. Hence these transfers cannot be sustained by
asset trade. Finally, note that as compared to situation s = 0 the third agent’s
utility and his marginal utility has decreased in passing to situation s = z.

4 Sunspot Equilibria and Uniqueness of Spot Market
Equilibria

Having established the link between the transfer paradox and the existence of
sunspot equilibria we now derive some new results on the existence of sunspot
equilibria when spot market equilibria are unique on the one hand and also
on the possibility of the transfer paradox on the other hand. Applying part 1
of our theorem and [36] we can rule out sunspot equilibria if marginal util-
ities are inversely related to utilities and spot market equilibria are unique
at all non-negative distributions of endowments. Once again, applying part 1
of our theorem and [2] we can rule out sunspot equilibria in the case of two
commodities and two agents if the economic fundamentals do have a unique
equilibrium. On the other hand, applying the construction of [29], which is
done for the case of two agents, part 2 of our result shows that the trans-
fer paradox can occur even if for the economic fundamentals there exists a
representative consumer. We continue, using once more part 2, to show that
sunspot equilibria need not be derived from multiple equilibria of the spot
market economy that is obtained by asset trade leading to the same endow-
ment distribution in all states. While [29]’s construction uses that there are
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multiple equilibria for the induced distribution of endowments, this example
however exploits the fact that there are multiple equilibria for the initial dis-
tribution of endowments. Therefore, we give one more example in which spot
market equilibria are unique for all distributions of endowments that can be
arrived at by asset trade and still sunspots matter. This final example then
settles the question whether sunspot equilibria need to be based on some sort
of multiplicity of spot market equilibria.

The following terminology is quite useful. A randomization equilibrium is
a competitive equilibrium in which for some ex-post endowments the equi-
librium allocation in every state s is a spot market allocation for the same
economy. If, for example, the economic fundamentals allow for multiple equi-
libria then there is a randomization equilibrium. [29] has shown that there can
also be randomization equilibria if there are multiple equilibria for some dis-
tribution of endowments that is attainable via asset trade. In both cases the
equilibrium allocation of such a competitive equilibrium is a randomization
among the set of equilibria of some underlying economy. In randomization
equilibria sunspots are a device to coordinate agents’ expectations. This case
of sunspot equilibria has found many applications. In the international trade
literature, for example, currency crises are modelled by randomization sunspot
equilibria. See, for example, the seminal papers by [31] and [32] and also the
interesting empirical papers on this issue by [22] and [23]).

The question that arises from these observations is whether sunspot equi-
libria could be identified with randomization equilibria. This would then make
them very similar to publicly correlated equilibria known in the game theoretic
literature ([1])°. Hence, the results of this literature would then be applicable
to sunspot equilibria.

It is obvious that in our setting with intrinsically complete markets
sunspot equilibria necessarily are randomization equilibria if assets are sun-
independent assets, if A(s) = A(1), s =1,...,S5. It is, however, not obvious at
all whether with a general asset structure there can also be sunspot equilibria
which are different from randomization equilibria. To clarify this point some
more definitions are needed.

Definition 5 (Attainable Endowment Distributions). Given the econo-

mic fundamentals [(u',w");—1,. 1] and given the asset structure A the endow-

ment distributions &*(s), s =1,...,S,i=1,...,1 is attainable if there exists
* .,

some competitive equilibrium with asset allocation (%), i =1,...,1I, such that

. . * .
wi(s)=w"+ A(s)¢", s=1,...,5,i=1,...,1.
Based on the attainability concept we now define the uniqueness concept

suggested in [29]. This condition has later been called no potential multiplicity
by [16].

108ee [12] for relating sunspot equilibria to correlated equilibria in an overlapping
generations model.
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Definition 6 (Strong Uniqueness). The economy with the fundamentals
[(u',w)iz1, 1] satisfies the strong uniqueness property for some asset struc-
ture A, if the spot market equilibria are unique for every attainable endowment
distribution.

Remark 5. With intrinsically incomplete markets sunspots are known to mat-
ter even if the economic fundamentals satisfy the strong uniqueness property
(cf. [4] and the literature that has emerged from it, [17] and [16]).

As said above, when assets are sun-independent then in our setting with in-
trinsically complete markets the strong uniqueness property rules out sunspot
equilibria. The following corollary to our theorem shows that for general asset
structures the strong uniqueness property restricted to non-negative alloca-
tions is still sufficient to rule out sunspot equilibria when marginal utilities
are inversely related to levels of utility.

Corollary 1. Under assumptions 1 and 2 and if marginal utilities are in-
versely related to levels of wutility then sunspots do not matter if there are
unique spot market equilibria for all non-negative distributions of endowments
in the Edgeworth box.

Proof
Suppose sunspots did matter, then from our main result we know that the
transfer paradox needs to occur. However, as [36] has shown, this requires to
be able to trade to some non-negative distribution of endowments for which
there are multiple equilibria, which is a violation of the strong uniqueness
property.

O

Hence applying our lemma 1, in particular in the case of two agents,
sunspots do not matter if there are unique spot market equilibria for all dis-
tributions of endowments in the Edgeworth box.

However, asking for the strong uniqueness property may be asking too
much since not many economic fundamentals will satisfy this property. Hence
the question arises whether sunspot equilibria can exist when there are multi-
ple equilibria for some distribution of endowments the economy can arrive at
using asset trade. As [29] has shown this is definitely the case. However, [29]
did not show that this is still the case if for the initial distribution of endow-
ments there is a unique equilibrium. Note if there were also multiple equilibria
at that point then sunspots would matter even without evoking asset trade.
The question then is whether ”trading from uniqueness to multiplicity” is
possible. As the following corollary shows, this is not possible if there are two
agents and two commodities.

Corollary 2. Under assumption 3, in the case of two commodities and two
consumers sunspots do not matter if the economic fundamentals have a unique
equilibrium.
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Proof

Suppose sunspots did matter then from our main result we know that the
transfer paradox needs to occur. However, as for example [2]'! has shown, in
the case of two commodities this requires to have multiple equilibria for the

initial distributions of endowments.
O

From corollary 2 we can see that in the case of two commodities and
sun-independent assets it is not possible to ”"trade from uniqueness to multi-
plicity”. This is because with sun-independent assets sunspots can only matter
at distributions of endowments for which there are multiple equilibria.

[19] has claimed that for an economy with two agents and two commodi-
ties in which utility functions are concave transformations of Cobb-Douglas
utility functions sunspots matter. The corollary 2 shows that this claim is in-
correct. Moreover the mistake in [19] cannot be cured by changing the values
of the parameters for the same example!'? because that example falls into the
broad class of economies which are covered by this note. Indeed for Cobb-
Douglas economies the equilibrium at the initial distribution of endowments
is unique and the strong uniqueness requirement is satisfied for almost all
asset structures A.

Making further assumptions on the agents’ risk aversion functions h?, [33]
shows that the construction of [29] does not work if there are only two com-
modities. Indeed, [33] shows for an economy with an arbitrary number of
consumers with additive separable utilities «* and non-decreasing relative risk
aversion, with two commodities and with asset payoffs that are independent
of the sunspot states, non-trivial sunspot equilibria do not exist.

The next example shows that with more than two commodities [29]’s con-
struction can be followed to demonstrate that it is well possible to trade from
uniqueness to multiplicity. Hence sunspot equilibria do occur even if for the
initial distribution of endowments there is a unique equilibrium. By our the-
orem then also the transfer paradox needs to occur because the economy we
construct has two consumers with CES-utility functions. That the transfer
paradox arises even if the initial equilibrium is unique should be no surprise
since this is well known in that literature. In the example we give we do how-
ever have some more structure. For the initial distribution of endowments the
excess demand function of the economic fundamentals can be generated by a
single representative consumer. Hence our example shows that ”the represen-
tative consumer is not immune against sunspots” and that even under this
strong structural assumption the transfer paradox is possible.

See also the solution to exercise 15.B.10€ from [30] that is given in [18].
12This possibility is left open by the observation of [3] who demonstrate that for
the specific parameter values chosen in [19] sunspots do not matter!
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Corollary 3. There exist economic fundamentals, satisfying assumptions 1
and 2, with two agents for which there is a representative consumer and yet
sunspot equilibria and the transfer paradozr occur.

Proof
The example we give to prove this claim follows the construction of [29] making
sure that it can be done even under assumption 1 and 2 and more importantly,
that it can be done even for economic fundamentals with a representative
consumer:

There are four commodities and two CES-consumers with utility functions:

Z(all 4 p>1/pi

=1

The utility parameters are'®: p! = —250.00000, p? = —250.00000 and

ol = (0.24986, 0.24986, 0.25041, 0.24986),
a? = (0.25261, 0.25224, 0.24758, 0.24758).

Note that utility functions satisfy assumption 1 and that they are linearly
homogenous. Moreover, agents utilities are close to the Leontief case which
is convenient because then the Slutzky-subsitution effects contributing to the
uniqueness of equilibria are small. Initial endowments are:

1= (0.01024, 0.01021, 0.01006, 0.0101),
2 =(0.01011, 0.01009, 0.00994, 0.01).

Note that the second agent’s initial endowments multiplied with 1.00971 gives
the first agent’s endowments, i.e. endowments are collinear and hence, by [11]’s
theorem, for this economy there exists a representative consumer.

Suppose there are three sunspot states, s = 1,2, 3. We claim that trade in
(sun-independent) assets can be used to arrive at the following distribution
of endowments for which there are three spot market equilibria:

ol = (0.01414, —0.01804, 0.01259, 0.0197),
©? = (0.00621, 0.03834, 0.00741, 0.00037).

The resulting spot market equilibrium prices are:

p(1) = (1, 1.5801, 5.05786, 0.88298),
p(2) = (1, 1.37985, 0.88617, 0.35661),
p(3) = (1, 1.6344, 11.79925, 3.67601).

Note that the rank of the price matrix is three since the determinant of all
prices excluding the numeraire is —11.11. The equilibrium budgets are:

13 A1l values have been rounded to 5 decimal digits. The exact values can be found
at the page http://www.iew.unizh.ch/home/hens/sunspot.
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b'(1) = 0.06669 and b2(1) = 0.10461,
b'(2) = 0.00742 and b%(2) = 0.06582,
b (3) = 0.20558 and b%(3) = 0.15770.

The resulting allocations are:

2'(1) = (0.00785, 0.00783, 0.00781, 0.00785),
22(1) = (0.01250, 0.01246, 0.01218, 0.01226),

1(2) = (0.00205, 0.00204, 0.00205, 0.00206),

X
22(2) = (0.01830, 0.01825, 0.01795, 0.01801),

1(3) = (0.01142, 0.01140, 0.01134, 0.01136),

x
22(3) = (0.00893, 0.00890, 0.00866, 0.00871).
As was to be expected in a case close to the Leontief-preferences, for both
agents and in all states the demand of any good I as a fraction of the sum of
all demands stay close to the agents utility parameters o} even though prices
vary substantially.

The corresponding utility levels are:

ul(1) = 0.03132 and u2(1) = 0.04935,
ul(2) = 0.00819 and w2(2) = 0.07249,
ul(3) = 0.04544 and u?(3) = 0.03513.

i

Marginal utilities (9y0'(s) = 35} ) :
arginal utilities (Jyv'(s) = ) 10 are
Oyt (1) = 0.46960 and 9pv3(1) = 0.47178,
Opv'(2) = 1.10458 and 9pv*(2) = 1.10130,
Oyt (3) = 0.22104 and  8,v2(3) = 0.22277.

Note that agent 1’s marginal utilities are ordered inversely to his utilities while
agent 2’s marginal utilities are ordered as his utility levels. This is possible
here because, as mentioned above, the assumption 3 is not satisfied for CES-
utilities. Evaluating the change in endowments at the new equilibrium prices,
the resulting income transfers from agent 1’s point of view are:

r1(1) = 0.00201, r'(2) =0.02195, r'(3) = —0.05989.

Next we argue that for these values we can solve the first order condition for
asset demand:

D B (s)) O’ (s) m(s)ri(s) =0, i=1,2.

To do so we can still choose the vector of probabilities w and also the degree
of the agents’ risk aversion given by three values of the function A" which are
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positive and decreasing with v*. However, the functions k' are not sufficiently
concave to make the composition h’o f* concave.
The resulting values are 7 = (0.8, 0.05, 0.15) for the probabilities and

Rt = (1.98877, 2.00032, 1.97707) and Ah'* = (1.01074, 1.00064, 1.02074)

for the risk aversions. Note that these values are smaller the higher the utility
levels are.

Since the three spot price vectors are linearly independent, we can now
find an asset matrix A € IR****? such that

r(s) = p(s)-(A'(s) — A%(s)) for s =1,2,3. (6)
The vector A' — A2 we have chosen is:
A' — A% = (-0.00597, 0.02618, —0.00457, —0.01165).

Finally, note that

D A m(s)p(s)-AL(s) = Y N (s)m(s) pls) A%(s)

so that we can choose ¢ = go. Accordingly we choose 8! = (1, —1), 02 =
(=1, 1) so that ¢-0° = 0, i = 1,2 and 0! + 6% = 0. Since we have chosen
an economy with two assets, the first-order conditions for asset trade are
equivalent to the conditions Y, A (s) 7(s) p(s)-A(s) = ~v'q.

Comparing the vector of income transfers and the resulting utility levels we
find that agents’ utility decrease when they receive positive income transfer,
i.e. the transfer paradox occurs even though the order crossing property does
not.

u'(no-asset-trade) = 0.03224 and u?(no-asset-trade) = 0.03242.

Last but not least, both agents profit from trade, i.e. their reservation utilities
are smaller than their utilities when participating in the markets'4:

u! (no-trade) = 0.03218 and u?(no-trade) = 0.04831

Eu' =0.03228 and Eu? = 0.04838.
O

The next corollary shows that as in the case of intrinsically incomplete
markets also with intrinsically complete markets sunspots can still matter
even if they do not serve as a coordination device among multiple equilibria.

14n the computation of the expected utility we have ignored the functions h’
because they are sufficiently close to the case of risk neutrality. Indeed in this ex-
ample, the first-order-conditions for asset demand could also be solved without the
functions h‘.
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Corollary 4. With sun-dependent assets, under assumption 3, even for the
case of two commodities, there are sunspot equilibria which are not random-
ization equilibria.

Proof

The example we give to prove this corollary is adapted from the Example
15.B.2 in [30]'®. There are two commodities and two agents with endow-
ments [(wi,wd), (W}, w3)] = [(2,7), (r,2)]. Consumption sets are X! = {z €
]RL_ |ut(x) > u'(w?)} and utility functions are given by

1 1
w'(@h) =2 — g(@3)™" and w?(a?) = —o(]) " a3

Aggregate endowments are w = (2 +7, 2+ ) where r = 25 — 25 ~ 0.77.
Figure 1 shows the Edgeworth Box of this economy.'® The convex curve is

0 1 1 1 1

0 0.5 1 1.5 2 2.5

Fig. 1. Edgeworth-Box

the set of Pareto-efficient allocations that lie in the interior of the Edgeworth
Box. It is given by the function x = ﬁ The competitive equilibrium
allocations of our example will be constructed out of these interior allocations.
In figure 1 we have also drawn some budget lines indexed by s = §,z2,5,0,

15See [18] for the solution to the original example.
16The figures 1 and 2 have been generated with MATLAB®. The scripts can be
downloaded from the page http://www.iew.unizh.ch/home/hens.
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supporting four different Pareto-efficient allocations which are equilibrium
allocations in the spot markets once appropriate spot market endowments
have been chosen. The sunspot equilibrium we construct exploits the fact that
in this example there are three equilibria for the distribution of endowments
[(wi,wd), (W?,wd)] = [(2,7), (r,2)]. Taking these endowments as the reference
point for the economy s = 0, we consider the transfer of endowments as
visualized in figure 2. From the three equilibria at [(2,r), (r, 2)] we have chosen
the one with the highest first agent utility to be the equilibrium allocation
for the reference situation s = 0. The asset structure A consists of numeraire

0.776 -

0.774 -

0.772

077

V3

0.768 -

>

0.766 -

0.764 -

0.762 -

0.76 -

0.758 -

0.756 -

1 1 1 | 1 1 1 1
1.99 1.992 1.994 1.996 1.998 2 2.002 2.004 2.006 2.008 2.01

Fig. 2. Zoom of the rectangle in 1

assets denominated in the second commodity. The vertical line in figure 2
indicates the possible direction of endowment redistributions. With reference
to s = 0, in the situation z the first agent has received a transfer of the
second commodity but his utility decreases. In the situations §,§ the first
agent has donated some of the second commodity and with reference to s =0
his utility decreases. While in § it falls to the lowest of the four values, in §
it obtains a value between the utility in s = 0 and s = z. Hence for these
transfers the strong transfer paradox occurs and by application of our main
result there exists a sunspot equilibrium with spot market endowments given
by the intersection of the budget lines §, z, and § with the vertical line through
the point (2,0), while the selected equilibrium in reference economy has the
budget line 0.
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Although this sunspot equilibrium lies in a neighborhood of a randomiza-
tion equilibrium it is itself not a randomization equilibrium because all spot
market endowments differ.

O

This example exploits the multiplicity of equilibria of the economic funda-
mentals in the sense that in the neighborhood of the endowment distribution
leading to multiple equilibria the budget lines have various slopes that are not
ordered as the utility levels resulting in the ex post spot market equilibria (see
figures 1 and 2). This property could however also occur with a unique equi-
librium for the economic fundamentals. Imagine for example that the area in
the rectangle of figure 1 would lie outside the Edgeworth-Box. Then keeping
the line along which the transfers are defined inside the Edgeworth-Box the
same construction could be done. Unfortunately, we could however give no
simple utility functions as in Example 15.B.2 in [30] which would lead to this
feature.

Our final example shows that sunspot equilibria do exists even if the strong
uniqueness property holds. This example follows the construction of [19]. It
uses Cobb-Douglas utility functions and sun-dependent assets. As compared
to [19] the dimension of the example has been increased as we now use three
agents, three commodities, three assets and four states.

Proposition 2. With sun-dependent assets, and under assumptions 1 and 2,
the strong uniqueness assumption does not rule out the existence of sunspot
equilibria.

Proof
There are three commodities and three Cobb-Douglas-consumers with utility

functions: s
u'(z') = exp Z of In(z})
=1

The utility parameters are'”:

o' = (04072, 0.5112, 0.0816),
o = (0.0269, 0.9301, 0.0430),
o® = (0.0088, 0.0019, 0.9892).

Note that utility functions satisfy assumption 1 and that they are linearly
homogenous. Initial endowments are:

= (0.1093, 0.9045, 0.1008),
2 = (0.0715, 0.0672, 0.3781),
3 = (0.8192, 0.0283, 0.5211).

17 All values have been rounded to 4 decimal digits. The exact values can be found
at the page http://www.iew.unizh.ch/home/hens/sunspot.
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Suppose there are four sunspot states, s = 1,2, 3,4, which are equally likely
to occur. We claim that trade in numeraire but (sun-dependent) assets can
be used to arrive at the following distribution of endowments:

Because asset trade only redistributes the first good, to specify the asset
structure A € IR****3 it is sufficient to give the pay offs in the numeraire,
good 3:

410.0959 726.8543 384.2747

Ay = —19.8893 —35.3459 —18.6341
—386.5250 —685.5971 —362.1722

0.1150 0.8172 0.0893

Suppose equilibrium asset prices are ¢ = (1.0108, 1.7917, 0.9472) and agent’s
asset allocation are:

0.9911 —-0.1125 —0.8787
=1 -0.0544 0.0777 —0.0233
—0.9549 —0.0269 0.9818

In this matrix rows correspond to assets and columns correspond to agents.
Then the resulting allocation of good three is:

0.1013
0.1032
0.1137
0.0851

0.3767 0.5220
0.3708 0.5260
0.3385 0.5477 |’
0.4262 0.4887

Azl =

where rows correspond to states and columns correspond to agents.
The induced spot market equilibria have the following price vectors, allo-
cations, values of utilities and of marginal utilities:

0.4358
0.4324
0.4141
0.4638

0.9623
0.9518
0.8954
1.0489

p:

—_ = = =

We give the allocations for each agent in a matrix z° with rows corresponding
to states and columns corresponding to goods:

0.9525
1 0.9525
0.9527
0.9522

0.0291
, 0.0289
0.0278
0.0307

0.5415
0.5432
0.5531
0.5285

0.4567
0.4550
0.4449
0.4698

0.0832
0.0825
0.0791 |~
0.0885

0.0204
0.0200
0.0184 |~
0.0228
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0.0184 0.0018 0.8965
3 0.0185 0.0018 0.8974
0.0194 0.0020 0.9025
0.0171 0.0017 0.8887

The corresponding levels of indirect utility are:

0.7176 0.4248 0.8651
0.7183 0.4229 0.8661
0.7225 0.4122 0.8714
0.7123 0.4388 0.8570

V =

Finally, the levels of marginal utility within states are:

0.1121 0.1538 0.2478
0.1729 0.1537 0.2478
0.1075 0.1527 0.2476
0.1177 0.1531 0.2480

(%U =

The resulting income transfers are:

0.0004 —-0.0013  0.0009
0.0024 —-0.0073  0.0049
0.0129 —-0.0396  0.0266
—0.0157  0.0481 —0.0324

Azl =

Note that the transfer paradox does not occur because higher transfers are
always associated with higher levels of utility. However, this raises no problem
here to the existence of sunspot equilibria because higher utility levels are not
always associated with lower marginal utilities!

To complete the argument we need to solve the first order conditions for

asset demand o 4 _
Zh”(vl(s))ﬁbvl(s) r'(s)=0,:i=1,2,

by appropriate choice of the degree of the agents’ risk aversion:

0.6414 0.6519 0.9985
0.9980 0.6583 0.9985
0.6513 0.6930 0.9983
0.6282 0.5979 0.9986

h =

Note that agents are risk averse since smaller values of h'!(s) are associated
with higher values of utility. However, the degree of risk aversion changes
in a non-trivial way with the level of utility. Those changes in risk aversion
are know to be very important for asset demand. See the related papers by
[20, 21, 15] and also the monograph by [10] for an extensive study.

O
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5 Conclusion

Throughout the paper we restricted attention to economies with additively
separable utility functions since those functions are commonly used when ap-
plying general equilibrium models. We showed that for the case of two agents
(countries) the existence of sunspot equilibria is equivalent to the occurrence
of the transfer paradox. This equivalence enabled us to show that sunspots
cannot matter if the economy has a unique equilibrium for all distributions
of endowments induced by asset trade or if the initial economy has a unique
spot market equilibrium and there are only two commodities. Then we gave
an explicit example to show that with more than two commodities it is ac-
tually possible to trade from an endowment distribution leading to a unique
equilibrium towards one for which there are multiple equilibria. Moreover, we
gave two examples showing that sunspot equilibria need not result from mul-
tiplicity of spot market equilibria. In one of those examples, however, there
are multiple equilibria at the initial distribution of endowments. In the other
example there are sunspot equilibria even though the economy has a unique
equilibrium for all distributions of endowments induced by asset trade. This
latter example is possible because with more than two agents the existence of
sunspot equilibria is no longer tied to the occurrence of the transfer paradox.

We hope that this paper has clarified the relation between the existence of
sunspot equilibria and the uniqueness of spot market equilibria for economies
with intrinsically complete asset markets. Moreover, further exploring the con-
nection between sunspot equilibria and the transfer paradox, future research
might also show interesting new results in related settings. For example one
could try to get new insights for the sunspot literature by exploring the re-
sults on the transfer paradox in the overlapping generations model ([13]).
And similarly there might be new results in storage analyzing economies with
transaction costs respectively tariffs ([26]).
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Summary. The last twenty years have witnessed a significant growth of the lit-
erature on the “survival problem” | primarily in the context of the causes and
remedies of famines. Once a subject essentially of empirical development economics,
economic survival became an issue of analytical economics and, most recently, of
general equilibrium theory. We review several issues of the survival problem in the
general equilibrium framework. First, we consider a Walrasian economy with intrin-
sic uncertainty affecting the endowments and compute the asymptotic probability
of survival under different assumptions of dependence among the agents. Next, we
show how the presence of extrinsic uncertainty in a dynamic economy may lead to
a ruin in a sunspot equilibrium. Finally, we analyze the link between survival and
specialization in production.

Key words: Survival, General Equilibrium, Sunspot Equilibrium.

1 Introduction: A Historical Note

In his assessment of the important developments of general equilibrium the-
ory in early fifties, T.C. Koopmans ([20], p.59) observed that “most authors
have ignored the analytical difficulty of formulating a model that ensures the
possibility of survival, blithely admitting any nonnegative rates of consump-
tion as sustainable. Arrow and Debreu face this issue and find it to be a
complicated one...” Koopmans gave a verbal description/interpretation of the
Arrow-Debreu assumptions (see Section 4 of [2]) that guaranteed the existence
of equilibrium, noting that “they assume that each consumer can, if necessary,
survive on the basis of the resources he holds and the direct use of his own la-
bor, without engaging in exchange, and still have something to spare of some
type of labor which is sure to meet with a positive price in any equilibrium. If,
contrary to the authors’ indications, their model were given a stationary state
interpretation, it would be found best suited for describing a society of self-
sufficient farmers who do a little trading on the side. In modern society few
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of us can indeed survive without engaging in exchange...” Koopmans felt that
“there is considerable challenge to further research on the survival problem”
and did touch upon some directions and interpretations somewhat informally,
and did also recognize the “inadequacies of any model unable to recognize the
element of uncertainty in individual survival.”

We note that in his celebrated article Nikaido ([26], p.136) assumed that in
his exchange economy the initial endowment vector of each agent was strictly
positive. However, in his subsequent note [27], he recognized that this was a
“rather strict assumption” in his method of proof (relying upon what came
to be known as the Debreu—Gale—Nikaido lemma and generated a substan-
tial literature) of the existence of Walrasian equilibrium. Nikaido proceeded
to present a crisp and beautiful extension of the existence theorem to the
case where the initial endowment vector was positive (“non-zero, non-negative
bundle”) and the sum of the initial endowment vectors (over all agents) was
strictly positive. Concerned with the application of the model to international
trade theory , he felt (quite justifiably) that this weaker assumption was “rea-
sonable enough.”

For brevity, we touch upon just one more landmark in equilibrium the-
ory. In Debreu’s Theory of Value [9], the word “survival” did not figure at
all, but some remarks relevant for the interpretations and applications of the
Walrasian model are worth recalling. First, he provided a treatment of “uncer-
tainty” in which “the contract for the transfer of a commodity ... specifies,in
addition to its physical properties, its location and its date, an event on the
occurrence of which the transfer is conditional. This .. definition of a com-
modity allows one to obtain a theory of uncertainty free from any probability
concept and formally identical with the theory of certainty...”. This treatment
of “uncertainty” postulating the existence of a complete set of markets for all
“commodities” originated in Arrow’s remarkable paper [1]. With such a def-
inition of “commodities” it is clear that the technology or production set Y}
of producer j and the consumption set X; of consumer ¢, are “in general,
contained in a coordinate subspace of R' with a relatively small number of
dimensions” ([9] p.38 and p.51). Secondly, Debreu (p.50) asserted that the
consumption set X; of all the possible consumption plans reflected “a priori
constraints (for example, of a physiological nature)” ( a “concrete” example
appears on p.51 with diagrams illustrating consumption sets):

“... the decision for an individual to have during the next year as sole
input one pound of rice and as output one thousand hours of some
type of labor could not be carried out”.

Another example (p.52) concerns consumption at two dates, with a minimal
level of consumption at date 1 which allows the consumer to survive until
date 2. In this example, by choosing z; the consumer “implicitly” chooses
“his life span”. Finally, in his existence theorem on pp.83-84 Debreu assumed
(assumption (c) on p.84) that “there is some z € X; such that 29 < w;”. In
his Notes following the text of Chapter 5 (on pp.88-89), he indicated (refer-
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ring to the contributions of Mckenzie and David Gale) how the assumption (c)
could be replaced with other weaker( but, in our view, much less transparent)
assumptions involving the interior of the asymptotic cone of the aggregate pro-
duction possibility set. These assumptions play an essential role in establishing
the continuity of the budget set correspondence which is a step towards get-
ting the upper semicontinuity of the excess demand correspondence to which
the Debreu—Gale—Nikaido lemma is used, and also in ensuring that the wealth
of each agent is positive in equilibrium. Newman [25] has commented on the
proper interpretation of the consumption possibility set and the difficulties in
handling the survival problem.

It is fair to say that survival was not a serious theme in the subsequent
progress of Walrasian equilibrium analysis. However, the importance of this
problem was stressed in several prominent publications by Amartya Sen, pri-
marily in the context of his study of famines. Sen [32] quoted Koopmans’
remark on the Arrow—Debreu model (that we noted above) and felt that “the
problem that is thus eliminated by assumption in these general equilibrium
models is precisely the one central to a theory of survival and famines.” He
commented further that “ ‘the survival problem’ for general equilibrium mod-
els calls for a solution not in terms of a clever assumption that eliminates it
irrespective of realism, but for a reflection of the real guarantees that actually
prevent starvation deaths in advanced capitalist economies.” The entitlement
approach developed by Sen provided the foundation for modern theoretical
analysis of famines. However, it is difficult to capture the sweep of this ap-
proach by using formal models, particularly when uncertainty has to be ex-
plicitly modeled (see [8] for a deterministic analysis). Sen emphasized that for
a better understanding of the problems of survival, one must recognize: (i)
for a consumer to survive, his wealth at the equilibrium price system must
allow him to obtain the basic necessities, and (ii) “starvation can develop for
a group of people as its endowment vector collapses, and there are indeed
many accounts of such endowment declines on the part of sections of poor
rural population in developing countries... but starvation can also develop
with unchanged asset ownership through movement of exchange entitlement
mapping” ([33], pp.47-48).

Among the themes in the subsequent literature on famines, we note the
following:

(1) famines often occur without substantial decline in aggregate food avail-
ability:
“... starvation is a matter of some people not having enough food
to eat, and not a matter of there being not enough food to eat.
While the latter can be a cause of the former, it is clearly one of
many possible influences.” [32]
An example is the Bangladesh famine of 1974, where the availability of
food per head, including food production and net imports, in 1974 was
higher than in any other year during 1971-76 (see [12]). Thus, a partial
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equilibrium analysis focusing on the food market may be unable to capture
the complexity of events leading to an entitlement failure, and may render
misleading policy prescriptions.

(2) the impact of famines may differ for distinct groups of population, in par-
ticular, different occupational groups. For example, during the Ethiopian
famine of 1972-74 agricultural community suffered the most, and within
this group nomadic herdsmen were hit the hardest. The famine itself was
initiated by droughts, which resulted in reduced food supply. However,the
herdsmen “were affected not merely by the drought but also by the growth
of commercial agriculture, displacing some of these communities from
their traditional dry-weather grazing land, thereby vastly heightening the
impact of the drought”[33]. Other occupational categories that were in
the destitution groups included farm servants, rural laborers, craftsmen,
women in service occupations. One can see that the most suffering groups
were the ones who did not have command over food production, and whose
own production or labor, being less essential for survival, was no longer in
demand when food supply dropped.

“The characteristics of exchange relations between the pastoral and

agricultural economies contributed to the starvation of the herds-

men by making price movements reinforce — rather than counteract

— the decline in the livestock quantities. The pastoralist, hit by the

drought, was decimated by the market mechanism.” ([33], p.112)
Another example is the Bangladesh famine of 1974, during which the fam-
ilies of rural laborers suffered the most, even without decline in the aggre-
gate food availability. The reason in this case was the loss of employment
as a result of floods: floods prevented planting of the rice, which “would
reduce the food output later, but its impact on employment was imme-
diate and vicious” [12]. To understand this aspect of famines one has to
either study the economy at a disaggregated level with specialized occupa-
tions/endowments or allow for some commodities to play essential role in
survival;

(3) expectations about future food prices can play a significant role in market
behavior and result in food deprivation of certain groups of population.
According to the study by Ravallion [28], a sudden increase in rice prices
in Bangladesh during the 1974 famine could be explained by “excessive
hoarding” by stockholders, who overestimated the damage to the future
crop from floods, and, subsequently, have over-optimistic price expecta-
tions. To study the role of expectations one needs to turn to dynamic
general equilibrium framework.

A formal approach to the analysis of these themes seems to call for general
equilibrium models with specific structures (or, in Lindbeck’s words, “con-
crete” Walrasian systems) and with an explicit recognition of uncertainty. In
this paper we review some attempts in this direction.
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First, using the earlier works of Hildenbrand ([18], [19]) and Bhattacharya
and Majumdar [3] an attempt was made in [4] to define the probability of
survival in the presence of intrinsic uncertainty affecting the endowments. It
is reviewed in Section 2 with an improvement of one of the principal results
on the asymptotic behavior of the equilibrium price as the size of the econ-
omy increases. It is shown (see (16) that “ruin” may occur either as a result
of a collapse of endowments or as a result of an unfavorable movement in
the price system. For the case of a weak correlation in endowments and the
case of dependence in the form of dependency neighborhoods, the asymptotic
results are similar for the ones for the case of independent agents. The is-
sue of modeling a group of agents exposed to a common shock leads to the
study of exchangeable random variables, and the problem of characterizing
the probability of ruin in a large economy becomes more subtle.

Nest, we turn to the possible role of extrinsic uncertainty (a topic to which
David Cass has made notable contributions) and give an example of ruin
in a sunspot equilibrium. Using a model with overlapping generations and
constant endowments we show that there can exist multiple equilibria with
inter-generational trade, in some of which all agents survive, and in others
old agents are ruined, with all fundamentals being the same. These multiple
equilibria are supported by self-fulfilling beliefs, and the agents co-ordinate
their beliefs using “sunspots” as a co-ordinating device. Next we turn to a
model which links the survival problem to specialization. The main result, in
line with [10], is that in an economy with specialization in production a group
of agents, whose produce is less essential for survival, is more vulnerable to
starvation.

2 The Probability of Survival: Intrinsic Uncertainty in
the Cobb—Douglas—Sen Economy

In this and the next section we introduce a survival problem in the Walrasian
framework. For simplicity of exposition, we assume that the preferences of
the agents can be represented by a Cobb—Douglas utility function. This as-
sumption enables us to compute the Walrasian equilibrium explicitly (see (17):
such a computation can be extended to more than two goods). A more general
treatment, using Hildenbrand’s path-breaking work, of some of the issues can
be found in [4], although the “language” becomes unavoidably technical. Our
exposition focuses on the central economic issues with a rather minimal set
of techniques from probability theory, and, hopefully, has pedagogical value.

In what follows, R, is the set of positive real numbers, z = (z3) € R!
is non-negative (written z > 0) if z > 0 for all k, and x is strictly positive
(written & > 0) if x € R++. Define > 0 as positive (non-negative and
non-zero).

Consider, first, a deterministic Walrasian exchange economy with two
goods. Assume that an agent ¢ has an initial endowment e; = (e;1,€;2) > 0,
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and a Cobb-Douglas utility function
1—
u(win, wig) = T2 (1)

where 0 < 7 < 1 and the pair (z;1,2;2) denotes the quantities of goods 1 and
2 consumed by agent 7. Thus an agent 7 is described by a pair «; = (7, €;).
Let p > 0 be the price of the first good. In a Walrasian model with two
goods, we can normalize prices so that (p, 1 —p) is the vector of prices accepted
by all the agents. The typical agent solves the following maximization problem

(P):
maximize u(x;1, Ti2) (2)
subject to the “budget constraint” defined as
pxir + (1 = p)aiz = wi(p)

where the income or wealth w; of the i-th agent is defined as the value of its
endowment computed at (p,1 — p):

w;(p) = peqa + (1 — p)esa. (3)
Solving the problem (P) one obtains the excess demand for the first good as:
Gii(p, 1 —p) = [(1 —p)/plyveiz — (1 = v)en (4)

One can verify that
PG (p, 1 —p) + (1 = p)Gia(p,1 —p) =0 ()

The total excess demand for the first good at the prices (p,1 — p) in a
Walrasian exchange economy with n agents is given by:

G(p,1—p) = ZCil(p’ 1-p) (6)

In view of (5) it also follows that
pGi(p,1—p)+ (1 =p)(p,1—p) =0 (7)
The “market clearing” Walrasian equilibrium price system is defined by
Q" 1=p) =C@"1-p) =0 (8)

and direct computation gives us the equilibrium price p¥ (we emphasize the
dependence of equilibrium price on the number of agents by writing p}) as:

p:,:[ZXi]/lZXﬁzn Q
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where
Xi = Y€;2, Y; = (1 — ’y)eﬂ. (10)

To be sure, one can verify directly that demand equals supply in the market
for the second good when the excess demand for the first good is zero.

Finally, let us stress that a Walrasian economy is “informationally decen-
tralized” in the sense that agent ¢ has no information about (e;) for i # j.
Thus it is not possible for agent ¢ to compute the equilibrium price p}.

One of the suggestions made by Sen ([33], Appendix A) to deal with sur-
vival explicitly is now recalled using our notation. Let F; be a (nonempty)
closed subset of Ri 1. We interpret F; as the set of all combinations of the
two goods that enable the i-th agent to survive. Now, given a price system
(p,1 — p), one can define a function m;(p) as

mi(p) = min_ {pza + (1 —p)zie} (11)
(zi1,242) EF;
Thus, m;(p) is readily interpreted as the minimum expenditure needed for
survival at prices (p,1 — p).

Ezample: Let (a;1,ai2) > 0 be a fixed element of R3_+. Let
Fy ={(zs1,2i2) € RA, 121 > aq, T2 > ai} (12)

Here m;(p) = pain + (1 — p)aso.

In our approach we do not deal with the set F; explicitly. Instead, let us
suppose that, in addition to its utility function and endowment vector, each
agent ¢ is characterized by a continuous function m;(p) : [0,1] — R4y, and
say that for an agent to survive at prices (p,1 — p), its wealth w;(p) (see (3)
must exceed m;(p). Hence, the i-th agent fails to survive (or, is ruined) at
the Walrasian equilibrium (p},1 — pf) if

[prei1 + (1 — py,)eie] < mi(py,) (13)

or, using the definition (3)

wi(py,) < mi(py,) (14)

From (13) and (14) one can see that an agent may face ruin due to (a) a possi-
ble endowment failure or (b) the equilibrium price system adversely affecting
its wealth relative to the minimum expenditure. This issue is linked to the lit-
erature on the “price” and “welfare” effects of a change in the endowment on
a deterministic Walrasian equilibrium (see the review of the transfer problem
by Majumdar and Mitra [22]).

Consider now a case of intrinsic uncertainty: suppose that the endowments
e; of the agents (i = 1,2,---n) are random variables. In other words, each
e; is a (measurable) mapping from a probability space({2, F, P) into the non-
negative orthant of R?. One interprets {2 as the set of all possible states of
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environment, and e;(w) is the endowment of agent ¢ in the particular state w.
The distribution of e;(-) is denoted by p; [formally each pu; is a probability
measure on the Borel o field of R?, its support being a nonempty subset of the
strictly positive orthant of R?]. From the expression (9), the “market clearing”
equilibrium price p,(w) is random, i.e., depends on w:

n

pn(w) = [Z Veiz(w)] / [Z yeir(w) + Y (1=7) en(w) (15)
i=1 =1

=1

The wealth w;(p}(w)) of agent i at pf(w) is simply p}(w)eir(w) + [1 —
pk(w)]esz(w). The event

Ry, = {w € 2 wi(p)(w)) < mi(p}, (@)} (16)

is the set of all states of the environment in which agent ¢ does not survive.
Again, from the definition of the event R it is clear that an agent may be ru-
ined due to a meager endowment vector in a particular state of environment.
In what follows, we shall refer to this situation as a “direct” effect of endow-
ment uncertainty or as an “individual” risk of ruin. But it is also possible
for ruin to occur through an unfavorable movement of the equilibrium prices
(terms of trade) even when there is no change (or perhaps an increase!) in the
endowment vector. A Walrasian equilibrium price system reflects the entire
pattern of endowments that emerges in a particular state of the environment.
Given the role of the price system in determining the wealth of an agent and
the minimum expenditure needed for survival, this possibility of ruin through
adverse terms of trade can be viewed as an “indirect” (“terms of trade”) effect
of endowment uncertainty.

Our first task is to characterize P(R!) when n is large (so that the as-
sumption that an individual agent accepts market prices as given is realistic).
While this task is certainly made easier by the structure of the model that
allows us to compute p’(w) explicitly (15), the convergence arguments are
still somewhat technical, in particular when we attempt to dispense with the
assumption of stochastic independence.

To begin with let us make the following assumptions:

Al. {X;}, {V;} are uniformly bounded®: there exists M > 0 such that 0 <
Xi<M,0<Y,<Mfori=1,2,---.
A2. {X;} are uncorrelated, {Y;} are uncorrelated.

(1/n) ZEXi converges to some 71 > 0, [(1/71) ZEYi

(3

A3. converges to

some o > 0 Zas n tends to infinity.
In the special case when the distributions of e; are the same for all ¢ (so that
1/n3", EX; = m, where 7 is the common expectation of all Xj; similarly
for m3), A3 is satisfied.

3 Recall that X; and Y; are non-negative by non-negativity assumption on endow-
ments.
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Under A1-A3, if the number n of agents increases to infinity, as a con-
sequence of the strong law of large numbers we have the following limiting
property of equilibrium prices p};:

Proposition 1. Under A1-A3, as n tends to infinity, pl(w) converges with
probability 1 (almost surely) to the constant

po = m/ [m1 + w2 (17)

For the proof, we apply Corollary 6.2 in Bhattacharya and Waymire [5]
1 n
(p.649) to the sequences {— Z (X: — E(X;))} and {— Z (Y; — E(Y;))} and

=1
conclude that each of these sequences converges to zero Wlth probablhty

Therefore, {— X} converges with probability 1 to my, and {— Y;} con-

> {n ; 1,} g p Y 1y {TL ; 1,}
verges with probability 1 to ma (see, for example, Rohatgi [31], p. 252, Theorem
13). Next, we consider g(z,y) = z/(x + y), a continuous function of a vector
(z,y) on Ry ,. By definition of almost sure convergence, (X,,Y,) “3 (X,Y)
implies g(X,,,Y,) “3 g(X,Y) (see, for example, Ferguson [14], p.9). Therefore,
i % po. Q.E.D.

Roughly, one interprets (17) as follows: for large values of n, the equilib-
rium price will not vary much from one state of the environment to another,
and will be insensitive to the exact value of n, the number of agents.

In [17] pp(w) was shown to converge only in probability to po under weaker
assumptions. In our context, the boundedness assumption Al seems quite
innocuous. Since we do not assume stochastic independence, the proof relies
on a relatively recent version of the Strong Law of Large Numbers due to
Etemadi [13] (see [5] for further discussion).

For the constant pg defined by (17), we have the following characterization
of the probability of ruin in a large Walrasian economy:

Proposition 2. If poeir(w) + (1 — po)eia(w) has a continuous distribution
function,

lim [P(R})] = P{w : poei(w) + (1 — po)eiz(w) < mi(po)} (18)

n—oo
Remark: The probability on the right side of (18) does not depend on n, and
is determined by pu;, a characteristic of agent 7, and pq.
2.1 Dependence

Case studies of famines often indicate that a famine is typically confined to a
particular geographic region or affects people belonging to the same occupa-
tion group (see, for example, [11]). To account for this property one needs to
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introduce stochastic dependence among the agents in the model. Of course,
the most difficult question is how to model the dependence among agents.
Also, dependence among random variables complicates asymptotic theory,
and, to obtain analytic results, one has to assume a particular structure of
the form of dependence. In this section we consider few examples of stochastic
dependence among agents in which the limiting results can be derived explic-
itly. Results parallel to Proposition 1 were obtained in [4] and [16]. Stated
informally, three interesting models were tractable: a model involving “weak”
correlation among agents ([4], Proposition 1.3); a model with appropriate re-
strictions on the size of the dependency neighborhood (a concept introduced
by Stein [35] and studied by Hashimzade [16] in the present context), and a
model with exchangeable (conditionally independent) agents. The last model
is particularly important in recognizing that the terms of trade effect may
remain significant even in a large economy. We stress the importance of this
point with a precise statement of the basic result proved in [4].

2.2 Exchangeability (Exposure to a Common Shock)

To capture the probability of exposure to a common shock to endowments in
a simple manner, let us say that p and v are two possible probability laws of
{ei(-)}i>1. Think of Nature conducting an experiment with two outcomes “H”
and “T” with probabilities (6,1 —6),0 < 6 < 1. Conditionally, given that “H”
shows up, the sequence {e;(-)};>1 is independent and identically distributed
with common distribution p. On the other hand, conditionally given that “T”
shows up, the sequence {€;(-)}i>1 is independent and identically distributed
with common distribution v. Let 71, and 7, be the expected values of X;
under ;1 and v respectively. Similarly, let 72, and w2, be the expected values of
Y7 under g and v. It follows that p,(-) converges to po(-) almost surely, where
po(') = 7T1u/[7T1M+7T2M] = Pop with probability 6 and po(') = 7T1V/[7T1V+7T2V] =
po, with probability 1 — 6. We now have a precise characterization of the
probabilities of ruin as n tends to infinity. To state it, write

J = {(u1,u2) € Ri P Poplul + (1 —pou)uz < mi(pOH)};

) = [ p(dus. ). (19)

Similarly, define 7;(v) obtained on replacing p by v in (19).

Proposition 4. Assume that poe;1(w) + (1 — po)eia(w) had a continuous dis-
tribution function under each distribution p and v of e; = (e, €;2).

(a) Then, as the number of agents n goes to infinity, the probability of ruin of
the i-th agent converges to r;(u), with probability 6, when “H” occurs and
to r;(v), with probability 1 — 6 when “T” occurs.

(b) The overall, or unconditional, probability of ruin converges to

Ori(n) + (1 — O)r(v).
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Here, the precise limit distribution is slightly more complicated, but the
important distinction from the case of independence (or, “near independence” )
is that the limit depends not just on the individual uncertainties captured by
the distributions p and v of an agent’s endowments, but also on 6 that retains
an influence on the distribution of prices even with large n.

3 Survival and Extrinsic Uncertainty: An Example With
Overlapping Generations

We now turn to eztrinsic uncertainty: when the uncertainty affects the beliefs
of the agents (for example, the agents believe that market prices depend on
some “sunspots”) but the fundamentals are the same in all states. Clearly,
with respect to the probability of survival, the extrinsic uncertainty has no
direct effect, because it does not affect the endowments. However, it may have
an indirect effect: self-fulfilling beliefs of the agents regarding market prices
affect their wealth, and some agents may be ruined in one state of environment
and survive in some other state, even though the fundamentals of the economy
are the same in all states. To study the indirect, or the adverse term-of-trade
effect of extrinsic uncertainty on survival we need a dynamic economy.
Consider a discrete time, infinite horizon OLG economy with constant
population. We use Gale’s terminology [15] wherever appropriate. For exposi-
tory simplicity, and without loss of generality we assume that at the beginning
of every time period ¢t = 1,2, -- there are two agents: one “young” born in
t, and one “old” born in ¢ — 1. In period t = 1 there is one old agent of
generation 0. There is one (perishable) consumption good in every period.
The agent born in ¢ (generation t) receives an endowment vector e; = (€7, e?)
and consumes a vector ¢; = (c},c9). We consider the Samuelson case 4 and
assume, without loss of generality, e; = (1,0). We assume that the preferences
of the agent of generation ¢ can be represented by expected utility function
U(-) = E[U'(ct)] with Bernoulli utility U?(c;), continuously differentiable
and almost everywhere twice continuously differentiable, strictly concave and
strictly monotone in D, compact, convex subset of Rf_ 4. The old agent of
generation 0 is endowed with one unit of fiat money, the only nominal asset
in the economy. In every period the market for the perishable consumption
good is open and accessible to all agents. Denote the nominal price of the
consumption good at time ¢ by p;. Define a price system to be a sequence of
positive numbers, p = {p:}$2,, a consumption program to be a sequence of
pairs of positive numbers ¢ = {c¢;}72, a feasible program to be a consumption
program that satisfies ¢f +¢f_; < ey +ef_; = 1. The agent of generation ¢

4 If a population grows geometrically at the rate v, so that 4" agents is born in pe-
riod ¢, and there is only one good in each period, the Samuelson case corresponds
to marginal rate of intertemporal substitution of consumption under autarky,
Ui(e¥,e°)/Uz(e?, e°), being less than . In our case v = 1.
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maximizes his lifetime expected utility in the beginning of period ¢. In period
1, the young agent gives its saving (s¥) of the consumption good, to the old
agent in exchange for one unit of money (the exchange rate is determined by
p1). Thus, p1s; = 1. This unit of money is carried into period 2 (the old age
of agent born in period 1) and is exchanged (at the rate determined by p3) for
the consumption food saved by the young agent born in period 2 (sj). The
process is repeated.

3.1 Perfect Foresight Equilibrium

If there is no uncertainty, with perfect foresight the price-taking young agent’s
optimization problem is the following:

max U(c!, ¢)
subject to

Y1 _ Y
cg =1—sj

C? = ptSZtJ/pt—H

0<s!<1,t=1,2-).
Here, s} = e} — ¢/ is savings of the young agent (this is the Samuelson
case, in Gale’s definitions [15]). A perfect foresight competitive equilibrium is

defined as a feasible program and a price system such that

(i) the consumption program € = {C¢} solves optimization problem of each
agent given p = {p:} : (¢/,¢7) € D, ¢ =1 — sy and & = pys¢/Pr+1 with

st =arg max U ((1 —s7),s! Dt )
0<s¥<1 DPt+1

and
(ii) the market for consumption good clears in every period:

¢/ +¢_; =1 (demand = supply for the consumption good)
Prs¢ = 1 (demand = supply for money)

fort=1,2,---.

By strict concavity of the utility function U(c/,¢?), the young agent’s
optimization problem has a unique solution. Hence, we can express s; as a
single-valued function of p;/pi11, i.e. we write s; = s¢(pt/pi+1). This function
(called savings function) generates an offer curve in the space of net trades,
as price ratios vary. In the perfect foresight equilibrium

s¢(pe/peg1) = 1/pe. (20)
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The stationary perfect foresight monetary equilibrium is a sequence of
constant prices p and constant consumption programs (1 — 5, 5), where § =
s(1).°

3.2 Sunspot Equilibrium

Now consider an extrinsic uncertainty in this economy. There is no uncer-
tainty in fundamentals, such as endowments and preferences, but the agents
believe that market prices depend on realization of an extrinsic random vari-
able (sunspot). We assume that there is one-to-one mapping from the sunspot
variable to price of the consumption good. Because the agents cannot observe
future sunspots, they maximize expected utility over all possible future real-
ization of the states of nature. We examine the situation with two states of
nature, o € {a, 8}, that follow a first-order Markov process with stationary
transition probabilities,

preate] ,/Toz,@
= Lrﬁa Wﬁﬁ} (21)
where 779" > 0 is the probability of being in state ¢’ in the next period given

that current state is o, and 77 + 7% = 1. A young agent born in ¢ observes
price p{ and solves the following optimization problem:

e [17U (17, ef%) + 77U (e, 0

subject to

Y,
Ct

=1-5s7
7 =pist /P
(0<s7<1,s7 >0,0,0 € {a,fG}).

We restrict our attention to stationary equilibria, in which prices depend
on the current realization of the state of nature o, and do not depend on the
calendar time nor the history of o. A stationary sunspot equilibrium, SSE, is
a pair of feasible programs and nominal prices, such that for every o € {a, 5}

(i) the consumption programs solve the agents’ optimization problem:
7 (0 /1) =
arg max [r7*U (1 —s7),57p7/p%) +
+7oPU ((1 -7, s"p"/pﬁ)] (22)
and
5 Given our assumptions on preferences and endowments, the stationary perfect

foresight monetary equilibrium exists and is optimal (see, for example, [21], Chap.
8).
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(ii) markets clear in every period, in every state.

cvo + %% =

pasazl

It is easy to see that a stationary sunspot equilibrium exists when the

equation
(a7 (07

p—ﬁso‘ <p_ﬁ> — 5P <p_z> =0 (23)

p p p
has positive solutions for p®/p? other than 1 . Solution p®/p” = 1 corresponds
to the equilibrium in which uncertainty does not matter. It can be shown that,
if sunspot equilibria exist in this economy, there are at least two of them,
with p®/p? > 1 and p®/p® < 1 (see, for example, [7], [34]). This means that
in the sunspot equilibrium consumption of old agents is above the certainty
equilibrium consumption of olds in one state of nature and below in the other.
Suppose, we introduce an exogenous minimal subsistence level of consumption
(independent of o € {«, 5}). It may be the case that in one of the states of
nature consumption of old agents falls short of minimal subsistence level:
old agents are ruined. Note that the endowments are not affected by the
uncertainty, and, therefore, there is no direct effect of uncertainty on ruin.
The event of ruin is caused purely by an indirect, or term-of-trade effect: the
equilibrium price system is such that the wealth of old agents does not allow
them to survive. The following numerical example illustrates this possibility
for the case of quadratic utility.

3.3 Ruin in Equilibrium

Let the preferences of the agents be represented by expected utility function
with

U(c) = u(c?, ) —v(c?)
1 1
u(c?,c®) =2avc¥c® 4+ g +rcf — §b(cy)2 - §d(co)2

(A-—¢"),0<c®< A
oy ) s >
v(e”) {0, ®>A

where a,b,c,q, 7,0, A are positive constants such that the utility function is
increasing and jointly concave in its arguments in D. v(-) is the disutility of
consuming less than A, the minimal subsistence level.® As above, agents in

5 It may seem odd that the disutility from starvation is finite, but this can be
justified by the willingness of the agents to take a risk. Consider the following. In
the continuous time, if the consumption of an old agent is above A, he lives to the
end of the second period. If his consumption is below A, perhaps, he does not die
immediately. Albeit low, the amount consumed allows him to live some time in
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each generation receive identical positive endowments e = 1 of consumption
good when young and zero endowments when old; the initial olds are endowed
with one unit of money.
Benchmark case: perfect foresight
For the above preferences, savings function s:(p:/ps+1) is implicitly defined
by
ar/pese/(1 —s —b(l-s
Pt t/( t))+q ( t) (24)

ay/(1=s0)[(pese) + 7 — dpese — ' (prsi)
where p; = pt/pi+1. The offer curve is described by

(1-x) (a\/g—i-q—bx) —y(a\/g—l—r—dy—v’(y)) =0 (25

In the stationary (deterministic) perfect foresight monetary equilibrium
consumption plan of an agent is (z,1 — ), where x solves

Stationary sunspot equilibria

pt =

Two states of nature, a and (8 evolve according to a stationary first-order
Markov process. The states of nature do not affect the endowments. Agents
can trade their real and nominal assets. In a stationary sunspot equilibrium
with trade s®, s solve the following system of equations:

m*a il +(1-7"%a s
1—s2 1— s

+q¢—-b(1—-3s%

1 e
= 1%%, ( Sas +r—ds* — v'(sa)> (27)

1—se s
_aa _ B (B
+ (1 —7%%) <a —F +r—ds” —v'(s )) -

the second period, and his lifespan in the second period is the longer, the closer
is his consumption to A. In the discrete time this translates into probability of
survival in the second period as a function of consumption. Thus, the old agent
survives with probability 1 if ¢ > A and with probability less than 1 if ¢® < A.
Suppose, the objective of the agent is to maximize the probability of survival
(or maximize his expected lifespan). Then it can be presented equivalently as
the objective to minimize the disutility from consumption at the level below A.
Clearly, this disutility can be finite, at least in the vicinity of A, if the agent is
willing to take a risk. The authors are indebted to David Easley for this argument.
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and
66 s 1 08 5% b(1— P
T™ra 1_35—1—( - )a 1—85+q_ (—s)
1—s8
:ﬂﬁﬁa< ﬁs —l—r—dsﬁ—v'(sﬁ)) (28)
s

s
+ (1 —7%9) (a = —|—r—alsa—1/(sa)>s—ﬁ

It is easy to see that one solution is s* = s® = 1 — 2, where = solves the
equation for the perfect foresight above. This solution does not depend on the
transition probabilities, prices and consumption are not affected by the un-
certainty: sunspots do not matter in this equilibrium. However, there may be
more solutions. For example, fora =2,b=0.5,d=7,¢q=0.02,r =0.60 =
0.05A4 = 0.3 and 7 = 7% = 0.15 there are three stationary monetary
equilibria in the economy: one coinciding with the perfect foresight equilib-
rium and two sunspot equilibria. Prices and consumption programs for these
equilibria are given in the following table.

Multiple Equilibria Under Extrinsic Uncertainty.In every entry, the first
number is consumption of the young, the second is consumption of the old, and the
third is the nominal price of consumption good.

State PFE 1st SSE 2nd SSE

o |(0.6670; 0.3330; 3.00)|(0.5973; 0.4027; 2.48)|(0.7518; 0.2482; 4.03)

3 1(0.6670; 0.3330; 3.00)|(0.7518; 0.2482; 4.03)|(0.5973; 0.4027; 2.48)

The consumption programs in sunspot equilibria are Pareto inferior to
the program in the perfect foresight equilibrium. Furthermore, in two sunspot
equilibria old agents survive in one state of nature and fail to survive in an-
other with the same amount of resources, because equilibrium price is too
high. (We intentionally considered the case where agents survive in the cer-
tainty equilibrium to demonstrate that survival is always feasible. Also, in this
model young agents always survive, — otherwise, the overlapping generations
structure collapses.)
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4 Survival and Specialization

The entitlement approach in the study of famines suggests that one has to ex-
plicitly take into account: (1) some goods or services produced in the economy
are less essential for survival than others, and (2) some groups of agents are
involved in production of these “less essential” goods and services and supply
them to the market in exchange for “more essential” ones, and, therefore, are
more vulnerable to starvation. The first observation can be formalized as the
existence of asymmetry in preferences, and the second one — as the existence
of specialization in output (or endowments) among agents.

A model of a static economy with asymmetric preferences and complete
specialization was introduced by Desai in [10]. The idea is the following. In
order to survive an agent needs to consume an essential good (or goods) at or
above some minimum level. Only after attaining the minimum level of con-
sumption of the essential good the agent can derive utility from consumption
of other, non-essential goods. If some agents in the economy are not initially
endowed with the essential good, they have to purchase the essential good
in the market. We modify Desai’s model to incorporate the probability of
survival when the consumption of the essential good falls below the mini-
mum subsistence level”. There are two goods, essential (“food”, labeled x)
and non-essential (“non-food”, labeled y) in consumption, and two agents, a
food producer (agent 1) and a non-food producer (agent 2). The food pro-
ducer is endowed with f > 0 units of good z, and the non-food producer with
e > 0 units of good y. The agents have identical preferences, and each needs
a minimum quantity of food, f}, to survive. The probability P of survival of
agent 7 is the function of i’s consumption of food:

Oa Zg S -fz
P [i survives] = < v(z;), T < z; < fF
].7 xi > f:

where v(z) is continuous and strictly increasing 8. Without loss of generality
we further assume Z; = 0 and f = f* for i = 1,2. Hence, if 2; € (0, f*), ¢
starves, and is ruined with probability 1 — v(z;) because of starvation. Given
his budget constraint, an agent 4, first, maximizes his probability of survival
(or minimizes probability of ruin), and, second, if he survives with probability
one, maximizes his utility of consumption above the survival level:

wi = u; ((x1 — f7), x2)

" This formulation eliminates the “degeneracy” of the equilibrium with starvation,
in which an agent enjoys “minus infinity” utility, and, furthermore, prefers one
“minus infinity” level of utility to another “minus infinity”, see [10], p.434.

8 More generally, probability function is non-decreasing and right-continuous. We
use stronger assumptions to ensure uniqueness.
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(the survival level of the non-essential good y is zero), where w;(+) is strictly
concave, strictly increasing and twice continuously differentiable. We can for-
mally combine these two consecutive objectives of an agent into one objective

function: (1) f
v (x;), rg < fF
Ui (xhyi) - {@(f*) +u((xz — f*) 7yi)7 xT; > f*
We assume
u() = (= 7)™ g, (29)

x> %y >0, aq, 8 € (0,1), a; + B; < 1. The functional form of v(x;) in a
static model is irrelevant, as long as it is strictly increasing in x;. Let p be the
price of food in terms of non-food consumption good. The market equilibrium
in this economy is the set of consumption vectors {(z1, y1), (z2,¥y2)} and price
p such that

(i) given p, agent ¢ maximizes his objective function U; subject to his budget
constraint:

prityi <pfite
1= 1’27 (fhel) = (fao)a and (f2762) = (076)'

(ii) markets clear:

x1+ 22 = f,
Y1 +y2 =e.

Because of the asymmetric preferences and complete specialization the
non-food producer is more vulnerable to starvation ?. Consider different cases.
Case 1. Absolute scarcity.
Suppose, the harvest is so low that it cannot feed the food producer himself:
f < f*. The food producer consumes all his endowment and survives with
positive probability. There is no trade, and the non-food producer is ruined
with probability 1.
Case 2. Aggregate scarcity.
If the endowment of the food producer exceeds his minimum subsistence level,
he sells some of good z to the non-food producer in exchange for good y.
However, if the total amount of food is not enough to feed both agents, f* <
f < 2f*, the non-food producer starves and is ruined with positive probability.
Case 3. Aggregate availability.
Suppose now, that the total amount of food is enough to feed both agents,
f > 2f*. However, as the analysis below shows, this condition is necessary,
but not sufficient to allow the non-food producer to survive with probability
one in the equilibrium. Below we derive the necessary and sufficient condition
of survival of both agents with probability one. We show that this condition
does not involve endowment and preferences of the non-food producer.

9 We assume free disposal for good .
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Now we proceed to the formal analysis. Case 1 is irrelevant for our purpose,
because there is no trade in that case. In two other cases consumption of agent
1 (food producer) is

B
ay + By

(wrm) = (574 7= 1) (- 1))

oz—i—ﬂ

At price p the wealth, in terms of food, of agent 2 (non-food producer) is e/p.
If this wealth is below f*, he sells all his endowment in good y for good =,

and his consumption is then
e
(72,92) = <]—)70>

From the market clearance condition the equilibrium price is

« a1 t+p e
B -

(30)

Hence, agent 2 starves and is ruined with probability 1 — v (al e (f—f* ))

(notice, that this probability depends only on the endowment and preferences
of agent 1). This happens when e/p* < f* < f, or, using (30),

f*<f<f*< ﬁ1> (31)

Clearly, it can happen that the non-food producer starves even when the
amount of food is more than enough to feed both agents, i.e.,

2f* <f<f( gi)

This is an example of exchange entitlement failure.
If the wealth of agent 2 is above f*, he survives with probability one, and
his consumption is

_ * a2 E_ * ﬂQ _ *
(xz,yz)—<f +a2+ﬂz<p f)’a2+ﬂ2(e pf)>~

Equilibrium price in this case is

. _ a2/ (az+ B2) e
B/ (et Bu) p_ g (1 n 52(a1+ﬁ1))

1(az2+32)

Hence, the non-food producer survives with probability 1 when e > p* f*, or

using (32),
f>ﬁ< 2) (33)
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This is the necessary and sufficient condition for survival of both types. One
can see that, holding the aggregate amount of food fixed, agent 2 is more
likely to starve, the more agent 1 prefers his own good over the other good.
Neither non-food producer’s tastes nor his endowment affect his probability
of survival.

An important policy implication is that under condition (31) increase in
the endowment of the non-food producer will not improve his food purchasing
power. Hence, the famine remedy in this case can be (i) redistribution or
(ii) direct food support. An interesting question in this regard is whether
universal or targeted food support is more efficient. Dréze and Sen provide
an extensive discussion of this issue in [12], Chapter 7. In the context of
this model, the universal support means giving equal amount of food to both
agents, and targeted support means giving the total amount of food aid to
the most vulnerable agent, i.e. to the non-food producer. If the objective
of the relief agency is to maximize the probability of survival of all agents,
then in situation (31), because type 1 survives with probability 1 given his
endowment, the relief agency can do either of the following:

(a) Give food to type 2 only. Type 2 will survive with probability 1 if the

* ﬁl *Y
TEr A
(b) Give equal amounts of food to both types. If each type receives 1/2fp,
such that 1/2f, < f*, then type 2 will survive with probability 1 if the

value (in terms of food) of his endowment is at least f* — 1/2f,. Simple
. f )
calculations render f, = 2 ( e — .
f=2\I" " sxam
It is straightforward to show that f, < f3, i.e. targeted support is more
efficient than universal support (requires less resources, holding cost of dis-
tribution equal), if and only if f* < f < f*(1+ «@1/261). In other words,
the model suggests that at relatively high aggregate amount of food in the
economy the food aid from outside should be distributed equally among food-
and non-food producers. At relatively low aggregate amount of food in the
economy the food aid from outside should be directed to the non-food pro-
ducers.

amount of food aid is, at least, f, = f

5 Concluding Remarks

Joan Robinson ([30], p.189) wrote that “the hidden hand will always do its
work, but it may work by strangulation.” It has of course been an achievement
of high order to spell out the conditions under which the price system can play
an effective role in coordinating decentralized decisions in order to generate a
Pareto efficient allocation of resources. From all indications it appears, sadly
enough, that the strangulation by the invisible hand will haunt millions, es-
pecially in the century of globalization. General equilibrium analysis is very
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much relevant in understanding the full implications of economic policy to
improve the probability of survival. But help will not come from models in
which uncertainty has no essential role to play or in which the consumers have
the luxury of “choosing their life spans” explicitly or implicitly. Much remains
to be done in developing models that can throw light on the survival issues.
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Summary. It is understood that rational expectations equilibria may not be in-
centive compatible: agents with private information may be able to affect prices
through the information conveyed by their market behavior. We present a simple
general equilibrium model to illustrate the connection between the notion of infor-
mational size presented in McLean and Postlewaite (2002) and the incentive proper-
ties of market equilibria. Specifically, we show that fully revealing market equilibria
are not incentive compatible for an economy with few privately informed producers
because of the producers’ informational size, but that replicating the economy de-
creases agents’ informational size. For sufficiently large economies, there exists an
incentive compatible fully revealing market equilibrium.

1 Introduction

In many markets of interest, agents are asymmetrically informed. Sellers of
stock or automobiles often possess information that potential buyers do not
have. In the presence of informational asymmetries, prices may reveal infor-
mation to some agents. A particularly low price for shares in a company may
signal to an uninformed agent that better informed agents are not buying
the stock, or may be selling the stock. The notion of rational expectations
equilibrium is one generally accepted extension of Walrasian equilibrium to
economies with asymmetrically informed agents. As in the case of symmetric
information, agents are assumed to maximize expected utility in a rational
expectations equilibrium. In the rational expectations model, however, agents
maximize expected utility not with respect to an exogenously given probabil-
ity distribution. Instead, agents maximize expected utility with respect to an
updated probability distribution that combines their initial information with
the additional information conveyed by the prices.

* Postlewaite gratefully acknowledges support from the National Science Founda-
tion. We want to thank David Easley for helpful conversations.
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Informational asymmetries can have serious consequences for the perfor-
mance of an economy. While Walrasian equilibria are Pareto efficient under
quite general conditions when agents are symmetrically informed, market out-
comes in the simplest of economies can be ineflicient when the agents are
asymmetrically informed, as shown clearly in Akerlof’s Lemon’s paper (Ak-
erlof (1970)). In at least one case, however, asymmetric information does not
result in inefficiency. This is the case in which the rational expectations equi-
librium is fully revealing, that is, when the price reflects all of the agents’
information. If the price conveys all the information that agents have, then
each agent’s decision problem is equivalent to the problem that would be
solved if all the information were publicly available. In this case, the welfare
theorems assure that efficient outcomes are obtained.

Fully revealing rational expectations equilibria are ex-post efficient, but
open the question of the reasonableness of the price-taking assumption. As
in the case of Walrasian analysis of symmetric information economies, ra-
tional expectations equilibria assume that agents ignore the effect of their
market behavior on prices. In economies with symmetrically informed agents,
this assumption is sometimes justified by a heuristic argument that in large
economies agents will not be able to affect the price. There is also a formal
foundation for this argument that relies on the explicit modeling of agents’
strategic possibilities in a general equilibrium setting and provides conditions
under which the Nash equilibria of the strategic market game are approxi-
mately Walrasian.* Roughly, it can be shown that, in plausible strategic mar-
ket games, agents will have little effect on the price of a good when they control
a small portion of the good. This provides some justification that price-taking
behavior is a plausible assumption for agents in large economies.

The situation with asymmetric information is more complicated since
agents can affect the price not only through the quantity of a good that they
trade, but also through the information their trades reveal. This second chan-
nel through which agents can affect prices means that it is not enough that
the quantity of a good that an agent controls is small relative to the aggregate
quantity of that good. An agent with a small amount of a particular good may
affect the price of that good because of the information he possesses. It is well
understood that there may be a conflict between the information contained
in rational expectations equilibrium prices and an agent’s incentive to reveal,
directly or indirectly, his information.?

This conflict should not in itself be surprising, since the incentive not to
take prices as given exists even when agents are symmetrically informed. The
most that one would hope for is that the effect of an agent’s behavior on prices,
via the information that his market behavior reveals, will be negligible in large
economies. Palfrey and Srivastava (1986) considered a stochastic replication

4 See, e.g., Mas Colell, Dubey and Shubik (1980) or Postlewaite and Schmeidler
(1978, 1981).
5 See, e.g., Blume and Easley (1983).
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procedure for an economy in which the incentive compatibility problems asso-
ciated with rational expectations equilibria asymptotically vanish. However,
their stochastic replication procedure has the property that, with probability
one, each agent’s private information is duplicated as the number of agents
increases. In a large economy, a single agent’s information is redundant in the
presence of the information of all other agents.

We are interested in situations in which a single agent’s information is
not redundant. The prototypical large economy that we envision is one in
which preferences and technology depend on the state of the world, which
is not directly known. Each agent has some information (a signal) regarding
the relative likelihoods of states. When agents’ signals are conditionally inde-
pendent (given the true state), the signal of a single agent can still provide
additional information about the true state, even in the presence of many
agents. However, the incremental value of that signal vanishes as the num-
ber of agents becomes large. In this world, agents become “informationally
small” as economies grows, but they never become “informationally irrele-
vant.” There is a large literature analyzing competitive models that ignores
the asymmetric information that must surely be present in any real-world
problem. The usefulness of analyses that ignore such asymmetric information
hinges on the belief that the incentive problems brought on by asymmetrically
informed agents become negligible in large economies.

We present and analyze a simple general equilibrium example with asym-
metrically informed agents similar to that described above. In the example,
asymmetrically informed agents make production decisions based on their pri-
vate information. Markets then open in which the produced goods are traded.
When the number of producers is small, the fully revealing market equilibria
are not incentive compatible; an agent’s market behavior can reveal private in-
formation, and the revealed information can affect prices in ways detrimental
to that agent. Consequently, when agents take into account the informational
impact of their market behavior, the outcome may be different from the com-
petitive outcome. However, when the economy is replicated in a natural way,
agents become informationally small, where the notion of informational size
is essentially that introduced in McLean and Postlewaite (2002). As a conse-
quence of their asymptotically vanishing informational size, agents will have
no incentive to manipulate prices in large economies.

We discuss within the example several of the issues that arise in modelling
general equilibrium economies with asymmetric information, including the
completeness of markets and multiple equilibria.

2 Example

The economy. There are two states of nature that are equally likely, #; and
f> and two periods. There are two kinds of agents, producers and consumers,
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and three commodities: type 1 widgets, type 2 widgets, and money (denoted
m).

Producers. There are i producers, each of whom can make exactly one
widget using his own labor and chooses which type to produce in the first pe-
riod. The producers’ choice of widgets is simultaneous. Producers have iden-
tical state independent payoff functions defined simply as their final holdings
of money. That is, they value neither widgets nor their own labor input.

Consumers. Each consumer is endowed with 20 units of money but no
widgets. Consumers have the same utility function wu(-) that depends on the
state, the number z; of type 1 widgets consumed, the number zo of type 2
widgets consumed and the final holding of money as given in the table below:

u(zy, x2,m,01) = m+ 25x4

u(xy, e, m,02) = m + 10xs

Note that, in state 6;,only type i widgets yield positive utility.

Information. Prior to production, each producer receives a noisy signal
of the state. The conditional distributions of the signal a producer receives in
each state are given in the table below:

state 01 02
signal
S1 .8 .2
S9 2.8

Producers’ signals are conditionally independent.

Markets. There are no markets open in the first period. In the second pe-
riod competitive markets open in which the widgets that have been produced
can be exchanged for money. Since producers incur no opportunity cost in
making widgets, each of the i producers makes a widget. We denote by n the
number of widgets of type 1 produced in period 1 (hence, there are . —n type
2 widgets produced). If producers choose to make different types of widgets
when they have observed s; than they make when they have observed so,
the mix of widgets on the market in period 2 will convey information about
the state 6. If consumers rationally take this information into account, the
competitive price in period 2 will depend on the mix of widgets offered for
exchange.

A strategy for a producer is a mapping o : {s1,s2} — {1,2} specifying
which type of widget to produce as a function of the observed signal. We
consider symmetric equilibria in which all producers employ the same (pure)
strategy. If o(s1) = o(s2), then no information will be conveyed by the mix
of widgets on the market. However, if o(s1) # o(s2), the number of widgets
of type 1 will reveal the number of producers who received each of the two
signals.
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Consumers form expectations given the (common) strategy of the produc-
ers and the number of widgets of each type that are offered on the market in
the second period. When o (s1) # o(s2), Bayes rule uniquely determines the
posterior distribution on ©, but if o(s1) = o(s2) there are producer choices
lying off the equilibrium path where one or more producers produce the wid-
get which was not the strategic choice for either of the signals. We denote by
p(-n) = (u(01|n), p(f2|n)), a consumer’s beliefs when he observes n widgets
of type 1 on the market. We assume that p(61|n) is the Bayesian posterior
probability on #; when the number of widgets of type 1, n, is consistent with
producers’ (common) strategy o, and unrestricted otherwise.® No restriction
is placed on consumers’ beliefs when n is not consistent with o.

Let J; = {1,..,a}. A price is a function J7 — R2 where p(n) = (p, p%)
is the pair of prices for widgets 1 and 2 respectively when n widgets of type 1
are produced in period 1. (The price of m is normalized to 1.) Given a price
function p(-) , consumers maximize expected utility (with respect to their
beliefs p(:|n)). A market equilibrium is a price p(-) and optimizing behavioral
rules for producers and consumers for which markets clear.”

Definition: Given beliefs, n — u(:|n), a market equilibrium (ME) is a price
function p(-) and a common producer strategy o(-), for which
i. The symmetric strategy profile (o(-),...,o(+)) is a Bayes equilibrium and
ii. For each n, consumer demand for widgets at price p(n) is equal to
number the of widgets produced.

When consumers’ have large initial endowments of money, they will want
to purchase a large number of widgets of a given type if the expected utility
of that type of widget is greater than the price. Similarly, they will purchase
none if the expected utility is below the price. Consequently, the only possible
market clearing prices for sufficiently large m are those for which the market
price of each widget is equal to the expected value of that widget. The expected
value of widget 1 when there are n widget 1’s on the market is (given producer
strategy o) 25u(61|n), which then must be the price of widget 1 when n widget
1’s are offered on the market. Analogously, the expected value and the price
of widget 2 when n widget 1’s are offered is 10p(02|n).

We are interested in the existence (or nonexistence) of a fully revealing
market equilibrium (FRME), that is a market equilibrium for which the equi-
librium price reveals the private information that agents (producers) have.
When o(s1) # 02(s2), the price reflects the number of widgets of type 1 on
the market, which is the same as the number of producers who have observed

5 Tt will be consistent with o if either (i) o(s1) # o(s2); or (ii) o(s1) = o(s2) = 1
and n = 7; or (iii) o(s1) = o(s2) =2 and n = 0.

" We use the term market equilibrium rather than rational expectations equilibrium
because producers’ choices may not maximize expected profit at the given prices
since their decisions must be taken prior to time at which the market opens. We
discuss this further in the last section.
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signal s;. Hence, a ME is fully revealing if the common producer strategy is
separating. We will show that fully revealing ME cannot exist when the num-
ber of producers is too small, but they will exist if the number of producers
is sufficiently large.

The case of a single producer

In the presence of a single producer, the problem reduces to the existence
of a separating equilibrium in a simple sender-receiver game. In a separating
equilibrium, the producer chooses one type of widget when he observes signal
s1 and the other type when he observes signal so.

Suppose that o(s1) = 1 and o(s2) = 2. Note first that, given this strategy,
the consumers’ beliefs are p(61]1) = .8 if he sees widget 1 and p(01]0) = .2 if he
sees widget 2. The equilibrium prices must therefore be p} = 25u(61|1) = 20,
py = 10p(62]1) = 2 and p9 = 25u(61]0) = 5, p§ = 10u(62]0) = 8. We claim
that this proposed strategy is not an equilibrium. To see this, suppose the
producer receives signal ss. If the producer produces widget 2, his payoff will
be pJ = 8, while his payoff from deviating and producing widget 1 is pj = 20.
Thus, there cannot be a separating equilibrium in which the producer chooses
widget 2 when he receives signal ss.

The same type of argument demonstrates that there cannot be a sepa-
rating equilibrium in which the producer chooses widget 2 when he receives
signal 1. Thus there cannot be a fully revealing equilibrium when there is a
single producer. We note that welfare is maximized when the producer chooses
widget 1 after receiving signal 1 and widget 2 after signal 2.

The case of two producers

Suppose there are two producers. We will show that as in the case of
a single producer, there can be no separating equilibrium. Let o(-) be the
common strategy and suppose that o(s1) # o(s2). In particular, suppose that
o(s1) = 1 and o(s2) = 2. Finally, suppose that producer 1 receives signal
so. If both producers are following this strategy the consumers’ beliefs about
state 1 following 0, 1 or 2 widget 1’s being offered on the market are given in
the table below.

Widget Production Consumers’ beliefs Expected value Expected value
of widget 1 of widget 2

2 widget 1’s w(601)2) = .94 23.5 5
1 widget 1 w(1]1) =5 12.5 5
0 widget 1’s w(61]0) = .06 1.5 9.4

As before, the market clearing price of widgets must be the expected value
of the widget. If a producer chooses to produce a type 2 widget, then the most
that he will get for this widget is 9.4. If he produces a type 1 widget, then his
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payoff is at least 12.5. Consequently it cannot be an equilibrium for producers
to produce widget 1 following signal 1 and widget 2 following signal 2.

As in the case of a single producer, the calculations for the strategy which
prescribes producing widget 1 following signal 2 and widget 2 following signal
1 are the same as in case 1. Consequently, this producer strategy will not be
an equilibrium either.

In summary, when there are 2 producers there is no symmetric separating
equilibrium. It is easy to see why: a consumer values widget 1 more highly in
state #; than he values widget 2 in 65. Producer 1 affects consumers’ beliefs
through his choice of widget. If consumers expect producers to choose widget 2
after seeing widget 2, a producer’s payoff will be higher if he instead produces
widget 1.

The case of many producers

When there are many producers, there will exist separating equilibria in
which each producer chooses widget i after receiving signal s;, i = 1,2.8
Suppose producers receive conditionally independent, noisy signals of the state
that are accurate with probability .8 (that is, P(s;|0;) = .8). If  is large and
if all producers follow the separating strategy proposed above, then, with
high probability, approximately 80% of the widgets offered for sale will be
of type 1 when the state is 6; (so that n ~ .8m) and approximately 80%
of the widgets offered for sale will be of type 2 when the state is 6 (so
that n =~ .27 ). This observation is simply an application of the law of large
numbers. If 7 is large and if approximately 80% of the widgets are of type
1 (ie., if n = .8m ), a simple calculation verifies that the consumers’ beliefs
will ascribe probability close to 1 to state ;1 (i.e., (u(01|n), u(f2]n)) =~ (1,0)).
If m is large and if approximately 80% of the widgets are of type 2 (i.e.,
if n &= .2n ), the same calculation verifies that the consumers’ beliefs will
ascribe probability close to 1 to state 82 (i.e., (u(61]|n), u(62|n)) = (0,1)). If the
true but unobserved state is 67, then, with high probability, the price vector
(p7,p%) =~ (pf7,ps™) ~ (25,0) and if the true but unobserved state is 6y,
then, with high probability, the price vector (p,p2) ~ (p:27, p2™) ~ (0, 10).
When 7 is large, the production decision of a single producer has only a small
effect on the ratio . If @ is large, it follows that, with probability close to 1,
any single producer who changes production from one type of widget to the
other will have only a small effect on consumers’ beliefs, and hence on the
prices of the widgets.

Suppose that 7 is large and that producers are employimg the separating
strategy. Consider a producer who receives signal s;. He believes that the
price of a type 1 widget will be close to 25 with probability P(61|s1) = .8
and close to 0 with probability P(62|s1) = .2, yielding an expected price of 20

8 In addition, there will exist equilibria which are pooling, and hence, are not fully
revealing. This is discussed in the last section.
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for type 1 widgets. On the other hand, he believes that the price of a type 2
widget will be close to 0 with probability P(6;|s;) = .8 and close to 10 with
probability P(6z2|s1) = .2, yielding an expected price of 2 for type 2 widgets.
Consequently, a producer who observes signal s; will produce a type 1 widget.

A similar calculation will be made by a producer who receives signal s5. He
believes that the price of a type 1 widget will be close to 25 with probability
P(61]s2) = .2 and close to 0 with probability P(fz]s1) = .8, yielding an
expected price of 5 for type 1 widgets. On the other hand, he believes that
the price of a type 2 widget will be close to 0 with probability P(61]s2) = .2
and close to 10 with probability P(62|s2) = .8, yielding an expected price of
8 for type 2 widgets. Consequently, a producer who observes signal so will
produce a type 2 widget..

In summary, there will exist a fully revealing market equilibrium when
the number of agents is sufficiently large. It will be an equilibrium for each
producer to produce the widget that maximizes expected value given his own
information alone if other producers are doing the same. Any deviation from
this will have a vanishingly small effect on price as the number of producers
becomes large, making such deviations unprofitable.

3 Modelling the Consumer

The concept, market equilibrium, models producers as strategic, specifying
precisely what actions are available to them, but does not do the same for
consumers. In this section, we model the second stage game as a Shapley-
Shubik market game (Shubik (1973), Shapley (1974)), in which producers put
goods and consumers put money on widget-1 and widget-2 trading posts,
with the prices determined to clear the markets. We will consider limits, as
the number of consumers approaches infinity, of symmetric perfect Bayesian
equilibria in which all producers offer their widgets for sale. These equilibria
will define beliefs, producer strategies, and prices that constitute a market
equilibrium. We view this section as justifying the simpler model of section 2.

Wherever possible, we maintain the notation of section 2. The timing of
the game is now as follows. At stage 1, producers observe their signal, either s;
or so, and decide which widget to produce. We restrict attention to equilibria
in which all producers adopt the same production strategy, o, and supply
their widget to the appropriate trading post. At stage 2, consumers observe
the number of widgets of each type that were produced, where n denotes the
number of type 1 widgets and 7 — n is the number of type 2 widgets. After
observing n, consumers decide how much money to bid for type 1 widgets and
type 2 widgets, at their respective trading posts.

Let h be the number of consumers, and let j index a particular consumer.
For j = 1,..., h, let b](n) denote the amount of money that consumer j bids on
the widget-1 trading post when the number of type-1 widgets produced is n,
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and let b;(n) denote the amount of money that consumer j bids on the widget-
2 trading post when the number of type-1 widgets produced is n. A strategy
for consumer j is a mapping, ¢’ : Jz — R2, such that bj(n) + bj(n) < 20
holds for all n.

The market clears according to the following allocation rule.

2 () — nbjl(n
1( ) Z;L,: bjll(n)v (1)
2l (n) = (ﬁ—n)bé(n) and 2
S Wy )
m? (n) = 20 — b(n) — bh(n),

where 27 (n) denotes consumer j’s purchases of widget 1 when the number of
type-1 widgets produced is n, z (n) denotes consumer j’s purchases of widget
2 when the number of type-1 widgets produced is n, and m’(n) denotes con-
sumer j’s money consumption when the number of type-1 widgets produced
is n. The money received by a firm selling a particular widget is the price of

that widget. These prices are given by

h i’
2= b1 ()

Pl = - and
W S b (n)
P2 = m Ty

The allocation rule guarantees that all trade on a market takes place at
the same price, which is the total amount of money bid divided by the total
amount of widgets supplied. From (3.1) and (3.2), we see that the percentage
of the widgets up for sale that consumer j purchases is equal to the percentage
of the money that consumer j bids. If numerator and denominator are both
zero in (3.1) or (3.2), then consumers do not receive any widgets. Therefore,
we adopt the convention that 3 =0 in (3.1) and (3.2). However, prices are a
different story. If, say, there are no type-1 widgets produced and no money is
bid for type-1 widgets, then the price of type-1 widgets is indeterminate. The
resolution of this indeterminacy is irrelevant for the characterization of perfect
Bayesian equilibrium, but could affect the comparison to market equilibrium.
We will comment on this later.

We restrict attention to symmetric perfect Bayesian equilibria, in which all
widgets produced are supplied to the market. To find an equilibrium, we find
consumer j’s best response to the common strategy played by all other con-
sumers, (b1(n),ba(n)), after n type-1 widgets are produced. We then impose
the condition that consumer j’s best response is in fact (b1(n),b2(n)). Given
beliefs, p, the optimization problem for consumer j is to choose (b](n), b3(n))
to solve
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25nb7 (n)
bl(n) + (h = 1)bi(n)
10(7 — n)b(n)
bh(n) + (h = 1)ba(n)

max[20 — b} (n) — b (n)] + p(61 | n)

+p(2 | n)

Computing the first order conditions, imposing (b (n), b%(n)) = (by(n), ba(n)),
and simplifying, we have

(61 | m)25n(h — 1)
h2
(82 | )10(7 — n)(h — 1)
h2

b1 (n)

b2 (’I’L) = .
Notice that the above equilibrium bids are uniquely determined, as long as
we impose symmetry. Plugging the above bids into the formula for prices, we
have
" h—1
pi = (" )250(61 | m) and (3)
n h—1
P = (" 10002 | ). (1)
The prices in (3.3) and (3.4) are uniquely determined from the ratio of
bids and offers, except for p} when n = 0 holds, and py when n = 7 holds. In
these cases, bids and offers are zero, but either n or (@ — n) appear in both
the numerator and denominator, and cancel each other. Thus, we will define
the prices associated with a symmetric PBE by (3.3) and (3.4).%

Proposition. Consider a sequence (a", 9", u);, where (", 4", u") is a sym-

metric PBE for the game with h consumers and consider the associated se-
. n,h _n,h h' ' h .

quence of prices, (py"",py" Yn. If (o™ ™ , 1" ) is a convergent subsequence,

then (limhfﬁoo(p?’h ,pg’h ), limp 00 ah/) is a market equilibrium for beliefs

limy oo ,uh .

Proof. From the definition of PBE, and because there are only four possible
producer strategies, o, there exists h, @, and 7 such that i’ > h implies:

(1) o" =7, and

(2) p(0; | n) = @61 | n) and p (62 | n) = 7@(f2 | n) for all n occurring
with positive probability, given . Thus, & is consistent with &, according to
the criterion required for a PBE. This also implies that 7 is consistent with
7, according to the criterion required for a market equilibrium.

 The prices given by (3.3) and (3.4), for the case of markets with zero supply and
demand, would arise if we placed ¢ offers of widgets on each market, and let &
approach zero. See the discussion of virtual prices in, say, Dubey and Shubik
(1978).
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>TFrom (3.3) and (3.4), we see that, for i’ > h, the incentives for producers
to deviate are exactly the same in the PBE as they are in a market equilibrium.
Sequential rationality of @ in the PBE implies {G} satisfies part (i) of the
definition of a market equilibrium, given beliefs 7z. The limiting price function,
p(n) = (257(01 | n), 1072(02 | n)), satisfies part (ii) of the definition of a market
equilibrium. O

4 Discussion
Incomplete markets

In the example, market equilibrium cannot be fully revealing when the
number of producers is small, but is fully revealing when the number of pro-
ducers is sufficiently large. Because producers are informationally small in
large economies, they cannot gain by attempting to manipulate prices. How-
ever, even for large economies, a fully revealing market equilibrium is not
a rational expectations equilibrium. In a rational expectations equilibrium,
producers can observe the prices of widget-1 and widget-2, infer the state of
nature, and produce the widget corresponding to the correct state. In the
example, the market equilibrium is fully revealing, but only after output has
been produced. A producer will produce the wrong widget with probability .2,
so a market equilibrium is not ex post efficient. Also, if we were to change the
parameter for observing the correct signal from .8 to .6, then there is no fully
revealing market equilibrium. Producers are informationally small, so there is
no incentive to manipulate market prices, but producers receiving signal s
are better off gambling that their signal is wrong and producing widget 1.

Markets are incomplete in the example: there is no forward market in which
producers can sell their planned output before producing it. As mentioned in
the introduction, the structure of markets is crucial for the example. Suppose
instead that the only market available operated in the first period, in which
producers could offer widgets of either type for delivery in the second period.
Whatever prices prevail in this forward market, all producers will wish to sell
the same widget — the widget with the higher price. Thus, it is impossible that
producers with different signals will behave differently. But when all producers
behave identically regardless of their information, the price cannot reflect their
information.!® On the other hand, suppose that a securities market operated
in the first period, on which producers could trade money, contingent on

whether the number of widgets produced was greater than, or less than, %
Now production could depend on the prices of securities, so that full revelation

would lead to efficient production decisions. In future work, we will explore

10 This is similar to the phenomenon in Grossman and Stiglitz (1980).
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the conjecture that, in this more complete market structure, fully revealing
market equilibria exist, and correspond to rational expectations equilibria.

One might imagine a non-tatonement process that reveals producers’ infor-
mation (for example, a bargaining process between buyers and sellers), with
trade taking place only after revelation has taken place. Assuming such an
unmodelled process is unsatisfactory, however. The point of the present exer-
cise is to understand when agents’ private information will be revealed when
those agents are behaving strategically with respect to the revelation. Any
interesting analysis addressing this issue must model the process by which
agents’ information is reflected in prices. In other words, it is necessary to
specify exactly what actions agents can take and the mapping of their actions
into prices and outcomes.!!

Specifying that producers choose which widgets to produce, with prices
and outcomes arising from competitive behavior subsequent to the choices,
provides a precise and plausible mechanism by which informed agents’ infor-
mation is incorporated into prices. One can, of course, think of alternative
mechanisms that link agents’ actions and resulting outcomes, but the intu-
ition in the example is quite general. Whatever the mechanism linking actions
and prices, if strategic behavior is modelled by Bayes equilibria, the revela-
tion principle applies. An agent’s incentive to misreport his information will
be limited by the degree to which his report affects the expected price. Said
differently, those agents whose information is likely to have a trivial effect on
price have little to gain from misreporting that information. For many nat-
ural mechanisms, when the gains from altering behavior to affect the price are
small, equilibrium actions will be close to actions that are optimal ignoring
the effect on price.

Multiple equilibria

We have demonstrated the existence of a fully revealing incentive compat-
ible ME when the number of producers was sufficiently large. This does not
mean that all incentive compatible ME’s are fully revealing. The nonrevealing
ME in which sellers produce widget 1 regardless of their signal, at a price of
(12.5,10) remains an incentive compatible ME. This will be a perfect Bayes
equilibrium if consumers’ beliefs following the disequilibrium choice of widget
2 by a producer were that that producer had seen signal s; with probability
.5. Even if consumers beliefs were such that they believed that a producer
who made this disequilibrium choice had seen signal so, this would have a
negligible effect on the subsequent price when there are many producers. As
a result, the return to a producer who chose to produce widget 2 would be
lower than producing widget 1.

Our point is not that a large number of agents necessarily leads to infor-
mation revelation but only that a large number (and the consequent infor-

1 See Dubey, Geanakoplos and Shubik (1987) for an early argument along these
lines and the general treatment of the question in Jackson and Peck (1999).
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mational smallness) makes the return to manipulation of prices through the
information revealed vanish asymptotically.

Interim vs. ex post incentive compatibility

The revealing ME is incentive compatible because at the time the seller
makes his decision about which widget to produce, a change will have a small
effect on the price with high probability. This is because the law of large num-
bers implies that for “most” realizations of the sellers’ signals, the posterior
on O given the signals puts probability close to 1 on the true state, and any
single deviation in the sellers’ choice of widgets will have a small effect on the
posterior. For some realizations, however, a single seller’s change in the widget
produced can have a nonnegligible effect on the posterior. Suppose that there
are 1001 sellers, and the vector of signals s is such that 500 sellers receive s1
and 501 sellers receive s3. P(61|s) = .4 in this case. Consider, however, the
vector of signals s’ in which one s, is changed to an s1; P(61]s’) = .6. In
other words, a single seller’s change in the choice of the widget to produce
causes a nontrivial change in the posterior distribution on ©, given the change
in inference resulting from the production change. The nontrivial change, of
course, translates into a nontrivial change in the market price.

Regardless of the number of replicas, a single seller’s actions will have a
nontrivial effect on market prices for some realizations of the other agents’
signals. However, when the number of sellers is large, the probability that the
other sellers’ signals are such that any given seller will have a nontrivial effect
on the price is small. Since the potential gains from any change in price are
bounded, the expected price change resulting from a change in production will
be small when there are many sellers.

The presence of many other sellers makes a given seller informationally
small. Given the other sellers’ information, the given seller’s signal provides
little additional information, and the posterior distribution on © is not likely
to be very sensitive to his information, and hence not likely to be sensitive to
his market behavior.
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Summary. Following the seminal works of Schmeidler (1989), Gilboa and Schmei-
dler (1989), roughly put, an agent’s subjective beliefs are said to be ambiguous if the
beliefs may not be represented by a unique probability distribution, in the standard
Bayesian fashion, but instead by a set of probabilities. An ambiguity averse decision
maker evaluates an act by the minimum expected value that may be associated with
it.

In spite of wide and long-standing support among economists for indexation of
loan contracts there has been relatively little use of indexation, except in situations
of extremely high inflation. The object of this paper is to provide a (theoretical)
explanation for this puzzling phenomenon based on the hypothesis that economic
agents are ambiguity averse. The present paper considers a general equilibrium model
based on (Magill and Quinzii, 1997), with ambiguity averse agents, where both
nominal and indexed bond contracts are available for trade and all relevant prices
are determined endogenously. We obtain conditions which prompt an endogenous
cessation of trade in indexed bonds: i.e., conditions under which there is no trade in
indexed bonds in any equilibrium; only nominal bonds are traded. We argue that the
obtained conditions mirror the known stylized facts about trade in indexed financial
contracts.

1 Introduction

In spite of wide and long-standing support among economists for indexation
of loan contracts there has been relatively little use of indexation, except
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in situations of extremely high inflation. Indeed, except in cases where in-
flationary circumstances forced them to do so, few governments, and fewer
private borrowers, have issued indexed bonds. People seem to have a prefer-
ence for specifying their obligations and opportunities in nominal units. As
(Shiller, 1997) remarks:

That the public should generally want to denominate contracts in
currency units—despite all the evidence that it is not wise to do so and
despite the obvious examples from nominal contracts of redistributions
caused by unexpected inflation—should be regarded as one of the great
economic puzzles of all time.

The object of this paper is to provide a (theoretical) explanation for this
puzzling phenomenon based on the hypothesis that economic agents are am-
biguity averse. The analysis throws up testable hypotheses and insights on
policy that are distinctive, compared to what a more standard analysis based
on the assumption that decision makers are (subjective) expected utility max-
imizers would suggest.

Suppose an agent’s subjective knowledge about the likelihood of contin-
gent events is consistent with more than one probability distribution. And
further that, what the agent knows does not inform him of a (second order)
probability distribution over the set of ‘possible’ (first order) probabilities.
Roughly put, we say then that the agent’s beliefs about contingent events
are characterized by ambiguity. If ambiguous, the agent’s beliefs are captured
not by a unique probability distribution in the standard Bayesian fashion but
instead by a set of probabilities. Thus not only is the outcome of an act un-
certain but also the expected payoff of the action, since the payoff may be
measured with respect to more than one probability. An ambiguity averse
decision maker evaluates an act by the minimum expected value that may be
associated with it: the decision rule is to compute all possible expected values
for each action and then choose the act which has the best minimum expected
outcome. This notion of ambiguity aversion, an intuition about behavior un-
der subjective uncertainly famously noted in (Ellsberg, 1961) and earlier by
(Knight, 1921), inspires the formal model of Choquet expected utility (CEU)
preferences introduced in (Schmeidler, 1989). The present paper considers a
competitive general equilibrium model of goods, bonds and money markets
populated by agents with CEU preferences®, where both nominal and indexed
bonds are available for trade and prices of all goods and bonds are determined

3Recent literature has debated the merits of the CEU framework as a model of
ambiguity aversion. For instance, (Epstein, 1999) contends that CEU preferences
associated with convez capacities (see section 2, below) do not always conform with
a “natural” notion of ambiguity averse behavior. On the other hand, (Ghirardato
and Marinacci, 2002) argue that ambiguity aversion is demonstrated in the CEU
model by a broad class of capacities which includes convex capacities.
Further on it will be seen that a property of portfolio inertia typical to the be-
havior of CEU agents is what crucially underpins the whole argument in the paper.
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endogenously. We obtain conditions which prompt an endogenous cessation
of trade in indexed bonds among private agents: i.e., conditions under which
there is no trade in indexed bonds in any equilibrium and only nominal bonds
are traded. It is worth clarifying, at this point, that while we “explain” the
veritable absence of indexed debt by showing that no trade in indexed bonds
is the unique equilibrium outcome under certain conditions, the analysis does
not imply that this is an efficient outcome. Indeed, as will be evident from the
analysis, making appropriate changes to the way price indices are constructed
would lead, if the theory presented in this paper is empirically valid, to more
widespread indexation of debt and an accompanying Pareto improvement.

An important point of inspiration for the analysis was to note that indexing
does not eliminate all (price) risk—rather it substitutes one risk for another—
an observation, we believe, originally due to (Magill and Quinzii, 1997). An
indexed bond, whose payoffs by definition are denoted in units of a reference
bundle of goods and services, will be secure against the aggregate price level
risk arising from changes in the money supply—the monetary risk, but un-
avoidably picks up the real risks arising from fluctuations in the relative prices
of the goods in the reference bundle. A nominal contract on the other hand
implies susceptibility to monetary risk but less so to real risk. The basic intu-
ition is straightforward. Being paid in terms of an index essentially amounts
to being paid units of the reference bundle of goods. Typically, the reference
bundle contains items that are not part of a given individual’s consumption
basket. Hence, effectively the individual is left to exchange goods in the refer-
ence bundle not in his consumption basket with goods he actually consumes.
Thus, a change in the price of goods not in his basket will affect the “worth”
of his remuneration in terms of the goods he does consume. Since the presence
of both types of risk is typical, standard portfolio analysis will advise that the
optimal portfolio should contain both nominal and indexed contracts (or to
put it somewhat differently, partial indexation). Given this one would expect,
and a result in this paper confirms, trade in indexed bonds will always be
observed in a market consisting of SEU (subjective expected utility) agents
so long as there were some inflation, however small. Under ambiguity aversion
the market outcome, though, may be dramatically different.

More specifically suppose, with respect to any two agents wishing to trade
in indexed bonds, the following is true:

1. the indexation bundle contains at least one good which is not consumed
by either of the agents;

2. the agents’ beliefs about the change in the price of good(s) not consumed
by either of them, relative to the average price level, is ambiguous;

3. agents are ambiguity averse.

Mukerji and Tallon (2003a) shows that this inertia property may be derived from
the primitive notion of ambiguity presented in Epstein and Zhang (2001) without
relying on a parametric preference model such as the CEU.
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The main result of the paper shows that, if agents believe general inflation
will not exceed a given bound and if ambiguity of beliefs about the relative
price movements is sufficiently high, then agents will have zero holdings of the
indexed bond in any equilibrium.

The result appears to fit well with what is commonly observed, both, in
terms of the plausibility of the hypotheses it rests on and in terms of its con-
sistency with regularities widely associated with trade in indexed debt. First,
consider the plausibility of the assumptions. Even at the best of times and
even in the most developed nations, information (say, formal forecasts) about
relative price movements are very hard to come by. Pick any two agents in
the economys; it is inevitable that the consumer price index will include goods
and services that are not part of the consumption basket of either agent. For
instance, it will inevitably include housing in regions that the agents have no
interest in. It is a plausible assumption that agents will have, at best, very
sparse informal knowledge about possible (relative) price movements of goods
and services that they never consume. Thus, if agents are typically ambigu-
ity averse when confronted with vague information, as much experimental
evidence suggests (see (Camerer, 1995)), then it would seem compelling (a
priori) to argue that they would behave in an ambiguity averse manner when
acting on beliefs about relative price movements of goods that never figure in
their consumption plans?.

Next, consider some “stylized facts” about trade in indexed debt. As has
been already mentioned, barring certain exceptions trade in indexed bonds,
especially private bonds, is negligible. The exceptions are, one, situations of
extremely high and variable inflation, and two, situations (like in U.K., Israel)
where even though inflation is currently moderate, many wage payments are
statutorily index linked. A second exception occurs in economies which have
tamed inflation in the recent past but have experienced bouts of high inflation
in the more distant past (many S. American countries and also, Israel). It will
be explained that the logic of the main result does not only imply that trade
in indexed debt will be observed during episodes of relatively high inflation;
such an episode actually serves to ensure that trade in indexed debt would
endure for many periods beyond the original trigger even if agents do not
expect further bouts of high inflation. It is also observed that individuals in
countries with high and variable inflation commonly denominate their debt
(or even transactions like rental contracts for housing, as in Israel) in U.S.
Dollars even though they may rarely choose to tie payments to an index like
the CPI. This practice, at the least, demonstrates that agents understand
the vulnerability of nominal contracts denominated in terms of the (relatively

4Tt is interesting to note in this context, as reported in (Shiller, 1997), when
asked for reasons for not opting for indexation many agents say that they are in-
hibited by their doubts that the government inflation numbers were valid for their
individual circumstances (pp 183, 188-190, 208). (Apparently, the concern was that
the official price index referred to a basket of goods that was possibly different from
the individual’s.)
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inflationary) domestic currency and do act on their understanding. They are
not as “naive” or “confused” as may be supposed in the first instance. If
anything, this observation deepens the puzzle: if they do understand the point
of indexation why do they refuse to use CPI and use the Dollar instead? The
results presented in the paper provide an explanation of this practice. Finally,
even though ours is an analysis of the private debt market in that we do not
model government behavior per se, we will argue the phenomenon actually
modelled here also provides an explanation for the lack of trade in indexed
public debt.

Finally, we relate our paper to some of the literature that has applied
CEU preferences to financial asset choice and financial market equilibrium.
Although a fuller discussion of the precise relationship between this contri-
bution and existing work is best deferred till the model has been spelled out,
some preliminary remarks might help the reader to grasp the intuition behind
our result. CEU preferences were identified by (Dow and Werlang, 1992) as
a potential source of inertia in portfolio holding: an agent having a riskless
endowment will not want to hold an uncertain asset on a (degenerate) price
interval only if he perceives the asset return as ambiguous and if he is ambigu-
ity averse. As noted in (Mukerji and Tallon, 2001) this inertia result does not
translate to no trade in an equilibrium model unless some extra ingredients
are added. Following a result in (Epstein and Wang, 1994) on sufficient condi-
tions for an equilibrium to be supported by multiple asset prices, we precisely
identified in that paper what these ingredients were: part of the asset return
has to be idiosyncratic (i.e., uncorrelated with the agents’ endowments), and
that part has to be ambiguous. Then, we showed, it is possible to establish
that assets that are of this form may not be traded at any equilibrium. The
present paper may be seen to be following that line of research by specifying
what form these idiosyncrasies might take in a more concrete setting: here,
they are precisely the "noise” introduced in the return of an indexed asset
via the presence of "irrelevant” goods (irrelevant in the sense that the agents
trading the asset neither consume nor are endowed with them) in the index-
ation bundle. The way this paper ”operationalizes” the idea is by restricting
the financial market trade to agents who consume a bundle of goods that
does not include some of the goods that are used in the indexation bundle.
The ”irrelevant” goods are consumed by some other ”prop” agents who do
not participate in financial markets; their role in the model is to endogenize
the (stochastic) prices of these goods. Their role is crucial in the sense that
without them we would lose the source of the noise and therefore the no trade
result.

The rest of the paper is organized as follows. The following section provides
an introduction to the formal model of Choquet expected utility. Section 3
works through a leading example with the aim of conveying the essential
intuition of the argument in a partial equilibrium setting. Section 4 contains
the general equilibrium model and the main result. Section 5 concludes the
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paper with a discussion of the related literature as well as the interpretation
and empirical significance of the findings.

2 Ambiguity aversion

2.1 The Ellsberg urn

One classic experiment illustrating how ambiguity aversion may affect behav-
ior, due to Daniel Ellsberg (1961), runs as follows:

There are two urns each containing one hundred balls. Each ball is ei-
ther red or black. The subjects are told of the fact that there are
fifty balls of each color in urn I. But no information is provided
about the proportion of red and black balls in urn 7. One ball is
chosen at random from each urn. There are four events, denoted
IR, IB, IIR, IIB, where IR denotes the event that the ball chosen
from urn I is red, etc. On each of the events a bet is offered: $100 if
the events occurs and $0 if it does not.

The modal response is for a subject to prefer every bet from urn I (IR or IB)
to every bet from urn II (IIR or IIB). That is, the typical revealed pref-
erence is IB > IIB and IR > IIR. (The preferences are strict.) Clearly,
the decision maker’s beliefs about the likelihood of the events, as revealed in
the preferences, is not consistent with a unique probabilistic prior. The story
goes: People dislike the ambiguity that comes with choice under uncertainty;
they dislike the possibility that they may have the odds wrong and so make a
wrong choice (ez ante). Hence they go with the gamble where they know the
odds — betting from urn I. A slight restatement of the intuition conveyed
by the observed (modal) choice provides a useful perspective on what is to
follow. Notice, betting on IIR is the same as betting against II1B, and vice
versa, since the events are complementary. But to decide whether to bet on or
against 1R requires information about relative likelihood of the event ITR
and its complement. That is, of course, what ambiguity about IR precludes.
On the other hand, betting on, say, IB allows the decision maker (DM) to
choose a prospect whose evaluation is unaffected by ambiguity.

2.2 Choquet expected utility

Let 2 = {wi}i]il be a finite state space, and assume that the DM chooses
among acts with state contingent payoffs, z : 2 — R. In the CEU model
((Schmeidler, 1989)) an ambiguity averse DM’s subjective belief is represented
by a convex non-additive probability function (or a convex capacity), v such
that, (i) (@) = 0, (ii) »(£2) = 1 and, (iii) »(XUY) > v(X)+v(Y) —v(XNY),
for all X, Y C (2. Define the core of v, (notation: A (£2) is the set of all additive
probability measures on 2):
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Cw)={reA)|n(X)>v(X), forall X C 2.}

Hence, v(X) = ming¢c(,) m(X). Hence, convex capacity may be interpreted
as representing a convex set of (additive) probabilities. The ambiguity® of the
belief about an event X is measured by the expression A(X;v) =1—-v(X) —
V(X®) = maxyec) T(X) — mingecq) 7(X).

Like in SEU, a wutility function u : Ry — R, «/ () > 0, describes DM’s
attitude to risk and wealth. (Gilboa and Schmeidler, 1989) showed, that given
a convex non-additive probability v, the Choquet expected utility® of an act is
simply the minimum of all possible ‘standard’ expected utility values obtained
by measuring the contingent utilities possible from the act with respect to each
of the additive probabilities in the core of v:

CE,u(z) = min {Zu(z(w))ﬂ(w)}E/Qu(z(w))dy

weC(v) =

The fact that the same additive probability in C (v) will not in general ‘mini-
mize’ the expectation for two different acts, explains why the Choquet expec-
tations operator is not additive, i.e., given any acts z, w : CE, (2) + CE, (w) <
CE,(z + w). The operator is additive, however, if the two acts z and w are
comonotonic, i.e., if (z(w;) — z(w;))(w(w;) — w(w;)) > 0.

Next, we state the notion of independence of convex non-additive proba-
bilities, proposed by (Gilboa and Schmeidler, 1989), used in this paper. Es-
sentially, the idea is as follows. Start with the set of probabilities in the core
of each capacity, select a probability from each such set and multiply to ob-
tain the corresponding product probability in the usual way and repeat for
all possible selections, thereby obtaining a set of product probabilities. The
lower envelope of the set of product probabilities, obtained in this way, is the
product capacity.

Definition 1. Let v and p be two convexr non-additive probabilities, defined
on contingency spaces §2, and §2,, respectively. The independent product of v
and p , denoted v @ u, is defined as follows

(y®,u> (A) = min{(m, x m,) (A) :m, € C(v),m, €C(n)}

for every A C (2, x §2,,.

®(Fishburn, 1993) provides an axiomatic framework for this definition of am-
biguity and (Mukerji, 1997) demonstrates its equivalence to a more primitive and
epistemic notion of ambiguity (expressed in term’s of the DM’s knowledge of the
state space).

5The Choquet expectation operator may be directly defined with respect to a
non-additive probability, see (Schmeidler, 1989). Also, for an intuitive introduction
to the CEU model see Section 2 in (Mukerji, 1998).
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It is well-known that it is possible to define more than one notion of inde-
pendence for non-additive beliefs. (Ghirardato, 1997) presents a comprehen-
sive analysis of the various notions. The definition invoked above, suggested
by (Gilboa and Schmeidler, 1989), is arguably the more prominent in the
literature. However, the formal analysis in the present paper, given the prim-
itives of our model, does not hinge on this particular choice of the notion
of independence. An important finding of Ghirardato’s analysis was that the
proposed specific notions of independent product give rise to a unique product
for cases in which marginals have some additional structural properties. The
capacity we use in our model is a product of two two-point capacities (i.e.,
each capacity is defined on a state-space consisting of two states). A two-point
capacity is, of course, a convex capacity and (trivially) a belief function. As
is explicit in Theorems 2 and 3 in (Ghirardato, 1997), if marginals satisfy
the structural properties the marginals we use do, then uniqueness of product
capacity obtains.

2.3 A portfolio inertia

(Dow and Werlang, 1992), identified an important implication of Schmeidler’s
model. They showed, in a model with one risky and one riskless asset, that if
a CEU maximizer has a riskless endowment then there exists a set of asset
prices that support the optimal choice of a riskless portfolio. The intuition
behind this finding may be grasped in the following example. Consider an
asset that pays off 1 in state L and 3 in state H and assume that v (L) = 0.3
and v (H) = 0.4. Assuming that the DM has a linear utility function, the
expected payoff of buying an unit of z, the act z, is given by CE,(z,) =
0.6 x 14+ 0.4 x 3 =1.8. On the other hand, the payoff from going short on an
unit of z (the act z;) is higher at L than at H. Hence, the relevant minimizing
probability when evaluating CE,(z,) is that probability in C (v) that puts
most weight on H. Thus, CE,(zs) = 0.3 x (—1) + 0.7 x (—3) = —2.4. Hence,
if the price of the asset z were to lie in the open interval (1.8,2.4), then the
investor would strictly prefer a zero position to either going short or buying.
Unlike in the case of unambiguous beliefs there is no single price at which to
switch from buying to selling. Taking a zero position on the risky asset has
the unique advantage that its evaluation is not affected by ambiguity.

3 The single decision maker’s problem: the intuition in a
simplified set up

In this section we consider the problem of a decision maker (DM) who wants
to transfer an amount S, S > 0, from today (Period 0) to tomorrow (Period
1). Goods prices that will obtain tomorrow are uncertain at the moment and,
for the purposes of this section, taken to be exogenously determined. We will
examine, in particular, the DM’s choice of portfolio given that the DM has
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access to only two kinds of assets, nominal bonds and indexed bonds, whose
prices are known and exogenously given. While the model in this section is
simpler in many details than the one in the next section, it is instructive in
that it will reveal to us how the trade-offs involved, given ambiguity aversion,
are such that the DM will strictly prefer to maintain a zero holding of the
indexed bond over a non-degenerate interval of indexed bond prices. This, as
we will see in the next section, is a key intuition to understanding why no
trade in indexed bonds might emerge as an equilibrium outcome.

3.1 A simple portfolio problem

We assume that there are just two goods in the economy: z and y. The
agent consumes only good z and is endowed in Period 1 with a (non-random)
endowment of that good, Z. The agent does not consume good y nor is he
endowed with that good. However, the indexed bond pays off a unit of good
x and a unit of good y. The nominal bond pays in units of money.

The money supply in the economy in Period 1 can be either high (M) or
low (m). When the money supply is low, suppose that prices can be equal
to either (px,pé) or (pz,pf), with pf > qu, i.e., we assume that the price
of good y can be affected by factors that do not affect the price of good =x.
When the money supply is high, we assume that prices can be either equal
to (Apg, )\pﬁ) or (Apg, )\pf) where A\ = M/m > 1. This is reminiscent of the
quantity theory of money.

The following four states exhaustively describe the price uncertainty faced
by the individual:

State  Prices Return from an indexed bond

1 (perp)) Pe + 0l
2 (Apa, Api) A x (pz +pl)
3 (pz,pjﬁ P + Dk
4 (Apzs ML) A X (pa + 1)

In this section we leave the decision problem concerning the Period 0 con-
sumption unspecified and simply assume that the agent wants to save a given
amount S. Let z° denote the agent’s consumption in state s, b° the agent’s
indexed bond holding, ¢ its price, b™ the agent’s nominal bond holding, and
q" its price. The DM’s budget constraints may then be rewritten to obtain:

2l

Il
8l

H . n H i .
+(1+2 )b+ =7+ (1+2 -4 >b’+,s

Pz Pz Pz q" Pz q" P
H H :
2 _ = Py \ i bt A Py 4 i S
- =T+ 1+pz b 5 =T 1+pz IV b + s
3 pL b pL i ; S
— 7 Ty \ b 5 Py _ _4 7
=T+ 1+pz b+pz T+ 1+pm q"Pa b+q"pz
4 Py i b pL ¢ . g
— ~ Py 2 — 7 Py i
z T+ {1+ Dz b* + Ap T+ |1+ Da q" Apz bt + q" AP
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The budget constraints reveal how each of the two kinds of bonds provide a
hedge against a particular type of risk while simultaneously making the agent
vulnerable to another type of risk. The agent does not consume g, hence
given that the indexed bond pays a unit each of z and y, on maturity (of the
indexed bond) the agent is effectively left to exchange units of y obtained for
units of x. Therefore, even though payoff from an indexed bond is immune
to monetary shocks (it is independent of \) it changes with changes in the
price of y, relative to the price of . On the other hand, while the payoff (to
the agent) of a nominal bond is not affected by shocks to the relative price
of y, it is affected by monetary shocks (i.e., the value of ). Hence, if b* = 0,
2t = 23 and 2?2 = z*, while, if b” = 0, then 2! = 22 and 23 = z*. Notice also
that, given our assumptions, if b* > 0, then ! > z® and 2% > z*, while, if
b’ < 0, then 2! < 2% and 22 < 2*; i.e., the agent’s ranking of the states (1,3
and 2,4) according to consumption reverses when switching from a long to a
short position on the indexed bond.

We next explore the consequences of ambiguity of beliefs about relative
price movements on the agent’s decision whether or not hold indexed bonds.
We assume that the agent is risk averse, with a utility index u : Ry — R,
which is increasing, strictly concave and differentiable. Suppose the agent has
precise probabilistic beliefs concerning the money supply” (and consequently
whether the “price level” is high or low) but has ambiguous beliefs concerning
the realization of the idiosyncratic shock that affects only the price of good
y (a good he is not endowed with, and which he does not consume). More
precisely, we assume that the agent can assess the probability of the event
{1,3} to be, say, p and that of event {2,4} to be 1 — p. On the other hand,
conditional on a monetary state, the agent has only vague beliefs on whether
the price of good y is high or low, which is represented by the fact that sub-
jective beliefs are described by capacities v# = v ({1,2}) and v* = v ({3,4}),
with v¥ + v < 1. We then assume that the overall beliefs of the agent are
simply the independent product of p and v. The preferences of the agent are
then represented by a utility functional, denoted V (2!, 2%, 23, x), obtained by
taking the Choquet integral of u (z*) with respect to the independent product
belief p ® v.

If b° > 0, then V (2!, 22, 23, 2%) is given by:

)
w (v u(zt) + (1 —vFu(®)) + 1) (Hu(@?) + (1 — v)u(z?))
If b < 0, then V (2!, 22,23, 2*) is given by:

")+

p (1= vP)u(at) + viu(e 1) (1 —v™)u(?) + vhu(z?))
Note that if v 4+ v = 1 then the two expressions above coincide.

"The actual equilibrium model in the next section allows beliefs about the money
supply to be ambiguous too.
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3.2 A price interval supporting zero holding of the indexed bond

We now establish, following (Dow and Werlang, 1992) that there is a non-

degenerate interval of relative bond prices, q—;, at which the agent optimally
wants to hold a zero position in the indexed bond. Below, we present an infor-
mal, intuitive argument. A more formal argument appears in the Appendix.
Suppose the agent presently holds only nominal bonds and is considering
buying/selling an arbitrarily small unit of indexed bonds. The agent’s present
utility level in each of the four states may then be represented generically by

U\ —u(x—|— v
states 2 and 4. Since u”’(x) < 0, the marginal utility in each state, U’ (\) =

) where A =1 in states 1 and 3and A =1+¢,¢ >0, in

(x + ,L)\p ), is increasing in A; the intuition being that a higher inflation

will affect the saver adversely. Now consider the gross increase (decrease) in
welfare at each state if the agent were to buy (sell) an infinitesimal unit of an
indexed bond:

H
State 1: ( 1+ 2 ) U’ (1)
State 2 : 1+p—y U (1+4¢)

State 3 : 1+”’* U’ (1)

State 4 : 1+% U (1+4¢)

Figure 1, depicts these “payoffs” for an € “small enough”.

[1+%{]U'(l:l) [1+7]U (2=1)
(1+s)[1+%f]u'(/1:1+g) (1+g)(1+pyx ]U'(l:l+g)
(1]
L >
[m] ’7=(1+5)m

Figure 1. Contingent payoffs from an indexed bond

Notice, as arranged in the figure the payoffs are increasing from left

L
to right. Since U’ () is increasing in A and ¢ > 0, (1—&-?{) U 1) <

<1+Zz) U'(1+¢) and <1+”">U’(1) < (HZ) U'(1+¢). Since u



154 Sujoy Mukerji and Jean-Marc Tallon

L
is continuous and pf > pé, for € small enough (1+ Zi) Ul+e) <

H
1+ 1;”) U’ (1) . Now, to simplify matters dramatically, suppose v = vl =

0. Hence, if the agent were to go long in the indexed bond the payoffs in
L
events where the monetary shock is low and high are (1 + I;”) U’ (1) and

L
(1 + Z?) U’ (1 + ), respectively. Similarly, if the agent were to go short in
the indexed bond the payoffs in events where the monetary shock is low and
H H
high are (1 + ’;1) U’ (1) and (1 + Z;’;) U’ (1 + ¢), respectively. Hence, the
most (in terms of the relative price g—i) the agent would want to bid for an unit

L
of the indexed bond is <1 + Zi) U’ (1 +¢). On the other hand the minimum

H
the agent would ask for going short on an indexed bond is <1 + Z};) U’ (1).

Hence, there must be a non-degenerate interval of prices at which the agent
strictly prefers to maintain a zero holding of the indexed bond. Notice, as de-
picted in the figure, the effect of increasing € would be to increase the distance

L H
I, since both <1 + Z’;) U(1+¢e)and 1+ % U’ (1 + ¢) will rise relative to

the other payoffs. This implies that, for € large enough, the portfolio inertia
interval will collapse. Notice, it is not necessary that A =1 —v# —pyl =1 for
the portfolio inertia interval to emerge. A portfolio inertia interval will exist
for A < 1, as long A is high enough. Since the ranking of states (according
to consumption) reverses when switching between a long position and a short
position, the “relevant” probability also switches between evaluating a long
and a short position. It were as if when evaluating a long position the priors
are “concentrated” on states 1 and 2, while they are concentrated on 3 and 4
when evaluating a short position. It is this feature which causes a “kink” in
the utility functional at the zero holding position and leads to the portfolio
inertia interval.

Remark 1. An analogous argument, mutatis mutandis, shows that even for
a lender (i.e., S < 0) one would obtain a portfolio inertia interval. While
reconstructing the argument, essentially, the only adjustment one needs to
make is to bear in mind is that for a lender U’ () is decreasing in \ and
hence the “ordering” of the states is reversed (compared to the ordering in the
case of a saver).

Remark 2. One could also wonder whether there is a range of prices at which
there is a zero holding of the nominal bond. Indeed, in the set up we have
described so far, if we were to have, in addition, ambiguous beliefs about the
inflation (i.e., u({1,3}) + u({2,4}) < 1), then for a high enough level of
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this ambiguity, by an argument analogous to the one given above, there will

be an interval of relative bond prices, g—;, at which the agent will only have
a zero holding of the nominal bond. However, this is not very compelling as
the result is mot robust in an important way. It does not hold any more if the
agent were to have some second period income, preset in nominal terms, that
s mot derived from bond holdings.

Imagine for instance that the agent receives a state contingent income
stream, {Ws};l:l, preset in nominal terms. This could represent any previ-
ously contracted arrangement like, wage income, pension, social security ben-
efits, etc., that are no more than partially indezxed (i.e., they have a nominal
component). In this “richer” model, the second period budget constraints are
as follows:

o=z qipmH)SJr (1— (po +pI) ZI—”) riz
2 =a B (k- utal) £) 4 B
=7+ (pZ:;,ig)S—i- (1— (pe +pL) ?1—:2) Z—:—&-T—j
ot =a s CEds e (1= et £) 4 8

Now, it follows immediately, except in the very specific case wherein (m{m“) =
A (ml, ﬁ?’), having a zero holding of nominal bonds does not allow the agent to
be rid of the inflation risk. Indeed, b™ = 0 implies x' = x? and z3 = 2* if and
only if (m2,m4) = (ml,m3) . This, of course, is the case only if all income
is fully indexed or there is no preset nominal income (m°® = 0,Vs). Hence,

whenever, (m%m‘*) # A (ml,m3) and b™ = 0 consumption is strictly ordered
across states 1 and 2 and across states 8 and 4. (For instance, if m* =m > 0
Vs, one has x' > x? and x® > 2*.) This strict ordering is preserved in the e-
neighborhood b"™ € (—e¢,€). Hence, there is no switch in the probability the DM
“applies” when evaluating going short and going long on the nominal bond.
Thus the usual expected utility logic applies and the derivative (of the utility
functional) is continuous at the point of zero holding, implying that there is no
non-degenerate interval of (bond) prices at which the agent holds zero nominal
bond.

Remark 3. We have assumed constant © endowment. This is essentially for
expositional ease and to make the model as simple as possible. If one were
to introduce uncertain endowment of good x, a similar reasoning would hold:
given a value of the endowment, there would still be two other (orthogonal)
sources of uncertainty, namely, the price of good x and the value of the indezred
bundle (the price of good y). While it is true that Dow and Werlang’s result
assumed that the agent’s endowment was riskless, a crucial contribution of
Epstein and Wang (1994) was to show that the result could be generalized to
the case of a mon-stochastic endowment so long as there were a part of the
asset payoff that was orthogonal to the endowment. If one were to introduce
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say two values for the level of endowment (say, T,x), the actual number of
states would be eight, and for sufficiently high ambiguity aversion, the agent
would not be willing, for an interval of prices, to use the indexed bond to hedge
the risk linked to his x-endowment.

4 No-trade in indexed bonds: a general equilibrium
framework

4.1 The institutional setup

The previous section shows that for both types of agents, those who save and
those who borrow, there exists a range of relative bond prices, correspond-
ing to each agent, at which the agent maintains a zero holding in indexed
bonds. However, this does not immediately translate into a conclusion about
conditions under which no-trade in indexed bonds is the unique equilibrium
outcome. To be able to get to that conclusion several questions remain to be
answered. What would ensure that the bid-ask price intervals of the various
agents “overlap”? Why should equilibrium bond price fall within the zone
of “overlap”? Further, since we know that for a portfolio inertia interval to
emerge the goods prices have to vary across states in particular ways, a related
question is are such state-contingent price variations consistent with competi-
tive equilibrium in money, goods and bond markets? To deal with such issues
we turn next to a two-period monetary general equilibrium model, general in
the sense that all prices are obtained endogenously by (simultaneous) market
clearing in bond, goods and money markets. Since the overall aim is to lay
out the logic of no trade as transparently as possible, we have chosen the sim-
plest model we could. For instance, given the crucial role of the movement of
goods prices in obtaining no-trade, the relationship between such prices and
the parameters of the model has been kept as tractable as possible. Arguably,
the more realistic source of sectoral price movements are shifts in preferences
and/or technological shocks. However, the analysis here is exposited within
a framework of the simplest general equilibrium model known to economists,
an exchange economy without any production, wherein relative-price move-
ments are derived by perturbing endowments. The point, we emphasize, is
transparency, not realism per se.

There are two groups of agents in the model. The first group (whose agents
are indexed by h = 1,..., H) are those who trade on financial markets, while
the second group (whose agents are indexed by & = 1,..., K) has no access
to any financial markets and therefore all the agents in this group consume
all the revenue from their endowment spot by spot. There are three goods
in this economy, x,y, and z. Agents h consume only goods z and z while
agents k consume only goods y and z. We also assume that agents h have
real endowments only in goods x and z, while agents k have real endowments
only in goods y and z. In addition, agents h may have nominal endowments.
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Nominal endowments are any precontracted transfers, positive or negative,
between agents that are (at least partly) set in nominal terms. Examples
include, wages and salaries, house rents or even something like alimony or
child support payments. (In the U.S. alimony and child support payments are
almost never indexed, see (Shiller, 1997).)

To see the rationale of “type-casting” agents as above recall, from what
was noted in the introductory section, we want to ensure in the model that
with respect to any two agents wishing to trade in indexed bonds, it is true
that the indexation bundle contains at least one good which is not consumed
by either of the agents. This condition, of course, would not be satisfied if an
h-type agent were to trade bonds with a k-type agent. We have each type of
agent consuming two goods rather than one, unlike in the model in the pre-
vious section, so that there may be market exchange among agents, thereby
obtaining well-defined prices at equilibrium (reflecting the common utility
gradients). Informally put, the focus of the “show” will be the intertemporal
exchange between the h-type agents, with the role of k-type agents being es-
sentially that of a necessary “prop”, enabling the determination of the relative
price of the good not figuring in the consumption baskets of agents trading
bonds.

There are two periods in the model; uncertainty essentially comes into play
in the final period. The endowment of h-type agents is uncontingent, given by
(29, 2), (Zh, Zn, mp)), where (29, 29) is the endowment in the initial period,
Period 0, and (Z},, Zn,My) is the endowment in the final period, Period 1. iy,
denotes the nominal endowment, so that my, § 0 and since transfers should
balance across households, we have

H
Z mp = 0.
h=1

Note though, the endowments vary across households; this heterogeneity
is the reason why h-type agents trade intertemporal transfers. The endow-
ment of k-type agents are given by (39, z7) in the initial period®. Their final
period endowment in good z is uncontingent and equal to z;. We assume,
though, their endowments in good y is contingent: in state ¢, g}, are such that
Zszly}; =yl for, say, t = 1,...,7 and Zszlg,’; =yl fort=7+1,...,T.
Thus, in terms of total endowments, there are two “aggregate” states: one
where the total endowment of good y is low (y*) and another, where the total
endowment of y is high (y). As will be seen, it is this variation in aggregate
endowment which completely determines the variation in the relative price of

Y.

8Note, h-type agents do not have nominal endowments in the initial period. k-
type agents do not have nominal endowments at all. This is just to save on notation;
introducing such endowments would not make the slightest difference to any of our
results.
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There is also (outside) money in the model, whose supply in the Period 0
is fixed at M° but may take on two values in the Period 1, m or M, where
M = Am, A > 1. The role of money is simply to facilitate exchange. Hence, at
each spot, we assume the standard fiction that agents sell to a central authority
all their endowments against currency issued by the central authority and then
buy back from that authority the goods they want to consume (see (Magill
and Quinzii, 1992)). The money obtained from the central authority by agent
h (respectively, k) from the sale of endowments in state s is denoted mj
(respectively, m3,).

Uncertainty in the model is exhaustively represented by the state space

S={0yu{{1,...T} x {m, M}},

where, {0} refers to the only state of the world in Period 0, {1,...,T} indexes
contingencies in Period 1 obtaining due to variation in real endowments of
agents, {m, M} indexes the variation in money supply. Let s € S be an index
for states, s =0,1,...,5. We denote the (absolute) prices of goods z, y, and
z as py,py, and pZ, respectively, in state s.

There are two financial assets in the model, traded in Period 0. The first is
a nominal bond, b", that pays off one unit of money in all states and with its
price denoted ¢". The second is an indexed bond, b, that pays off a bundle of
goods at each state in Period 1. We take this bundle to be state-independent
and comprising of a unit of each good traded in the economy. Hence, the
monetary return to holding a unit of this indexed bond is p; +pj, +p: in state
s=1,...,8. Its price is denoted ¢'.

For the moment, denote an agent h’s preferences by a functional
Vi ((:v%, 22), R (:vf, zf)) , on which we’ll impose assumptions detailed later
on. His maximization problem is hence:

Maxzh,zh,b;,b;; \% ((m%, 20, (xf, z,f))
i’ piep
Pay, + 02z = my — q'b, — ¢" b}

DPoTT + iy + My, = mj ‘
PRy, +pizy, = my + by + (ph +py +p2)by , s=1,....8

s.t.

Agents k, who have no access to financial markets, have to solve S + 1
separate maximization programs. We assume that their preferences at each
spot take the simple form of a Cobb-Douglas function: (y§)*(z5)'~® for o €
(0,1). Hence, their maximization problem for s € S, is:

Mawzy: .o (y7)*(22)'
{ﬁﬁ+@%=mz

s.t.
PyYi T P22k = M,

An equilibrium of this model is therefore an allocation (x,y,z, m, b, b™)
and prices (pg,py,P=,q",q") such that, given these prices agents solve their
maximization problems and markets clear.
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Observe that money as we introduced it is simply a veil and we can rewrite
the budget constraints as follows, for agent h:

pxxh +pzzh = pmxh +pzzh —q bl - qnbn )
Py, + pizp = My + Py +pZZh+b” (py +p; +p)b), s=1,...,8

and, for agent k in state s (s =0,1,...,9):
Py T P12 = Pyip + Pk

One can also use the particular structure of the model to simplify the
market clearing condition for good z. Indeed, adding the budget constraints
in state s of agents h, one gets, at equilibrium, Zthl z; = Zthl Zp, (under the
assumption that p; > 0, which is met since preferences are assumed strictly
monotonic). Similarly, for agents k, one obtains, from adding their budget
constraints in state s and using equilibrium condition on the market for good
y (plus the fact that, at an equilibrium, p% > 0), that Zszl zp = Zle Z.
Thus, the market clearing conditions on the market for good z can be split in
two equalities as follows :

H H K K
ZZZ:ZZ;,, nd Zz Zk s=0,...,8
h=1

k=1 k=1

Hence, the market for good z can be “divided in two”, agents h exchanging
among themselves, and similarly for agents k. The intuition for this is fairly
obvious once one lifts the “veil of money” and considers the nature of “real”
exchange in the model. The point is, given that the two types of agents share
only one good between their respective consumption baskets, there cannot be
any “real” exchange between these groups on spot markets.

Finally, notice that the market clearing condition on the money market
can be written as

H K H K
pith+p§,zy2+pzzf Z s=0,...,8
h=1 k=1 h=1

while the market clearing condition on the bond markets are Ethl by =

H
D oh—1 by =
4.2 Equilibrium prices in goods markets

We can further reduce the model by noticing that only aggregate states “mat-

er”. Indeed, note that there are two sources of (aggregate) uncertainty in this
model: one is linked to the money supply, the second stems from the random-
ness in the (aggregate) endowment in good y of agents k. As we will be only
interested in the equilibrium allocation of the h agents (and in particular
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whether they hold indexed bonds or not), the only way this last source of

uncertainty is relevant to h agents is through the effect it has on prices. Now,

observe that we can solve for the equilibrium relative price of y with respect

to z, spot by spot. Indeed, agents k demand functions are easily computed

and are equal to:

PyYr + DiZk
Py

PyYr + PiZk

and zi(py,p2) = (1 — @) .
p:

YDy p2) = o

Hence, at equilibrium,
K -

@ __«a D k1 2k

p; l-a Zszl .
and therefore, the ratio of the prices p; and p; depends only on the aggregate
(among k agents) endowments of good y and z, and thus, can take on only
two values, whether aggregate endowment in y is high (y) or low (y%). Note
that the price levels do depend on the money supply. To sum up, we need, for
our purposes, concentrate only on four states w € 2 = {1,2,3,4} defined as
follows? :

w = 1: low money supply (m) & low aggregate y-endowment (y)

w = 2 : high money supply (M) & low aggregate y-endowment (y)
w = 3 : low money supply (m) & high aggregate y-endowment (y!)
w = 4 : high money supply (M) & high aggregate y-endowment (y*)

We now describe agent’s h preferences, following partly a specification
due to (Magill and Quinzii, 1997). At state 0, h-type agents’ utility function
is written as u(mg,zg), where u : Ry x Ry — R is strictly increasing, con-
cave, differentiable and homogeneous of degree 1. In state w = 1,2, 3,4, the
spot utility function of agent h is given by f5(u(x%,2%)), where f), : R — R
is strictly increasing, strictly concave and differentiable, and w is as defined
above. The linear homogeneity of u will facilitate the tractability of the equi-
librium (contingent) price function (essentially, the assumption ensures that
goods prices, in each spot market, are independent of the distribution of wealth
among agents) while the concavity of f; is a simple way of endowing agents
with risk aversion as well as a desire to smooth consumption across periods.

Type-h agents are endowed with (common) beliefs about the money sup-
ply process and the process generating the (aggregate) y-endowments. The
capacity g = (u™, u™) denotes their (marginal) belief about the money sup-
ply: u™ is the (possibly non-additive) probability the money supply is m and
p™M is the probability that it is M; u™ + p* < 1. Their (marginal) beliefs on
the process generating the y-endowments (a good they do not consume and
are not endowed with) are represented'® by v = (v¥, v#), with v* + v < 1.

9We denote these aggregate states by w to distinguish them from the underly-
ing states s which encompass some heterogeneity among k-type endowments. We’ll
continue to use the notation w = 0 to denote the first period.

ONote that, v refers now to the state with high y-endowment, and therefore
low p,, while it referred to the high p, in the previous section.
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The overall beliefs on (2 is given by the independent product u®v. Preferences
of agent h are thus represented by the functional V}, where,

Vi (@ 28)s - -+ (@, 24)) = ulah, 23) + CBugy fr (u(xf, 27)) -

Under our assumptions (essentially, the linear homogeneity of u) at an
equilibrium, the maximization problem of each h agent can be decomposed to
separate the financial decision about the allocation of resources across states
from the decision about the consumption mix at each state. Turning first to
the latter, given a stream (R}, R}, . . ., R}) of income with R = p)z) +p?z) —
q'by, — q"by, and Ry = peay +pYzn + (py +py +p2)b), + 0 +mp, w =1,...,4,
the agent solves the problem :

w w

Mazye o u(zf), 2)
W W w LW w
st pyxy +pYey = Ry

At the optimal choice, one gets for all w =0,1,...,4:

Viuley, 2) _ vy
Vou(zy, 2)  p¥

where V,u(z%,2%) is the derivative of u with respect to its i*' component.
By homogeneity of degree one, the gradients are collinear among agents only
if their consumption vectors are collinear as well. Recall, at an equilibrium
agents h only trade among themselves and do not trade with the k agents.
Hence, each agent h’s consumption in state w is a fraction o} of total endow-
ment of h-agents with

POZn + p2Zn — ¢'b), — ¢" b}

PO T+ P 0A 2

N +pzn + (2 + P + P, + by + M, 4
" pe S I e S E ’ e

Hence, at an equilibrium,

H H
(zh, 2) = o, mezih
h=1

h=1

o) =

Therefore, agent h’s utility, at an equilibrium, can be rewritten in state w =
1,..,4, u(zy,2) = afu, where u is simply the utility at the endowment

point, i.e., u = u (E,Ijzl Th, Ethl Zh). Observe that the same holds in the
first period, i.e., u (2, 2)) = adu’, with u® = u (Zthl z), Zthl 22).

Finally, since relative prices of good = and z in state w are equal to the
gradient of an agent hA’s utility function, it is easy to see that
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Pr _ P2 _Pa_Pa _

i p: pd pio
given that endowments of goods x and z are constant across states. In fact,
it turns out that, the absolute price of goods z and z do not depend on the
amount of good y available in the economy. In other words, and since there is
no uncertainty on the total endowments of goods x and z, their price depends
only on the money supply. This is the content of Proposition 1, below, which
is proved in the appendix. A direct corollary is that the price of y, conditional
on the monetary state, is completely determined by the aggregate endowment
in y. Proposition 2 (proved in the appendix) which essentially shows that
monetary equilibrium requires the price vector in state 2 (respectively, 4) is
simply a A-multiple of prices in state 1 (respectively, 3), completes the required
characterization of equilibrium prices.

Proposition 1. At an equilibrium, p. = p2, p2 = pi, pl = p3, and p? = p?.

1
From this proposition, it is easy to show that, at an equilibrium, g—g =

Y
1
Py

pl

Py
p? yl

and p; = p3).

2
z—lz =y (this follows from the fact that
Yy

Proposition 2. At an equilibrium, (pk,py,pL) = +(p2,p2,p2) and
(P, Py 12) = 3 (93, Py, P2)-

The following table, then, summarizes the equilibrium prices, and the cor-
responding return from an unit of an indexed bond at each state w, w € 2.
The reader will recall the table is identical (but for price of the good z) to the
one presented in Section 3.

State w Prices Return from an indexed bond
1 (a0l p2) Pz + P+ p-
2 (Apa, Ap)T Ap2) A (pe +pfl +p2)
3 (pas 0L, p2) Pe + DL+ -
4 (Apa, Apk, Ap:) Ax (pz+pL+p.)

4.3 The nature of equilibrium in bond markets

We now turn to the intertemporal maximization problem of agent h and derive
the principal formal conclusions of our analysis. The first result, which is in
the nature of a benchmark, shows that, for generic endowments, if beliefs
are not ambiguous, there will always be trade in indexed bonds. The second
and main result shows that, at equilibrium, if ambiguity of belief about the
y—prices (A (v) = 1 —v¥ —vH) is large enough and inflation risk ()) is not too
high, the indexed bond is not traded and only the nominal bond is traded. As
we show, this result holds irrespective of the degree of ambiguity about the
money supply. In what follows, we first explain an intuition of the equilibrium
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reasoning underlying the results and then state the theorems, with the formal
proofs appearing in the appendix.

We begin by considering the nature of the equilibrium in the indexed bond
market at two values of A\, A =1 and A = 1+ ¢, where ¢ is a positive number
arbitrarily close to 0. Consider, first, the case wherein A = 1. Without any
inflation risk at all, clearly, all borrowing and lending will be done through
nominal bonds, at equilibrium. Take two h-type agents, h/ and h who save
and borrow, respectively, in the initial period. Their utility in the final period,

with slight abuse of the notation, may be written as fj,/ (u(fh/, Znes fTh’/‘)) and

fn (u(a‘ch, Zn; fTh)), where Sp,r > 0 and S}, < 0 denote the amount saved and

the amount borrowed by A’ and h respectively. Define the “marginal utilities”,
UL = f (u(i‘h/, s %)) and U, (\) = fl, (u(a’:h/,éh/; fT)) . Notice,
U/, (A) 7 in A while U} (M) | in A, since Sy > 0 and S), < 0; intuitively,
inflation affects the welfare of savers and borrowers differently. Furthermore,
it must be necessarily true at an equilibrium that U, (A=1) = U], (A =1).
This is so since if there is no inflation risk, h-agents are effectively trading in a
complete market when trading only in nominal bond, and thus the equilibrium
is Pareto optimal.

First suppose, ceteris paribus, there were no ambiguity, i.e., 1—vF—vH =0
and 1—p™—p™ = 0, so that the DM’s behavior were that of an SEU agent. At
A =1, the “utility return” from an (infinitesimal) unit of an indexed bond at
equilibrium must be U;, (A =1) x E (p, —|—p‘;j) =U,, (A=1) xE (p, +p§j) =
q' (A = 1;h,h'). Putting it differently,
q¢" (A =1;h,h’) is the price at which the agents (h and h’) are indifferent
between not trading and trading an infinitesimal amount of indexed bonds.
Similarly, for an arbitrary A, define ¢ (\;h) (respectively, ¢* (A\;h')) as the
minimum (maximum) price h (h') is willing to accept (pay) to trade in the
indexed bond. Next, consider a perturbation of A to A = 1 + . Recalling the
effect of a change in A on Uj, (A) and Uj, (A), it is straightforward to see that

FA=1+eh)=Up, (A=1+¢)xE(p, +p*)
>ql()\:17hah/)
>UL(A=1)xE(ps+p;) > ¢ (A=1+¢h).

Intuitively, since the saver is affected adversely by inflation, relative to the
debtor, the indexed bond is more valuable to the saver in the presence of
inflation, and also, more valuable than it is to the debtor. Hence, inevitably,
with inflation risk creeping up there will be gains from trading in indexed
bonds and indexed bonds will be traded at equilibrium under SEU. This is
depicted in Figure 2, below, in the left-hand-side panel and formally stated in

our first theorem?!!.

1Both theorems refer to properties that hold “generically”. The term is applied
in a way that is now standard in economic theory. Notice, endowments are points in
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Theorem 1. Suppose, u™ 4+ ™ =1 and v¥ 4+ v = 1. Then, for generic first
period aggregate endowments, there is trade in the indexed bond whenever

A#£ L

q'(A=1+¢h)
SEU CEU q(

Figure 2. Equilibrium in the indexed bond market

Next suppose, agents have CEU preferences and beliefs about the y-prices
are ambiguous, i.e., 1 — v¥ — v > 0. As before, we first consider the equilib-
rium at A = 1. As would be evident from our discussion in Section 3, there
would exist a portfolio inertia interval: there will be a bid price correspond-
ing to (perceived) marginal gain from moving (infinitesimally) into a indexed
bond, and an ask price, that is strictly lower, corresponding to the (perceived)
marginal gain from going short on the indexed bond. The bid-ask interval will
correspond to an interval of expected marginal utilities, where the lower end of
the interval is evaluated by applying the probability measure that minimizes
the expectation for an agent going long and the upper end is evaluated by
applying the probability measure that minimizes the expectation for an agent
going short:

Next, consider the equilibrium given the perturbation A = 1 + €. Noting
again the effect of the perturbation on U} (X) and Uy, (A), it is straightforward
to see that for A/, the saver, the entire interval moves up, whereas for h, the
debtor, the entire interval moves down. The extent of movement is greater,
the greater increase in A. Hence, for A > 1, but small enough, the intervals
overlap and the bid price of the saver remains (strictly) lower than the ask
price required by the lender:

RS and the p-beliefs are simply points on the 2-dimensional simplex. We say that a
property is satisfied for generic endowments (respectively, u’s) if, for every endow-
ment (respectively, p) vector there is an open dense neighborhood of endowment
(respectively, p) vectors that generate economies that satisfy this property. Thus,
if a property is satisfied for all generic endowments (respectively, u's), small per-
turbations of the endowment (respectively, u) in any economy can generate a new
economy that satisfies this property robustly, even if the original economy does not.
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¢ (L+eh)=Uy, (1+¢e)xE(pe+1%) <Up (1+¢) xE (po + 1Y)
=q¢' (1+¢;h)

This is represented in Figure 2 in the right-hand side panel. It is also evident
in the figure that if the increase in A were large enough then the intervals
move apart enough not to overlap. Hence, we have, for A small enough, there
is no trade in indexed bonds at equilibrium. This is formally stated in the
theorem below.

Finally, recalling Remark 2, if there is at least one agent with a positive
nominal endowment (and hence, at least one other agent with a negative nom-
inal endowment) it follows that there is at least a pair of agents who do not
optimally choose a zero-holding of the nominal bond over a non-degenerate
interval of relative bond prices. Hence, for these agents the situation is no dif-
ferent from the SEU case described earlier (and depicted on the left-hand-side
panel of Figure 2). “Typically” such agents would want to trade in nominal
bonds. The discussion is summarized by the two parts of Theorem 2, below.

Theorem 2. Suppose, p™ + p™ < 1 and v* + vH < 1. Then, there exists a
bound d, & > 1, such that, if A < 6, there exists v, 0 < v < 1, such that if
A(v) > ~, then at an equilibrium,

(a) the indexed bond is not traded, i.e., bi, =0 for all h,
(b) for generic u-beliefs, there is trade in the nominal bond as long as there
exists an h such that my > 0.

Remark 4. Notice, both parts of the theorem hold regardless of the level of
ambiguity w.r.t. the p-beliefs. Indeed, the formal proof is a lot shorter (and
simpler) if one were to assume that p-beliefs were unambiguous. We, however,
do not impose this restriction in the analysis so that one may obtain a more
informed idea of the nature of robustness of the result. Of course, nominal
endowments would no longer play a role in the argument if p-beliefs were
assumed to be unambiguous.

Remark 5. Parameter \ refers to inflationary risk: recall that it is equal to
the ratio M /m, that is, the relative inflation in the “high money supply” state
with respect to the “low money supply state”. Since money is not a store of
value in this model, the only risk related to second period money supply is
indeed that of differential inflation in the various states of the world, which
is precisely what is picked up by X. Thus, the theorem states that if this risk
is sufficiently small then, ambiguity about relative price movement prevents
trade in indexed assets.

Remark 6. The proof of the theorem, in the Appendix, provides an explicit
characterization of the bound 6 in terms of the fundamentals of the model. As
would have been intuitively evident from the discussion preceding the theorem,
the degree to which inflation risk would be “tolerated” before indexed bonds
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are traded depends (positively) on the “variability” of the relative prices. For
243 @n/yt
2425y T /Yy
Cobb-Douglas (.5,.5) as their respective u (.,.) functions.

instance, the & is equal to when all agents (h and k) have

Remark 7. The logic underlying the result in Theorem 2(b) is actually instruc-
tive, indirectly, as to why ambiguity about the price movements of goods not
in the(h-agents’) consumption basket was the crucial factor in obtaining no-
trade in indexed bonds. Putting it differently, if we allowed the absolute prices
of say, =, to vary in response to supply shocks and assumed agents had am-
biguous beliefs about such price movements, that would not obtain the no-trade
in indezxed bonds (without ambiguity about price of y). The reasoning here is
analogous to the one showing that the presence of nominal endowments pre-
cludes no-trade in nominal bonds. Since x is present in the endowment and/or
affects wtility directly (of h-agents), maintaining a zero position on the in-
dexed bond would not get rid of the risk due to the variability of the price of
x. Consequently, the ordering of states would not switch at the zero holding
position. This is why we need the “prop” agents in the model: they are the
ones who are the source of volatility of the price of good vy, which is the cru-
cial factor underlying the result. If we dropped these prop agents we would be
taking away the y-good and therefore, the risk in an indezred asset orthogonal
to the asset traders’ endowment and consumption. If the asset did not contain
this idiosyncratic risk, there would be trade in the two bonds, much like in a
SEU economy (for further clarification see the discussion related to Figure 1
on page 887 and Example 2 in Mukerji-Tallon (2001)).

Remark 8. In the real world inflation and relative price movements are cor-
related. Recall, though, the model assumes that the processes genmerating the
money supply and the real shocks (to the aggregate endowment of y) are be-
lieved to be independent. However, what is really crucial is that the process
generating p, must have at least one component that is believed to be orthog-
onal to the money supply: i.e., there has to be at least two states of the world
across which the price of y changes even though the money supply stays con-
stant. In other words, for the reasoming to hold, prices cannot be perfectly
correlated with the money supply. Similarly, the logic behind our result does
not require that p, and py (or p,) have to be independent, but that they are
not perfectly correlated.

5 Concluding discussion

The discussion in this section is in two parts. In the first part we relate the
results obtained in this paper to those in the relevant (theoretical) literature.
The second part considers to what extent the analysis here may be thought to
explain the empirics of trade in indexed debt any more than the explanations
already advanced. Implications of the results in terms of policy required to
encourage trade in indexed bonds is also discussed.
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5.1 Related (theoretical) literature

We begin by linking the result here to the findings in the literature applying
ambiguity aversion to financial markets. Then we discuss the theoretical lit-
erature in the standard Savage paradigm that seeks to explain observed facts
relating to trade in indexed debt.

As has already been noted, (Dow and Werlang, 1992) showed that a zero
position may be held on a price interval if the agent’s endowments were risk-
less. Obviously, an economy where all agents’ endowments were unvarying
across all states the question of asset trading and risk sharing is an uninter-
esting question. (Epstein and Wang, 1994) significantly generalized the (Dow
and Werlang, 1992) result to find that price intervals supporting the zero po-
sition occurred (in equilibrium) if there were some states across which asset
payoffs differ while endowments remain identical; in other words, asset pay-
offs have component of idiosyncratic risk. However, the focus of (Epstein and
Wang, 1994) was the issue of asset pricing. In their model endowments are
Pareto optimal, and consequently, the issue of whether ambiguity aversion
cause assets not to be traded is not examined. (Mukerji and Tallon, 2001),
building on the results in the two papers cited, finds conditions for an econ-
omy wherein the agents’ price intervals overlap in such a manner such that
every equilibrium of the economy involves no trade in an asset, and more
importantly, conditions under which ambiguity aversion demonstrably “wors-
ens” risk sharing and incompleteness of markets. One of the conditions, the
presence of idiosyncratic risk, identified in (Mukerji and Tallon, 2001), is es-
sentially the same as in the result of (Epstein and Wang, 1994) explained
above. As has been suggested, it is possible to see that, for h-type agents,
payoffs of indexed bonds contain an element of idiosyncratic risk derived from
the risk inherent in the relative price of y. This is, essentially, how the finding
in this paper links up with the results in the papers cited above.

The paper closest to ours, within the Savage paradigm, which seeks to
explain the lack of indexed debt is (Magill and Quinzii, 1997). That paper
compares the welfare improvements obtained from introducing within an in-
complete markets setting, in turn, a nominal bond and an indexed bond.
The welfare improvements derive from, essentially, the increase in the span of
available assets (or, in other words, the “lessening” of incompleteness) that
comes about due to the introduction of each type of bond. The more relevant
result is that the welfare gain from introducing the indexed bond may be less
(respectively, more) than that from introducing a nominal bond if the infla-
tion risk was “small” (respectively, large) compared to the relative price risk.
In contrast to the analysis in this paper, (Magill and Quinzii, 1997) does not
actually obtain a equilibrium with no-trade in indexed bonds; indeed, as we
confirm in Theorem 1, Savage rational agents will necessarily trade in indexed
bonds as long as there is some inflation. Also, (Magill and Quinzii, 1997) do
not allow both indexed and nominal bonds to be available for trade simulta-
neously; one or the other is available.
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Another paper, within the Savage paradigm, which studies a similar ques-
tion, but in a rather different framework is (Freeman and Tabellini, 1998).
The framework in that paper is an overlapping generations model. The paper
finds that nominal contracts are optimal in the presence of price level shocks
if all the contracting parties have the same degree of constant relative risk
aversion. With respect to relative price shocks, the optimality of nominal con-
tracts follows from the fact that, in their model, agents cannot insure each
other against this risk as they all are ex ante identical with respect to such
shocks.

The present paper also complements the finding in Mukerji and Tallon
(2004) which shows that ambiguity aversion (with CEU preferences) may
help to explain why we see so little wage indexation. Among other things,
the framework in that paper is one of bilateral contracting, not a general
equilibrium market environment like it is here. Hence, the result there does
not follow from the result here even. However, as we understand it, the same
intuition explains both results, a point that is significant in so far as it shows
that the intuition is robust across seemingly different trading environments.
Finally, the paper adds to the growing literature on the economics applications
of the idea of ambiguity aversion (see Mukerji and Tallon (2003b) for a survey).

5.2 Explaining the empirics of trade in indexed debt

Recall the intuition underlying the main result. Taking a long or a short
position on the indexed bond implies betting on or against the (ambiguous)
event wherein the (relative) price of good y will be high. To decide whether
to bet on or against a particular event one has to reach a fine judgement
about the relative likelihood of the event compared to its complement. Hence,
the attraction of the zero holding position to the ambiguity averse agent.
Moving from the zero position, in either direction, requires a compensating
“ambiguity premium”. Hence, the portfolio inertia intervals for the indexed
bond. At low levels of inflation the bid-ask intervals of the borrower and the
saver overlap and agents only trade in the nominal bond. As inflation rises,
the saver is affected adversely while the borrower is made better off. As a
consequence, the most the saver is willing to pay for the indexed bond goes
up and the minimum the borrower would ask decreases. Hence if inflation
were high enough, agents do trade indexed bonds. We also argued that, so
long as agents held (non-zero) nominal endowments, this reasoning does not
apply quite symmetrically to trade in nominal bonds. For instance, with a
positive holding of the nominal bond, one would be betting on the event
that (average) price level will be low. But, if one had, say, positive nominal
endowments, moving to a zero holding would still imply one is betting in favor
of the event that the price level will be low. Indeed, this would continue to
be true even if one were to move marginally into a negative holding of the
nominal bond. Hence, the portfolio inertia interval no longer occurs at the zero
holding and trade occurs. Of course, by the same token, if some endowments
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were indexed, the argument for no trade in indexed bonds will be affected
similarly.

Thus, according to the theory presented in this paper, it is the comparative
lack of information about relative, as opposed to average, price movements,
the comparative preponderance of nominal, as opposed to indexed, endow-
ments that explains why trade in indexed bonds is observed only in excep-
tional circumstances but trade in nominal bonds is so widespread. While these
are testable hypotheses that could provide the basis for a specific empirical
investigation, that is a matter for future research. However, a lot that we do
know about trade in indexed bonds is broadly consistent with the theory. Ar-
guably, the theory is very consistent with the fact that typically indexed bonds
are traded almost exclusively under extreme inflationary circumstances. Also,
while trade in indexed bonds is negligible in most non-inflationary economies,
it is more than negligible (though still quite small) in the few such economies
where, in addition, there are some instances of indexed endowments, statu-
tory wage indexation, as is the case, for example, in the U.K. and in Israel
(statutory wage indexation in a limited number of sectors of the economy).
Indeed, the reasoning predicts that one would observe a kind of hysteresis
in the market for indexed bonds. In economies with inflationary past, where
indexed bonds were traded when high inflation reigned, indexed bonds would
continue to be traded even after inflation has been brought down to moder-
ate levels because of the presence of indexed bonds as endowments. Perhaps,
this explains the continued trade in indexed financial instruments observed in
some South American economies (and even Israel) where inflation has lately
been tamed. One may also argue that an analogous reasoning explains why
in countries, like Turkey, where use of dollar is widespread in spot market
transactions, so is the use of dollar-indexed debt.

The theory presented, strictly interpreted, demonstrates a reason why in-
dexed bonds are not exchanged by private individuals. But in the case of
trade in government bonds, at least at the point of issue, one of the parties to
the trade is not a utility maximizing private agent. However, note our theory
would apply just as well to any secondary trade of indexed government bonds
between private individuals. Thus our theory predicts, this secondary mar-
ket typically be a rather thin market. In turn, this carries the implication of
indexed government debt not being a particularly liquid asset. Clearly, given
rational, forward looking individuals, this would, in itself, ensure that demand
for such debt would be weak even at the point of issue.

Finally, we turn briefly to some policy implications. One obviously welfare
increasing move would be to publish (trustworthy) indexes that are more
particular and focused on fewer goods and services than the CPI. Looking back
to the formal model, if there were an index composed purely of the prices of x
and z the resulting allocation would indeed be a Pareto improvement on the
allocation obtained with index composed of prices of z,z and y (the market
would become as good as complete for the h-type agents). Government action
in introducing statutory indexation of some payments, say of wages in some
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sectors, would increase the trade in indexed debt. However, it is far from clear,
given the abstractions in our model, that we may conclude that issuing such
a fiat would at all be welfare enhancing.

6 Appendix

6.1 Slice-comonotonicity

The computation of the Choquet expectation operator using product capaci-
ties is particularly simple for slice comonotonic functions ((Ghirardato, 1997)),
defined below. Let X1, ..., X,, be n (finite) sets and let 2 = X3 x ... x X,,. Cor-
respondingly, let v; be convex non-additive probabilities defined on algebras
of subsets of X;, i =1,...,n.

Definition 2. Let ¢ : 2 — R. We say that ¢ has comonotonic x;-sections
if for every (T1,...,Ti—1,Tit1, -, Tn), (a:’l, -~-az2717x2+17~--7$%) € X1 X ... x
Xi—l X Xi+1 X ... X Xn, (p(.Tl, ...,xi_1,~,xi+1,...,xn) : Xz — R, and

o (24, @iy, )y, o))+ X; — R are comonotonic functions. ¢ is called
slice-comonotonic if it has comonotonic x;-sections for every i € {1,...,n}.

The utility function of agent h, fr,(u(z¥, z¢)), is actually slice comonotonic,
since u is strictly monotone and hence Fact 1, below, which follows from
Proposition 7 and Theorem 1 in (Ghirardato, 1997), applies to the calculation
of Choquet expected utility for agent h.

Fact 1 Suppose that ¢ : {2 — R is slice comonotonic. Then

/go(xl,...,xn)d((@w):/ / @ (21, ey Tpy) dvp...diny
(] Xl n

6.2 A formal confirmation of the argument in Section 3

To see the argument put more formally, compute first the right-hand-side
derivative of V (2!, 22,23 2%), in which we replace x* by its expression as a
function of V", to obtain a function W (b"):
dW (b?)

dbl | b=0"+

v, q vy, q
pprf {1+ - —— |+ Q- [1+2L -2 X
Pz q" Pz Dz q"Px

H i L i
p q H by q
T—p) v 1+ — +(1-v 14+ — - X
( )[ ( Da q"Apgc) ( )< Pa q”/\pzﬂ
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The same computation, but for the left-hand-side derivative yields:

dW(bi)| -
dpi =0T

py 4 Py
pld—vh)y 14+ 2L - —— ) +0f (1422 - X
Pz q"Da Pz q"Pa
o (:E + S > +
q"Pz
H i L i
p, q L by q
T—p) |=vE) 14+ - +ob 14+ - X
( ) [( ) ( P q”Apx> ( P q”>\px>]
Y ()
q" APz
Hence, if the following conditions hold, then b* = 0 is optimal for the agent:
q pr H Pé aE S
pl =g (v pT+(1_V )JTI u(x+q”pz)+
i H | _
- 1=+ (@B (o4 )

<0<

™

i p pk _
I {1 — ot ((1 —vh)T uLpz)] o/ (x+ qsp) +

) H L
B L\ Py LPy T _S
(1—p) [1_qnq>\m+ <(1_V )E—i_y m)} u' <x+ q">\pm>
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This amounts to:

L
pr +(17VH)p7y§

#q";?TH (i_‘—q 5;71 )+(1 ”) "/\pru (m+ "Apr)
q Pa‘)+(1 m)u <I+ "Apa»)

<(1 fz/L)Z;—y Jrl/Lf)—y

-1

If one looks at the limiting case in which A = 1, this further reduces to:

qi

vl + (1= v )pl +pe < = < (1= v")pll + v Dl + po

Q

where it is easily seen that there is a range of relative prices for the indexed
bond with respect to the nominal bond such that it is not held in the optimal
portfolio, as long as v™ + v < 1. If, on the other hand, the capacity v
is actually a probability measure v + v¥ = 1, there is only one relative
price ¢*/q" such that the agent does not want to hold any indexed bond. By
continuity, the same is true when A is strictly greater than 1. Observe that the
length of the interval at which the agent does not want to hold any position
in the indexed bond is increasing in the ambiguity of the beliefs, measured by

1—vf — o,

6.3 Proofs of results in Section 4

Proof of Proposition 1.

W\ﬂ .

Proof. Since p—g, there exists 3 such that (pl,pl) = %(pg,pﬁ). We want
to show that ﬂ = 1. From the equilibrium condition on the money market and
the definition of the states (which entails that M = M3), we have that :

H H K
A3 ot (zzh z)

h=1 h=1 k=1

H H K
=pi > @+ piy" + 1 (Zthr zk>

h=1 h=1 k=1

Replacing p3 and p? by Bpl and Bpl respectively, in the equation above, and
recalling that, at equilibrium,

Py _ Pyy"
pr Pyt
and hence,
3 1.1
p Py y
- 57?/7

pi plyt
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one gets:
pl H pl H K
- m a0 (Sae3a) o
z h=1 z h=1 k=1

Hence, 3 = 1. The same reasoning shows that p2 = p% and p? = p?.

Proof of Proposition 2

1 2 1 2
Proof. Recall that % = ( = %’ and %’ = %’- Hence, (prgl,;Pi) and

(p3,p2,p2) are proportional. Furthermore,

h=1 =1 k=1
and
H H K
h=1 h=1 k=1
and hence

1
(P2 Py p2) = 5 (05, 2 P2)
An analogous argument holds for states 3 and 4.

Notation 1 To simplify notation, the remaining proofs apply the terms
o (b, b) and & (b, 1) (that we will write as of and &, respectively, for
the sake of simplicity) defined as follows:
PEEL + P52 + (5 + Py + p)bj, + b +
H - T -
P Zh:l Tp +pY Zh:l Zh

f1, (0 (B}, b))
w H r w H ~
PE D he1 Th DY Dy Zn
Lemma 1. At an equilibrium, if b, > 0, then of > a3 and i > a}. If
bi, <0, then of, < a3 and o < aj.

o, (bj,, )

)

& (b, bh) =

Proof. By definition of o and since p. = p3 and pl = p2, and the endowment
y h Pz bz Yz bz,
in x and z are non random, one has:

1 3 (p:llj —pz)b%

Oéh — Oéh = H H
1 = 1 >
PEY 1 Th + DL 1 Zn

Hence, the sign of a}L — a% is the same as the sign of b}; since pgll > pz (recall
that p, /p) =y /y* > 1).
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Proof of Theorem 1

Proof. (Sketch.) Since the hypothesis of this theorem is that p™ 4+ u =1
and v 4+ v = 1, we may write the proof by setting ™ = pu, p™ = 1 — p and
vE =y vl =1—-v.

Write down the f.o.c. to agent h’s program:

—q'u® + p(1 = )& (b, b ) (pg, + py + pL)+
(1= ) (1 = )& (b}, b)) (07 + Py + p2)
+uv€ (b, bp) (03 + p3 + p2)+

(1 — &g (b, o) (03 + Py +p2) =0

g 4 (L~ V)b BR) + (1 — ) (L~ v)E (B, )
€ (B, ) + (1~ )b, by) = 0

Recall that (p3, p3,p2) = APy, 1y P2)s (05, Py, 12) = A3, Py, P2), Py = P
pL =2, vy = Py P2 = i, and py /oy = y7 Jy" = p} /v,

Observe that & (0,07) = £3(0,b7) and £2(0,b7) = £2(0,b7). Hence, at an
equilibrium, if b} = 0 for all h, it must be the case that:

—q'u® + p(1 = )& (0,01) (p + pyy + pL)+
(1= ) (1 =) (0,b7)A(p +p§l+ pL)
+ur& (0,b7) (pr + pk + pyy™ /y™ )+

(1 — )& (0,60 P2 + p2 + p2y™ /y") =0

—q"u® + p&} (0, b7) + (1 — p)&R(0,b7) =0

that is
—q'u® + [pL +pl 4+ ph(1 — v+ vyt y™)][uh (0, b)) + (1 — 1)AE(0,67)] =0
—q"u® 4 p&}(0,b7) + (1 — p)éR(0,b7) =0

One can see straight away on these two equations that, unless A = 1, there
is “little chance” that there exists (¢%, ¢") and (b})p—1,... g such that they hold
for all h. The following argument sketches how we might put this formally.
We define a mapping ¢ from R¥ 3 to R27+1 as follows:

¢(b?7 R b}—LI7qia qna U/O) -

qi ’U.O

HERO,b1) + (1= A (0,0) — srmrearte g7y
HEL0, ) + (1= w)AE (0, 7) — g

o
L > on—1bh J
Observe, the equilibria with no trade in the indexed bond are the zeros of this
function. The argument then runs as follows. Note that the Jacobian of ¢, a
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(2H +1) x (H + 3) matrix, has full rank. Hence, by a transversality argument,
we may conclude that for generic u°, the rank of the matrix is full. Now,
this implies that the system does not have a solution, since “there are more
equations than unknowns”. Hence, b}; = 0 for all A cannot be an equilibrium

for generic first period aggregate endowments (the latter is sufficient to change
0

Proof of Theorem 2(a)

Proof. Now, to write down the Choquet integral w.r.t. an agent’s portfolio,
one has to consider all possible cases (drop subscript h), whether b* > 0 or
b’ < 0 and whether b™ +m > 0 or b™ + m < 0. Observe that:

b >0 =al >a

b <0 sal<ata?<a
2
2

For each case, there are two possible orders, but these two orders give the same
(probabilistic) “decision weights”. For instance, if b* > 0 and b +m > 0, the
two following orders are possible: a' > a? > a? > o or o' > a® > o? > o*.
If one computes the Choquet integral in these two cases, one sees that they
take the same form, i.e. the switch in the “middle position” has no effect.
Decision weights associated to the different cases:

w=1 w=2
b'>0,b"+m > 0 vEum vE(— ™)
bi>0,0"+m <0 vh(1—pM vl M
b<0,0"+m >0 (1—vh™ @-vHa-pum
bi< 0,b"+m < 01— -p™) -

w=3 w=4
B> 00" tm >0 (L—vu™ (=M -p™)
b'>0,b"+m <0 (1—v")(1—p™) Q@ —vh)uM
b'< 0,b"+m >0 vH m v — ™)
b'<0,0"+m <0 LH(1 - M) vH M

Suppose first that b}, > 0. One gets, from the first order conditions

¢ w4y +ph)+(1—m)v &R (p24p)+p2) i
= W (vt a0 e (- (v e
m(1-v")&5 (P2 4+ +p2) +(1—m) (1—v")€, (93 +p), +02)
71'1/L§}1Jr(177r)1/L§}2L+71'(1711L).ffi+(1771')(171/1/)5;*1

where 7 depends on the agent’s position on the nominal bond market: if
bl 4mp, > 0,7 = p™, if b +my, < 0, 7 = (1—p) and, lastly, if b +my, = 0,
7 is some number lying in the interval [um, 1—puM ]
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Observe that (af,(b%,b7), a3 (b%,b7)) and (pllj,pz) are positively dependent
(see chapter 3 in (Magill and Quinzii, 1996)). Hence, since f, is concave,

cov (o, (Bhsbh) » @ (Bh: B7)) » (py Py)) < 0
Similarly, ' ,
cov (o, (Bh>bh) » @ (Bh: B7)) » (P, py)) < 0

Hence, a necessary condition for having b} > 0 at an equilibrium is that:

w(u%im—%)&i)(uL(p;+p;+pi>+<1—uL)w(pi+p%;+p2>)+
(vEE)+(1—vE)E ) +(1—m) (vEEL +(1-v )€}
(1—m) (v G +0—v")&) (v w2 +pp+p2)+(1—v") (i +py +12))
m(vEEL+(1—rE)E )+ (1—m) (vEEE +(1-rvE)ER )

qi
<

and therefore

&< max (vE(pL +ph + 1)) + (i —vB) (03 + 3+ p2),
v +p2 +p2) + (1= vh)(ps + by, + pl))
Recalling that
L
Py =Dy Py = Lxpy, and pi=p;
L
Py =03, Py = Ygp,, and pl=p?

one gets that a necessary condition for b% > 0 at equilibrium is that :

L L
q’ p;‘i‘(yT;‘i‘VL (1—%))P1+Pi7
—n<max 5 yL I yL yQ 9

Furthermore, since (p2, pi, p?) = \(pl, p;, pl), a sufficient condition for agent
h to hold a positive position in the indexed bond at equilibrium is:

qt y- y-

Observe that this condition is independent of the position of the agent on the
nominal bond market, as the weights 7, which depend on the sign of b} +my,
do not show up in this condition.

Consider now an agent who, at an equilibrium, holds a negative amount
of the indexed bond, that is b}, < 0. One gets, from the first order conditions

4 _ vr(lﬂ,H)si,(pi+p;+p1)+(1f7r)(17VH)g§(pi+pf,+p§>+
n Tr(liVH)g!lL+(17”)(17VH)§EL+7TVH§;7’+(177r)yH§;1L
wafi(Pi"rpz‘i‘Pi)-‘r(l—ﬂ)y Sﬁ(pi'i‘l”z"ﬂ?ﬁ)

W(l—VH)f}L—‘r(l—Tr)(1—1/H)£i+7TDHE?1+(1—7T)DHE%

Q

where, as above, the value of m depends on the sign of b} + my, for agent
h. Note that given that we look at one particular agent, the 7 that appears
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here is the same as the one that appeared in the f.o.c. for agent h if he had a
positive position in the indexed bond (b} > 0).

Noticing that (a}, (b}, by), aj (b, b)) and (py,p3) are now negatively de-
pendent, and hence

cov ((a, (0, 1) s af, (0, b7)) 5 (py0y)) >0
as well as _ .
cov (o, (), O7) , @i (b3, 1)) , (3, 2y)) > 0

one gets the following necessary condition for an agent to go short on the

indexed bond:
¢ _ (yL ( y- ))
—>p,+ |+ 0- 1— =) )p, +p:

Here also, the exact value of m does not matter given that it does not appear

in the expression.
L
Y Y
(ot (G e (1) o) g

Therefore, if
y~ L
<pm+< 1-vH (1—))]& +pl
yH * ) yt ) )

then, at an equilibrium, no agent wishes to trade the indexed bond, and

therefore, b) = 0 for all h. This condition can be expressed as follows, writing
1—-vH = A@W) +vh:

pi+(§,%+ 1—%>)p§+pi

prt (%H/L (1—5%))py+pz

A<

Let . L .

P+ Lrpl + pl
corresponding to A (v) = 1 and v¥ = v# = 0. Notice that 6 > 1. Furthermore,
if A < 4, there exists v < 1 such that if A(v) > =, then the condition (1)
is met, and, therefore, at an equilibrium, b = 0 for all h. Notice that § can
be expressed as a function of the fundamentals of the model, since, say pl /p!

and p}/ /pl are known as functions of the aggregate endowments and the utility
function wu.
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Proof of Theorem 2(b)

Proof. We show that if (b}, b7') = (0,0) for all & is an equilibrium of the model
when beliefs about the money supply are represented by the capacity u, then,
perturbing slightly 4, one gets a new equilibrium at which b} # 0 and b}, # 0,
for some h, h/.Note first that, if m, > 0, b} = 0 implies that o' > a? and
a® > o, while if my, < 0, by, = 0 implies that al < a? and o? < o

Now, the first order condition with respect to b}, taken at b} = 0 is:

qnuO = WﬂmgllL( ;zv 0) + (1 — :u'm)gizz( ;’L’O)
(L = m)u™ER (07,5 0) + (1 = m) (1 — u™)&; (b}, 0)
where 7 is some decision weight related to the capacity v that we need not
specify at this stage. Indeed, observe that &} (0,0) = £7(0,0) and £7(0,0) =

£4(0,0). Hence, given that 1y > 0, a necessary condition for (b%, %) = (0,0)
to be a solution to h’s maximization program is simply that:

¢"u’ = " &,(0,0) + (1 - u™)&;(0,0)

Similarly, a necessary condition for (b,,b7,) = (0,0) to be a solution to h’’s
maximization program is that:

0" = (1= 5L (0,0) + 1€ (0,0

Therefore, a necessary condition for (b ,b%) = (0,0), h, k', at an equilibrium
is that

PER(0,0) + (1 — 1™)€5(0,0) = (1 — p™)&(0,0) + €7 (0,0)

Now, either this condition does not hold, and then (0, 0) is not an equilibrium
of the economy and therefore, since we know there is no trade in the indexed
bond, this means that there is some trade in the nominal bond. Or else, this
condition does hold. However, this essentially means that

Hence, if this were the case, that property would not hold for any other econ-
omy in which we would have changed u™ ever so slightly.
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Sunspots, Indeterminacy and Pareto

Inefficiency in Economies With Incomplete
Markets*

Tito Pietra

Universita’ G.D’Annunzio, Chieti-Pescara, Italy

Summary. We consider two periods economies with both intrinsic and extrinsic
uncertainty. Asset markets are incomplete in the certainty economy. If assets are
nominal, there are enough commodities and the number of agents is greater than two
and smaller than the total number of states of nature “tomorrow” (minus one), then
a sunspot-invariant equilibrium is generically Pareto dominated by some sunspot
equilibria. When assets are real, and there are enough commodities, whenever there
are sunspot equilibria, typically there are also sunspot equilibria Pareto dominating
the sunspot-invariant equilibria under the same restriction on the number of agents
(and stronger restrictions on the number of commodities).

1 Introduction

Cass [3] provided the first example of the existence of a continuum of sunspot
equilibria in economies with incomplete markets. Since then, existence and
structure of sunspot equilibria have been extensively studied in this class of
economies with nominal (see, [18], [4], [14], [16], [20] and [10]) and with real
assets (see, [13] and [9])). Existence and “number” of sunspot equilibria in
financial economies crucially depend upon the nature of asset payoffs: With
nominal assets, they generically exist in a neighborhood of a sunspot-invariant
equilibrium and their set contains a non-zero dimensional manifold. Its dimen-
sion depends upon the way asset prices are treated: Generically, it is (X' — I)
if asset prices are fixed, (X — 1) if they are variable (X' is the number of states
of nature “tomorrow”, I the number of assets). When asset payoffs are real
(and if there are enough commodities), sunspot equilibria exist for an open
set of asset structures and are locally unique.

Our second theme is Pareto dominance. As pointed out in [6], in convex
economies sunspot equilibria are Pareto inefficient. When asset markets are

* T wish to thank Paolo Siconolfi for helpful suggestions and comments. I aknowl-
edge the financial support of M.I.LU.R. and the kind hospitality of C.C.D.R. in
Summer 2003.
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incomplete at the sunspot-invariant equilibria, they are themselves typically
Pareto inefficient and can possibly be Pareto dominated by equilibria of the
same economy where extrinsic uncertainty matters. Parametric examples of
this phenomenon in incomplete market economies have been provided in the
literature ([15] gives an example with X = 3, two agents and one commodity).

Our purpose is to investigate the (comparative) efficiency properties of
sunspot and sunspot-invariant equilibria. When asset payoffs are nominal,
we show that, generically, sunspot-invariant equilibria are Pareto dominated
by some sunspot equilibria, if the number of agents (H) is greater than two
and smaller than (X' — 1) and there are enough commodities. We focus the
analysis on this comparison. However, an obvious corollary is that, typically,
sunspot equilibria are in turn dominated by some other equilibria. A second
corollary is that, when 2 < H < (S — 1) (S is the number of intrinsic
events “tomorrow”), certainty equilibria are typically Pareto dominated by
some other certainty equilibria.

The notion of genericity adopted is somewhat weak, because we show
that, given a vector of numeraire, there is an open, dense set of economies
(parameterized by utility functions and endowments) such that our result
holds. A stronger result would be to show that, generically, all the equilibria
in a full measure set of sunspot invariant equilibria are Pareto dominated
by some sunspot equilibrium. I am not ready to formulate a conjecture on
the truthfulness of this result, which could possibly be analyzed using the
approach exploited in [17] to study real indeterminacy from a global viewpoint
in economies with nominal assets and incomplete markets.

Given [11] (where real indeterminacy of equilibria is re-interpreted in terms
of real effects of monetary policies), one possible interpretation of our result is
in terms of the existence of Pareto improving randomized monetary policies.
Another possible interpretation is as another robust example of a class of
economies where the value of information can be negative.

We also study the case of economies with real assets, restricting ourselves
to financial structures such that sunspot equilibria exist and with enough
commodities. We show that, for a generic set of economies (parameterized
by utility functions and endowments), there are asset structures such that
sunspot equilibria exist and Pareto dominate at least one of the sunspot-
invariant equilibria.

The structure of the paper is the following: Section 2 describes the model.
Section 3 establishes that, with nominal assets, sunspot-invariant equilibria
are, generically, regular in the sunspot economy and (if they are not Pareto
efficient) satisfy some further restrictions on the vector of excess demand and
Lagrange multipliers. Then, following the approach outlined in [19] and de-
veloped in [8], [5] and [7], we establish that the extended system of equations
describing the equilibria of the economy and the utility functions of the agents
define a system of independent equations (i.e., the derivative of this transfor-
mation has maximal rank, equal to the number of equations). This immedi-
ately implies that, given a sunspot-invariant equilibrium, there are open sets
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of Pareto superior sunspot equilibria. While the logic of our argument is the
same as the one of the quoted papers, the technical details are quite different.
Those papers establish the full rank property exploiting in a crucial way ar-
bitrary perturbations of the second order derivatives of the utility functions.
This approach works in our framework when (S — 1) > H, it is bound to fail
when H > (S —1), i.e., in the more interesting case when “sunspot matters”
in terms of feasibility of Pareto improvements. Therefore, we have to follow
a more cumbersome approach.

The last section studies economies with real assets, building on the previ-
ous results.

2 The model

We consider a two period model with both intrinsic and extrinsic uncertainty.
Spot s = 0 is “today”, s = 1,...,.5 denotes one of the S intrinsic events
“tomorrow”. There are also K mutually exclusive extrinsic events, so that, in
the sunspot economy, there are K.S = X' states “tomorrow”. A generic spot
will be denoted either by o, o =0, (11), ..., (15), ..., (K1), ..., (KS), or by the
more explicit notation ks, when it is important to emphasize the intrinsic
event characterizing the state of nature.

To simplify notation, and without any loss of generality, we assume that
the probability of each extrinsic event is 1/K.

There are H agents, denoted by h = 1, ..., H. At each spot there are C
commodities, ¢ = 1,...,C, so that the total number of commodities is G =
(¥4 1)C). Agent h’ consumption vector at spot o is z§ = (x§!,...,29%),
while his consumption vector is xp = (x%, ,xf ). In a similar fashion, ex-
cess demand vectors are zj, and zj, while commodity prices are denoted by
p= (p° ...,p¥) and p° = (p°L,...,p°). Also, let ¥(p) be the (¥ +1) x G)
dimensional matrix

There are I assets. Asset i has payoffs y' = [y!?, ..., 4], its price is ¢’
Let Y be the (X' x I) dimensional matrix of asset payoffs and let

be the price-payoffs matrix. For each h, by, € R! is the portfolio vector.
The payoffs of asset ¢ can be nominal or can be given, at each state, by the
value of a commodity bundle p¥* = [p**!, ..., p5“].

When assets are nominal, we need three restrictions on asset payoffs:

i. yks = y¥'s for each s and k, kr;
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ii. The matrix [ykl e yks] is in general position;

iii. y°! =1, for each o > 0, i.e., asset one is inside money.

Evidently, i guarantees the existence of k-invariant equilibria, iii could be
weakened.

For the case of real assets, we will explicitly construct the k-invariant
collection p*?, for each s and 4, in Section 4.

Assumptions on consumers are standard: For each h the endowment vector
is e, = (€2, ebl, ..., el%) € RS, satistying ef* = e}, for each s,k and k/.
Given the k-invariance restriction, we will identify the endowment space with
ﬂ?(ffl)c. Preferences are described by a Von Neumann-Morgenstern, strictly
concave, strictly increasing, C?, utility function

Vh(wh) = Zk uh(xg,xﬁl, - xﬁs)/K

such that the Bernoulli utility index up(z9, o1, ..., 27 ) satisfies the usual

. S+1 c
boundary restriction' the set {(z9,2},....27) € 3? ) | uh(xh,xh, ,z5)
> up (), b 29*)} is closed in §R<S+1)C for each (29 2%, . 2y*) €

R(S+1C
++
In the sequel, we will take as given asset payoffs Y (or p) and probabilities,

7. The space of economies is identified with & = ], (U, x §R SH ), where
U}, is the set of Bernoulli utility indexes satisfying the conditions above. As
usual, we endow U}, with the C?, compact-open topology, §R( Y With the
Euchdean topology and £ with the product topology. E will denote an element
of £.

When dealing with nominal assets, we need an appropriate parameteri-
zation of the set of equilibria. Here, the most convenient is the following:
Fix p°© = 1, for each o, and (locally) parameterize the set of equilibria with
a vector v = (1,1, 012 .. v¥71 1), where we identify v with its variable
coefficients, so that v € %f;l Then, the matrix ¥(p) is replaced by

0
1)11 11

¥(p,v) =

pZ‘

In the sequel, p € P = {p € RG,[p°C = 1} and v € R ;" Also, let

G\ = (¥ +1)(C —1)) and let p\ € S‘Efl be the vector of the first (C' — 1)
commodity prices at each spot. Finally, let’s restrict ¢ to the set of noarbitrage
asset prices, Q = {q € R!| OR(q) = 0, for some 6 € RYT'}.

Consumer behavior and equilibrium are defined as usual:

Definition 1. Given v € %f;l, an equilibrium is a pair (..., (T, br), ....) and
(p,q) € P x Q, such that:
i. For each h, (xp,bp) € argmax Vi, (xp) subject to ¥(p,v)zy, = R(q)bp;
Q. Yy, Th =y ,en and Y, by =0;
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6. An equilibrium is a sunspot equilibrium if, for some h and some s, there
are k and k’ such that x§* # x¥ 5. Otherwise, it is a k-invariant equilibrium.

Bear in mind that, to avoid too many repetitions, we use the term sunspot
equilibrium only to refer to equilibria where sunspots matter. Equilibria of the
sunspot economy where sunspots do not matter are called k-invariant equi-
libria. Finally, we use the term certainty equilibria to refer to the equilibria
of the certainty economy, i.e., (with some abuse of language) of the economy
with no extrinsic uncertainty.

As is well known, k-invariant equilibria are related in an obvious way
to certainty equilibria. In particular, ((p°*,...,p%*), ¢*) € RTVEH g 5
certainty equilibrium associated with p* € %ij, and with allocation (...,
(},b%), ...) and Lagrange multipliers \j € R, for each h, if and only if
(P, ..., (p**, ..., p°*), ...), ¢*) € REFT is a k-invariant equilibrium associated
with v = (1, 4%, ..., u*), allocation (..., ((x)*, ..., (z}*, ..., z*),...,b}),...) and
Lagrange multipliers (\)", ..., (A} /K, ..., \p*/K), ...) € RZ ' We will repeat-
edly exploit this fact.

In the sequel, we will study equilibria making reference to the entire sys-
tem of equations implicitly described in Definition 1, after getting rid of the
redundant equations, i.e., to the so called extended system of equations. Let’s

define F(..., (xp,bp, An), ey (D, @, V), oo, (Un, €1), ...) @S

D;ch ‘/}L(xh) - /\}LW(Pa V)
R(g)" ),
F(v,E)=| —¥(p,v)zn + R(Qbn |,

on Zi\z
L Zh bn i
where Z; denotes agent h’s vector of excess demand for all commodi-
ties but commodity C' at each spot, while £ = (..., (zn, bn, An), .., (p,q)) and
n=(HG+I+X+1)+G\+I). F(.)summarizes the first order conditions of
each agent and, after applying appropriately Walras’ law, the non-redundant
market clearing conditions for assets and commodities as a function of the ex-
ogenous parameter v, of the endogenous variables £ € R" and of endowments
and utility functions. Evidently, F': 1" x %f;l x & — R". Let Fg(&,v) be
the map above for given £ € £ : Then, the set of equilibria of E is Ff L(0).

3 Pareto improving sunspot equilibria with nominal
assets

In this section, we consider economies with nominal assets and focus the
analysis on the case of variable asset prices.
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The basic idea of the proof is standard: The first step is to establish that,
for a generic set of economies, k-invariant equilibria are regular and satisfy
some additional restrictions (Lemma 2). Then, we show that these equilibria
are Pareto dominated by some sunspot equilibria (Theorem 3).

The proof of the theorem requires us to be able to perturb independently
the utility functions of two agents at each k-invariant equilibrium. In this
class of economies, this is not necessarily possible, due to real indeterminacy.
Therefore, we resort to fix v € %f;l : For such a given v, we will establish the
existence of an open and dense set of economies such that their k-invariant
equilibria can be Pareto improved by changing appropriately v.

In the proof of our main theorem, we need to restrict ourselves to regular
equilibria where the matrix

[fz\l...fz\K B ,W\] =

[y =220 om0 [=ADA] [y =AZD728, ] 55050 | -

evaluated at the k-invariant equilibrium, has maximal rank H.

Lemma 1. Let H < (S(C —2) +2) and I < S. Given v € RZ ', there is an
open and dense subset of £, £9, such that, for each E € £9, at each k-invariant
equilibrium,

rankDeFg(&,v)|pp()=0 = n,
rank [—Z\t--- — Z\K —B —W\| = H.

Proof. The first result is basically established in [4], [14] and [16]. The second
follows by a routine argument.

As is well known, the regularity part of the Lemma holds independently
of S (and X).

The rank condition obviously implies that the equilibrium is Pareto inef-
ficient. Similar rank conditions are common in the literature on constrained
Pareto inefficiency. Our is slightly different (and stronger than the usual one)
because we do not consider the (C' — 1) columns of the excess demands for
commodity Oc, ¢ < C. In terms of economic interpretation, bear in mind
that the matrix is given by the gradients of the indirect utility functions with
respect to p\?,0 > 0, ¢ and v.

Given Lemma 2, we can restrict the analysis of the welfare effects of
sunspot phenomena to regular sunspot equilibria, satisfying the additional
rank condition above.

Using the standard approach, consider the system of equations

F(¢,v, F)
a(gv,m) =| )W

V() — Vi
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Suppose that, at the equilibrium ¢ (associated with some v),
rankDe  Pp(&,v) = (n+ H).

Then, there exists a vector (d§, dv) such that

D PE(&;v) [Zﬂ = {707] ;

for each 7 >> 0. Hence, by the implicit function theorem, we can find
an appropriate perturbation of v such that the associated equilibrium alloca-
tion Pareto dominates the original one. As mentioned above, our argument
is an application of the approach originally introduced in [19] and developed
and applied, in economies with incomplete markets, to issues related to con-
strained Pareto inefficiency (see, [8] and [7]) and to Pareto improving financial
innovation (see, [5]).

Theorem 1. Let 3 < H < (¥ —1), I < S and K < (C —1). Then, for
each E € EF, an open, dense subset of £9, given v = 1, for each k-invariant
equilibrium with allocation x! there is a sunspot equilibrium with allocation x)
such that, for each h, Vi,(x)) > Vi(z),).

Evidently, K < (C'—1) and H < (X' —1) imply that H < (S(C' —2)+2),
so that Lemma 2 applies. We need at least three agents for technical reasons,
related to the details of the proof of Lemma 7. It is an open issue if a similar
result could be established for H = 2. As an immediate consequence of the
theorem, we obtain

Corollary 1. If3< H < (S—1) and I < S, then, for each E € EF, an open,
dense subset of £9, given v = 1, for each certainty equilibrium with allocation
x! there is a certainty equilibrium with allocation x” such that, for each h,
Vi(,) > Vi(zy,).

Remark 1. Both Theorem 3 and Corollary 4 take as a starting point a regular,
k-invariant equilibrium. We can reinterpret the model as follows: Let h denote
a type of agents and, therefore, assume that there is a continuum of agents of H
different types. Then, our result holds true for economies with a continuum of
agents, provided that the characteristics of agents are, a.e., not “too different”
from the ones specified in the original H types (see, [5]).

Remark 2. Dealing with certainty equilibria, we do not face additional re-
strictions (but symmetry, negative semidefiniteness and continuity) on the
perturbation of the Hessian matrix of the utility functions. Therefore, the
result in Corollary 4 could also be established directly, by a straightforward
application of the usual technique of proof (in fact, with H > 2). However,
given the additional restrictions across extrinsic events that we must satisfy
in sunspot economies, this technique cannot be applied in the more general
framework of Theorem 3.
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The proof of Theorem 3 is based on three steps: First, we observe that
rankD ¢ \®E(§,v) = (n+ H) if and only if

D)6 Du6

rank [—Z\ —B] [—W\]

= (G\+ 1+ H),

where ((.) denotes the aggregate excess demand for all commodities but
commodity C' at each spot, while, now, Z\ is the (H x G) dimensional matrix
with typical coefficient (—A7z27¢), each 0. Next, given E = (u,e) with an
equilibrium (p, q), (z,b) and with Lagrange multipliers A, we pick an economy
E = (u,€) such that the initial equilibrium is still an equilibrium of this
modified economy and study rankD )P (§,v). We show that, generically
in the space of the utility functions, rankD¢ ,)®g(&,v) = (n+ H). In fact,
to restore its full rank, it suffices to perturb the vector of marginal utilities of
two agents. Then, a standard argument shows that (given the new collection
of utility functions and modulo a perturbation of the original endowment e in
the k-invariant direction (e — €)) rankD¢ \Pp(§,v) = (n+ H).

We make precise our argument splitting it into three Lemma.

Let’s start displaying D¢ ,,)Pr(&,v),

e D(Ihabh»/\h)FOCh e D(pﬁq’V)FOCh

ool
0 I; 0
Dy, Vi 0

1;1 the matrix above,
D Vi 0 —u(p, I;)T

‘D(-'/Uh;b}n)\h)FOCh = 0 0 R(Q) ,
~¥(p,v) R(q) 0

and \
—A,(v) % —Z(p, An)
D(p,q7]j)FOCh — 0 _AZII 0 ,
o | w
where
2\°
(2, v) = .
Vz_lz,\L B
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isa ((X+1) x G\) dimensional matrix,

0 0
1,1

W, = ,
p(zq)z}(LE—l)
0 0

is a (¥+1)x (X —1)) dimensional matrix, Z(p,Ap) is a (G + I)x
(X — 1) dimensional matrix with typical column o (o0 # 0,KS) given by
(0,...,27p°,0,...)T. Finally, A,\L(u) is the ((G+1I) x (G\+1)) dimensional
matrix with all cC rows identically zero. Restricted to the other rows, the
matrix is diagonal with coefficients Ajv7.

Given that the block diagonal matrices Dy, 5, x,)FOC) are readily es-
tablished to have full rank, D, ») FOC ™! exists. By premultiplying D¢ ,)®
by

—D(w)b)\)FOC_l 0
0 1|’

applying the obvious operations on the rows of the matrix so obtained
and, finally, premultiplying by

—D4p, 2 FOC 0
0 I’

we conclude that

D(z’bﬁ,\)FOC D(p\’q)FOC DVFOC
TG,TL]QD(&,,)@ = rank 0 D(p\,q)C DVC
0 [-2\-B] -W\

The next step is to compute the rank of the bottom right matrix for an
appropriately selected economy E. Notice that to keep in mind the entire
extended system of equations, and, hence, the matrix D¢, @(§,v, E), is es-
sential to keep track of the exact effects that the operations on the columns
of [-Z\ —B —W\] have on the columns of D1 g€ () via their effects on
the columns of D\ , ) FOCH(.).

Pick v = 1 and an associated k-invariant equilibrium (p*,¢*) with allo-
cation (...,z},...). We want to construct a new economy E with the same
equilibrium prices and allocation, but with (k-invariant) individual endow-
ments selected so that they allow us to drastically simplify the computations.
Bear in mind that prices and allocations are, by assumption, k-invariant, so
that we may sometime omit the index k, to emphasize this symmetry.

Let 8 = min {s|s(C — 2) > (H — 2)} . The economy F is defined as follows:
For each h, 4, = ujp. Endowments are, instead, changed: For agent 1, set
€i¢ = x{* for all the commodities, but commodity ¢ = 1 at each state s, s > 0,
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and commodity C at s = 0. Set &99 = (299* +¢'*), &' = (2 — 1/p*1¥).
Evidently, given ey, (27, (1,0,...)) is agent 1’s optimal choice at prices (p*, ¢*).
For agent h, H > h > 1, define in the obvious way a one-to-one map

fi{2, H—-1}— {12, ., 1(C—1), 22, .., 2(C—1),..., 3(C —1)},

f(h) = sc. Then, set &° = xi°* for each sc but f(h) = sc¢, and com-
modity C at the same spot. Set €;° = (z;* —1), for s¢ = f(h) and
e¢ = (xic* + pf(h)*) . Evidently, given &, (z},0) is agent h’s optimal choice
at prices (p*,¢*). His excess demand is nil for all commodities, but commod-

ity sc = f(h) and commodity C at the same spot and z}{(h)

H,seteg = (3,25 — Y pemer)-

It is straightforward to check that, given v = 1, (p*, ¢*) with allocation
(x*) is an equilibrium of the economy E, supported by the portfolios by, = 0,
for h #1,H, and b; = —by = (1,0, ...).

In words, agent 1 buys one unit of inside money and, at each spot, spends
the revenue to buy commodity 1. At each s < §, one unit of each commodity
is traded with agent H by agent h such that sc = f(h), who finances the
purchase selling commodity C at the same spot. Also, each agent (but 1 and
H) trades just once.

= 1. For agent

Observe that not necessarily € € %S_Srl)c. However, given that, at v =1

and in a neighborhood of (p*, ¢*), for each h and s, p**&; > 0, this is irrelevant.

The result driving the entire proof is summarized in the next Lemma.
The proof is in Appendix. The basic idea is the following: Given E, the
matrix [—Z\ —-B —W\] has a very simple structure. In particular, using
columns operations, it can be transformed into a matrix [—Z \* 0 0] where
Z\%* = 0, while each block Z\¥* contains only one nonzero term, in the column
corresponding to commodity (ksk). Of course, these columns operations also
affect the matrix D, ,,)C(.), transforming it into a matrix D 4 ,1C" (1)

Let p° be the vector of prices of the commodities p*s¥, each k. The key step of
the proof is to show that, given u; and modulo a perturbation of uy and us,
the (G\ 4 I) columns of D\ 4.1)C(.) referred to (p\°,q,v), where the vector
p\* does not includes commodity ksk, each k, are linearly independent. When
this is true, relabelling columns, we obtain

rank [_Dép\\i)é] ?Vlg/g\} = rank {D(p\o(’)q’v)c 13,2\4* =(G\+I+H).

This sketch of the proof should help to understand why we need a restric-
tion on the number of extrinsic events : We need to replace column Dk ("
with column D,x:(*, each ks # KS. This works as long as K < (C'—1). The
economy E° constructed in the Lemma depends upon the particular equilib-
rium we start with. However, for given v, F;'(0) is a finite set (generically).
Hence, iterating the procedure, we can show that the same result holds for
each equilibrium, associate with the given v, of an open and dense set of
economies.
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Lemma 2. Let 3<H < (¥—1),I <X and K < (C—1). Givenv, E and
any open set V(E), there is E° = (u’,e) € V(E) with the same equilibrium
(p,q) and (x,b) and such that rankD¢ ,)Pps = (n+ H).

Now, let’s go back to the actual economy E. Here, we exploit an argument
which has been introduced by [1] and subsequently used, in dealing with
sunspot economies, by [4] and [10].

Lemma 3. Let 3< H < (¥ —-1),] <X and K < (C—-1). Giwenv, E
and any open set V(E), there is an open, dense subset VI(E) C V(E), such
that, for each E' € VI(E), rankD¢ )Py |p()=0 = (n+ H).

Proof. Start with the economy F and construct £° = (u° ). By Lemma
7, rankD¢ ,)®Pps = (n+ H). In fact, in Appendix, we establish the result
dropping the redundant columns of D,®zs, so that we obtain a square ma-
trix D(g’u)éj\@é. Given that rankD(g’l,)QJ\@é =(n+ H), detD(g,,,)éj\Ljé # 0. Let
e(t) = (te+ (1 —t)e) and E°(t) = (u’,e(t)). Evidently, detD(g’V)Qgé(t)
polynomial in the variable ¢. Given that detD(g’l,)éj\@é(l) # 0, the polynomial

is a

is non trivial and, therefore, detD(&,,)@J\@é(t) = 0 has a finite number of solu-

tions, {t1,...,tr}. Hence, if detD(g,V)d%s(O)
initial endowment in the (k-invariant) direction (€—e) to obtain an (arbitrarily
close) economy E/ = (u’, ef) with detD ¢, @\ # 0. Hence, V/(E) is dense.
Given that the initial equilibrium is regular in the economy FE, openness of

VI(E) follows immediately, for V(E) sufficiently small.

= 0, it is sufficient to perturb the

We are finally ready to establish Theorem 3.

Proof. Density of £F follows directly from Lemma 2, 7 and 8. Given the
boundary conditions, a standard argument establishes that £ is open as
well.

4 Pareto improving sunspot equilibria with real assets

As is well known, while sunspot equilibria may exist in economies with real
assets, they do not exist for arbitrarily given payoffs structures. We will extend
the previous result showing that, in economies with incomplete markets (at
the k-invariant equilibrium) and such that sunspot equilibria exist, there are,
generically, asset payoffs structures such that the original equilibrium is Pareto
dominated. To guarantee the existence of sunspot equilibria, we will follow the
approach originally proposed in [13] and developed in [9].

Our construction rests heavily on the previous results. Pick an economy F,
nominal asset structure Y and v/ such that the associated equilibrium (more
properly, one of the equilibria) (p/, ¢/) with allocation (z/,br) is Pareto dom-
inated by a sunspot equilibrium associated with v”, (p”,¢”), with allocation
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(2”,b”). We will show that, typically, there is a k-invariant structure of real
assets p such that (p/, qt), (x,b/) and (p”,q”), (z”,b”) are both equilibria of
the new economy.

Notice that, by Corollary 4, if H < (S — 1) and assets are nominal,
certainty equilibria are typically Pareto dominated by some other certainty
equilibrium, so that the possibility of Pareto improvements within the set of
equilibria is not necessarily related to sunspots phenomena. This is in general
not true with real assets. It is easy to check that our construction works also
for economies with a unique certainty equilibrium.

The proof of the main result exploits an additional property of sunspot
equilibria. Define the ((K 4 1) x C) dimensional matrix

Vs'ps/
Vls" pls”

VKSH sz”
where the first row is given by state s certainty equilibrium prices at v/,
while the last K rows are given by equilibrium prices at the states (ks) at v”.

Lemma 4. Let 3 < H < (X —1),I < S and K < (C —2). Given the
nominal asset structure Y, let (pt, q) be the k-invariant equilibrium associated
with v/ and (p”,q") be a sunspot equilibrium associated with v”, satisfying
vkas? £ ykos” for each s and each pair kq, ky. Then, for an open and dense
set £ C &, Z(s) has maximal rank (K + 1), for each s.

Proof. By Lemma 2, there is no loss of generality in assuming that both
k-invariant and sunspot equilibria are regular and sufficiently close (in the
economy with nominal assets). Hence, it suffices to show the density part of
the thesis, i.e., that for each open ball V(E), there is E* € V(E) such that
rankZ(s) = (K + 1), for each s, at the equilibrium (p*, ¢*). By a standard
argument, modulo a perturbation of the utility function in the certainty econ-
omy, there is an h, say h = 1, such that, at each o, p”/ 2y ' # 0. By regularity
of the sunspot equilibrium and continuity, we can assume that p”“ zf” # 0,
at each 0. Given that v*" #£ v#5" each s and each pair kg, ks, this im-
plies z¥*¥" £ %" each s and each pair kq, ks, and x§ # 285" each k.
Hence, there exists a collection of K open balls By (x}" ), each one centered
on ¥ = (20", 2% . 2%") k = 1, .., K, and a collection of closed balls
B§(z}") C %f:l)c such that By(z}") C Bi(a}") C S‘Efjl)c, each k, and
Bs(zFe") 0 B (z¥") = ), each kg, ky and z) ¢ B5(x}"), each k. Also, let
Ok (xq, B{(z}")), k = 1,..., K, be a collection of bump functions taking the
value 1 at xy € By(z}"), the value 0 at x; ¢ Bf(z}") (see, [12]). Assume
that rank=(s) < (K + 1), for some s. Consider an arbitrarily small per-
turbation of its last K rows (keeping p**! = 1, each k), so that the new

matrix =’(s) has full rank. Repeat the operation for each s > 0. Let p*
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be the price vector so obtained and let A*(p*,¢*,v”) =>", ., 27 (p*, ¢*, V")
and 2 = 2z1(p*,¢*,v"). Given that ), 27 (p”,¢",v”) =0, by continuity, || —
A(p*,q*, V") — z1(p*, ¢*,v")|| can be made arbitrarily close to 0 by choosing a
price vector p* sufficiently close to p” and still preserving the full rank of =”/(s),
each s. Consider now the economy E* with e} = ep, each h, uj = up, h > 1,
and uf(z1) = ui(z1)+ 34 0% (21, B (21 ) [Dayun (1) 25 = Doy un (21)] - a-]a1.
I claim that, (=A*,b] = =3, bu(p*,q*, ")) is agent 1’s optimal choice
given (p*,q*), v” and utility function wj. Evidently, (—A*, b3) satisfies
agent 1’s sequence of budget constraints. Moreover, given that, with util-
ity w1, at z{, >, (k) Dy, ur(21)]2 = N Tw(p*,v7), for some vector A* such
that ATTR(q*) =0, Zkﬂ(k)DzluT(xlf)LA* = Zkﬂ—(k)DIlul(xllc”*A* +
2u (k) [Dzyua(@1)lzy = Dayua(za)|-a-] =21, 7(k)[Da, ur (21)
= MW (p*,v”). Hence, (—A*,b%) solves the FOC of agent 1’s optimiza-
tion problem at (p*,¢*) and v”. By construction, the allocation (z; =
—A* 2 (p*, ¢, V), ..., zu(p*,q*, V")) satisfies the market clearing condi-
tions. Given that Y is a full rank matrix, this means that the market
clearing conditions for assets are satisfied as well. Hence, (p*,¢*) is a
sunspot equilibrium of the economy E*, given v”. Moreover, given that
agent 1’s utility function is not changed at x/l, the k-invariant equilibrium
is not affected. As noticed above, for a sufficiently small perturbation of

the equilibrium prices p”, E* can be made arbitrarily close to FE, hence
E* e V(E).

"
21

Finally,

Theorem 2. Let 3< H < (¥ —1), I < S and K < (C —2). Then, there
exists an open, dense set of economies EP C & such that, for each E € £,
there is an asset structure p such that there are sunspot equilibria Pareto
superior to a k-invariant equilibrium.

Proof. Given Lemma 9, it suffices to establish the density part. Given F,
any open set V(E) and any asset structure Y, with I < S, pick E* such
that the regular k-invariant equilibrium associated with v is Pareto dom-
inated by a sunspot equilibrium associated with ©”. Given the previous
Lemma, we may assume that, at the sunspot equilibrium p”, rank=(s)=
(K + 1), each s. This implies that, for each s and each 4, there is a solu-
tion p*(s) to the system of equations =Z(s)p(s) = [y*, 4%, ...,4**]. Then,
let p* define the structure of real asset of the economy. Evidently, (p/, /) is
a k-invariant equilibrium, while (p”,¢”) is a sunspot equilibrium of the new
economy.

Remark 3. In the economy with real assets, neither k-invariant nor
sunspot equilibria are necessarily regular (because D, 4)¢(.) in the economy
with real assets is obviously different from the same derivative in the economy
with nominal assets). Given [9], our result could be strenghtened by consid-
ering equilibria which are regular in the economy with real assets, too. This
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would allow to strenghten Theorem 10, establishing openness of the set of
asset structures allowing for Pareto improvements. The argument is straight-
forward and, therefore, omitted.

Appendix: Proof of Lemma 7

Throughout the proof, we will keep fixed v = 1 and an associated equilibrium
(p,q) and perturb the economy FE so that (p,q) € Fg,l (0). The technique of
proof requires us to be able to perturb (in k-invariant directions) the gradients
of two agents. It is well known that this can be obtained via perturbations of
the utility functions (see, [13], [14] and [16]). The following result is reported
here for completeness.

Claim. Let I < S.Fix v*, E, any open set V(E) and a k-invariant equilibrium
(p*,q*), (z*,b*) with associate Lagrange multipliers A\*. Then, for each § €
R>¥+1 § small enough and such that R(¢)d” = 0, there is E® € V(E) such that
(p*,q*), (z*,b*) is an equilibrium of E° with associated Lagrange multipliers
A= (A +0).

The proof of Lemma 7 is based on two steps:

1. We exploit the k-invariance of the allocation to get rid of all but H
linearly independent columns of the submatrix [Z\ B W\]. Given uq, this
may require a perturbation of agent H’s utility function.

2. We show that, given uq, vy and modulo an arbitrarily small pertur-
bation of ug, the (G\ 4 I) dimensional, square matrix Do g€, defined in
the text above, has full rank.

The Lemma follows immediately.

Step 1

Bear in mind that K < (C—1)and H < (X —1).

Without loss of generality, but for notational simplicity, fix % = 1 for
each s > § and drop the corresponding columns of W\ and D, (.

Remember that § = min{s|s(C —2) > (H — 2)}) and, without any loss
of generality, assume §(C' —2) = (H — 2).

Also, for notational convenience, let £, = K(A!, ..., AF%)/\).  Hence,
if 65 = (£},...,£9) is the vector of period 1, normalized (by \}) Lagrange
multipliers at the certainty equilibrium, ¢;, = (..., £5,...) is the normalized (by
M) /K) period 1 vector of Lagrange multipliers at the associate k-invariant
equilibrium.

In the economy E (and after normalizing row h by )\g/K7 each h), Z\ is
given by [KZ\0 Z\! .. Z\K]  with Z\? = [0], while —Z\F =
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g 0 —B/p e T
0 "'*55_1 0 o .- 0
0 o0 0 0o .- 0 )
0 0 0 ..._4%71... 0
_fl}{/p” e Uy /PP Gy Gy ]
an
_K 0 —0 —05
[—(KB) =W ] =] - .

Kolle a4

Evidently, there is no loss of generality in assuming that Z\ has maximal
rank H: Relabelling spots and agents, it suffices to pick agent 1 and H so
that €5 /05 # €5 /65, for some s and s/. With reference to the previous claim,
set oy = [5%,5;1,0,5?&,...,52], 5}1 # 0, and 0%, s # 1,2, chosen so that

R(gq)d = 0, which can always be done because [y*! --- y*9]

position, for each k.

Consider the following sequence of column operations (we identify columns
in the obvious way), focusing, for the moment, on their effects on the columns
of [Z\ (KB) W\]:

a. For each s, § > s > 0, subtract from column (v**) column (p
multiplied by p*! (i.e., get rid of the nonzero coefficients of the matrix W\).

b. Subtract column (p**¢), ¢ = k, from column (p¥ **) to eliminate all the
(collinear) columns (p¥'*%), ks # k.

c. Use the linearly independent columns (p''!) and (p'?!) to eliminate
columns (p*1), s > 2, and the nonzero columns of the matrix B.

is in general

ksl)

Step 2.
Rearrange the columns of the (transformed) matrix to obtain

D(p\° ,q,u)C* Dy ¢
O Z* )

where Z* has full rank H. The square matrix D(p\",q,y)(* is given by the
columns (modified by the operations under a, b and ¢ above) relative to (p°¢),
c < C,(p**°), each ksc # ksk and ¢ < C, and (¢'). The other H columns
relative to (p**¥), s < §, have been replaced by the columns (1*%).

We need to show that, generically, rank D(p\o,q’l,)g‘* = (G\ + I) .

Let  [DigybnamF OCp)\"'  be the matrix obtained from
[Dzp on ) FOC,] ™! deleting the rows associated with commodity oC, each
o, and the last (X + 1) rows. By the implicit function theorem,
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D(p\,q,l/) Zl\l = _[D(zh,bh,,)\h)FOCh]\_lD( )FOCh

p\,q,v

Let D(p\o,q’V)FOC’; be the matrix obtained from D(p\’q’l,)FOCh with the
operations performed in step 1 and the substitution of columns just described.
Then, Do g.)¢" = = X p[Diar o) FOCKN ' Do 4, FOC.

Claim. Assume that [D(Ih’bhy’)\h)FOCh]\_lD(p\o’q’y)FOC;; = )\th, where
My, is a square (G\ 4 I) dimensional matrix of full rank, which does not

depend upon )\2. Then, given any open set V(E), there is E' € V(E) such
that (p,q) € F~'(0) and rankD e , (| = (G\+1).

Proof. Given the previous claim, set 6, = —Apn. Then, agent h’s vector of
Lagrange multipliers becomes A\, (1 — n) : Hence, the normalized vector does
not change, while A\Y° = A) (1 — 7).

Then, Do 4,6 |55 = Do q.00C 8 — (n\)) M, and, therefore, (n\}) is

an eigenvalue of the matrix M, 1D( e *|5- The set of eigenvalues of any

p\°.q,
matrix is finite, hence, for almost all 5, rankD e )¢ |gs = (G\+1).

Therefore, to conclude, we just need to show rankM, = (G\+1), for
some h. Pick h = 2 (notice that, as it will become clear in the sequel, it needs
to be h # 1, H. That’s why we need H > 2) and let

Al A‘;‘T}

(D400 FOC2 ™ = { A3 A3

where Al* is well known to be a (G + I) dimensional square matrix of
rank (G\+1). Also, let A} be the ((G\ + ) x (G +I)) dimensional matrix
obtained deleting rows oC, each o. It is well-known that rankA} = (G\ +1)
(see, for instance, Balasko and Cass (1991)). Moreover,

AL [~¥(p,v) R(g)]" =0

so that [—¥(p,v) R(q) ]T spans the null space of Al. To conclude the proof,
first we observe that the last (X' + 1) rows of D0 , ) F'OC3 are identically
zero and that D, o, FOCS is homogeneous of degree 1 in ,\2, so that we
can write

. [AD,
D(p\o,q,l/)FOCZ — |: 2 :|

0

and, therefore, [D(ml,bl,/\l)FOC'Q]\_lD(
we show that:
a. Dy has full column rank;

b. spanDs N span [ =¥ (p, v) R(q)]T ={0}.
It follows that BiAs; = My has full rank (G\ + I), as required.

yFOC3 = AJA}D,. Finally,

p\°,qv
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Bear in mind that, at a k-invariant equilibrium, p** and ¢5* are k-invariant,
so that we can omit the index k, to stress the symmetry.

Consider the changes induced in the matrix D\ ,,yF'OC5 by the sequence
of operations on the columns and by their final rearranging. The first (G\+1)
columns of the modified matrix (using the normalization by K/\J) are given
by the matrix (A\9/K)Dj, whose last (X + 1) rows are identically zero (in step
1, we got rid of all the non-zero terms of these rows but —z3! and —23! and the

two corresponding columns have been replaced by the ones associated with
v and v'?). Indeed, D} =

—KI\ 0 0
0 _Al SR C%; CIE
—AZ... cR2 ... ... O}
S
R N ,
_AKS 0
0 ce 0 —-KI;
| 0 A 0 |
where:
o3 0 -
Aks: Espksk
£
L & 0]
i.e., the vector [0 5p%2 .- £§]T replaces the column referred to commod-

ity ¢ = k (remember that we subtracted from column v*¢ column (p!*!) mul-

tiplied by p*! in step la and, then, replaced column (p**¥) with the (modified)
column v*%).

The matrices T, s < 3, are given by all zero coefficients, but the coef-
ficient corresponding to commodity ¢ = k, which is equal to ¢5 (remember
step 1b above).

The matrices C* and C}, t = 1,2, s > 2, reflect the operations of step
lc. Then, for s > 2, t = 1,2, C!t has all the coefficients equal to zero, but

the ones on the first row and column, given by f5clt, where

e [/t =T =/
)= | [

S
cy? Ca/p™ G/ /P

S
Similarly, Cit, ¢t = 1,2, has all the coefficients equal to zero, but the ones

on the first row and column, given by £4c} where
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[} _ [—E%/p“ —f%/pﬂ}l [—K} ,

12 g}{/pll g%{/p21 K

Cr
Bear in mind that these matrices just appear on the blocks of rows of
states 11 and 12, given the particular role played by the value of the excess
demands of agents 1 and H in these two states.
Let Dy be the ((G+ 1) x (G\ +I)) dimensional matrix given by the first
(G 4 I) rows of D5. Given that v = 1, for the purpose of this computation,
we can drop it from the notation.

Claim. Do has full column rank.

Proof. Suppose that Dya” = 0, and let a = (a°,a',...,a’,a%) € §RG\+I,
with a® = (a%!,...,a>!). Evidently, a® = 0, a® = 0 and a** = 0, for each
s > 4. For a**, k > 1, given the structure of A**, a*** = 0, because for each
ksk there is a row (the one corresponding to commodity ksC) with one and
only one non zero coefficient. This immediately implies that a**¢ = 0, each
c. For k = 1, the same argument applies to blocks ks, s > 2. Taking into
account these facts and given that A'! has full rank, a'' = a'? = 0.

Claim. Let I < S, and 3 < H. Then, for each open set V(_E’), there is
an open and dense subset V/(E) C V(E) such that, for each E' € V'(E),

spanDy N span | —¥(p) R(q) ]T = {0}.

Proof. Openness follows by regularity of the equilibrium (if V' (E) is sufficiently
small). Hence we just need to show the density part.

If b € span [—¥(p) R(q) ]T , then

b= [_bopo, (—bllpll, . _b1spls)’ . (_bKlpll7 e _bKSplS)7 b(‘\;],

with 6% = R(g)T [1°, ..., bK]"

As above, let a = [ao,al,aK,ag] € RO+ and, by contradiction, as-
sume that there is b € R\ {0} such that b € span [—¥(p)" R(q)" | and
b = Dsa, for some a. The structure of b imposes several restrictions on the
coefficients of the vector a. We are going to show that, generically in wuo,
they are satisfied if and only if ¢ = 0. Hence, b = 0 and the contradiction
establishes the claim.

Observe that:

a. Given that —b%p° = — [aOIK, a1 0] ,a’ =10 = 0.

b. For states 11 and 12, given that, for t = 1,2, —b'tp't =

w%( 31 1t +ZS>2 a}lsl 1t _|_Z o1 akt ) ’_gg(altlptc 4 a}ltc)’“.’

—f5attt], it must be bt = (La'*'. Hence, a'** = 0, C > ¢ > 1, and
(adl clt + s alslclt + 37, . aktl) ltlptl

c. For b's, 6 > s> 2, —bpl* = [l55°, _, a*' —(f5a 1Slps2 + 6at$?), ...,

—f5a**1]. Hence, it must be bls = (3a'*! and, therefore at*¢ =0, ¢ > 1, and

Zk>1 aksl _ alslpsl'
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d. For k > 1, and s < §, —bFspks = — [@(1“17..,éf,’a“kpsc,...,@aks'“] +
[O,fﬁiakﬂ,...,é; Zk,ik ak'sk f@akscfl,O} . Hence, b** = (3a***, and,
therefore, a*¢ = 0, for ¢ # 1,k,a**! = a***¥p*! and P a¥'sk = 0.

e. For s > 3, given that —b"*pFs = —/5(a**,0), it must be a¥* = b** =0,
each k.

f. Given that —K [ag]T = 3T = R(g)T [bo,...,bK]T , and taking into
consideration what we have just established, it must be

-K [aS]T = R(q)" [0 t3at --- E%aKS]T :

Bear in mind that, given that (by d) a¥*¢ = 0, for all ¢, but ¢ = 1, k (each
s and k > 1 and each 1s,s > 2), and that a**! = a***p*!, we can denote a***
as a®*, for each s,k > 1, and for k = 1,5 > 2.

To summarize, we must have:

i. a’ = a** =0, for s > 5 and each k (because of a and e);

ii. (a¥le}t/ptt + 3 paticef/pt + 3,0, a) = —a't, t = 1,2 (because
of b and remembering that a**! = a***p*! = a** for s > 2 and each ks, k > 1);

il Y, o, a¥5= —a'®, s > 2 (because of ¢);

VD sk a¥'s =0, k > 1 and each s (because of d);

v. - K [ag‘]T = R(¢q)T [0 tiatt ... €§aKS]T(this is f).

Ignore the subset of states such that it must be a** = 0. Translating these
restrictions on the vector ¢ into matrix form, it must be

L+ I I C
I 0 I 0
s z L ar
I I 0 0
Y(1)\TD (zé) Y(2)\TD (eg) L Y(K)\TD (zé) Kl
=Val =0, ]

where, now, a = (..., (a**, ..., a*¥),...,a¥)e R¥KTL C is the (§ x I) matrix
e 0
i o]
0 -0
while 7" is the (§ x §) matrix
(00 eyl /ptt oo clljplt
00 cl2/p?t ... cl2/p?
o0 o .- 0

o0 0 - 0

Y\(k) is the (k-invariant) matrix of events k payoffs (in states 1, ..., ) and
D (Z;) is the matrix having diagonal coefficients (3, ...,£3) . To conclude the
proof, we need to show that Va” = 0 if and only if @ = 0, i.e. that V has

full rank. Use the last block of columns to get rid of all the assets payoffs
but inside money and drop the corresponding rows and columns. Subtract



200 Tito Pietra

the block of columns of £ = 1 from the blocks k£ > 1 and add the blocks
of columns so obtained, for k = 2,..., K — 1, to the block relative to k = 1.
Finally, divide the last column by K and subtract it (multiplied by ¢5) from
the the first block of columns, obtaining

(T % % x 0o

0—1--- 0 cr/p
' R R e

0-r 0 —1
0 “I;-- 0 0
0 0 - —I; 0
[0] [0] --- [0] K

Hence, V has full rank provided that the top left (2 x 2) submatrix T has
rank 2, where

P [V Bel/p el iy

= | —ael/kp 1-Bep /KR

By direct computation, detT = (K — (3cj/p't — (3¢} /p*!) /K.

Fix p't, p?!, 01, 63, 0%, 03, and K.

Then, remembering the definition of c}! and 3, one obtains detT =
(1= (B - B+ (e — )B) /(B0 — ().

By construction, either (/2 — (%) # 0 or (¢}, — ¢1) # 0 or both. If, for
instance, the second term is non zero, perturb agent 2’s utility function by
0o = [53,0,6%,...,5%}, 5% # 0, and 95, s # 1,2, chosen so that R(q)d2 = 0,

which can always be done because [ykl yks]

each k.
Notice that this last perturbation of the utility function must be applied
to some h # 1, H.

is in general position, for
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1 Introduction

Two Views of Sunspot Economies

The sunspot literature, originated by the Cass and Shell, [3], studied convex
economic environments where the First Welfare Theorem does not hold. In
these economies the introduction of ”extrinsic uncertainty” may change the
set of equilibrium allocations. Indeed the last assertion became a Folk theo-
rem, [16]. Most notably, there are economies where Pareto efficient certainty
equilibria (i.e., equilibria where sunspots do not matter) coexist with ineffi-
cient sunspot equilibria (e.g., [1]). This first research saw sunspot as a socially
undesirable, but possible, and to some extent, pervasive, equilibrium outcome
of competitive environments.

In the recent years, research on sunspots has taken quite a different route.
The objects of study are economies with non-convexities (see for instance
[10]). It was soon clear that non convexities in production or in preferences
had very different implications.

When non-convexities are present only in the production sets of the firms,
the introduction of sunspots is immaterial. Given the linearity of the profit
functions, a sunspot equilibrium is an equilibrium of the "concavified" econ-
omy and, thus, sunspots do not matter, [2].

The situation is very different when non-convexities are present in the
consumers’ preferences or consumption set. Most of the literature deals with
static economies with non convexities of the consumption set, generated by
either indivisibilities, [17], or incentive compatibility constraints, [8]. In these
environments randomness in allocations may improve welfare. The latter can
be generated in two different ways, either by introducing lotteries or by in-
troducing sunspots. In the sequel, we use the term competitive equilibrium to
refer to the equilibrium outcome of an environment where individuals face a
complete set of markets for lotteries and the term sunspot equilibrium when
they face, for given specification of the probability space of extrinsic uncer-
tainty, a complete set of (sunspots) contingent markets.

Competitive Equilibria and Sunspot Equilibria

Two major differences between the concept of competitive equilibrium and
sunspot equilibria are clear, and both of them are crucial. The first difference
concerns the nature of the consumption sets. With the competitive notion,
agents may choose any probability distribution over basic consumption bun-
dles, as in [11]. With the sunspot notion, they choose measurable maps with
respect to an exogenously given probability space of extrinsic uncertainty
(2,2, 6).

The second difference concerns the nature of prices in the two concepts.
In the lottery economy prices are linear in lotteries and, hence, they can
be non-linear in commodities. In the sunspot economy, prices are linear in



Growth in Economies With Non Convexities 205

sunspot contingent commodities. Thus, a first natural question is to investi-
gate whether competitive and sunspot equilibria are "equivalent." There are
two aspects to this question. The first is at the level of individual behavior
and it concerns the different nature of the consumption sets under the two
specifications. The second is at an equilibrium level and it concerns the nature
of equilibrium prices. Any individual sunspot allocation induces a probability
distribution over consumption bundles and, hence, it induces a lottery. How-
ever, the viceversa need not be true. A lottery induces a stochastic allocation,
but this may be either not measurable with respect to the given probability
space of extrinsic uncertainty, (£2,2), or incompatible with the given sunspot
probability law, 6. When each lottery induces a (compatible) sunspot allo-
cation, lotteries and sunspot allocations are equivalent. Garret, Kreister, Qui
and Shell [5] show that equivalence is achieved by any ” continuous randomiz-
ing device”®. When the probability space of extrinsic uncertainty is not rich
enough, sunspot equilibrium allocations, if they exist, may be Pareto subop-
timal. Different specifications of (2,2, 5) may yield different equilibria with,
in principle, Pareto ranked allocations ([17], [4]). This is not a contradiction
of the First Fundamental Theorem of Welfare Economics. Pareto optimality
is relative to a given consumption set, while in the previous statements we are
comparing allocations in different consumption sets. *

However, when the extrinsic uncertainty space is ([0, 1), B, L), under fairly
general assumptions, every sunspot equilibrium allocation induces an equilib-
rium lottery allocation. If equilibrium allocations of the lottery economy are
supported by linear prices, the viceversa is also true, ([5] and [6]). This equiv-
alence result is based on the assumed existence of sunspot equilibria and,
equivalently, of lottery equilibria supported by linear prices.

Thus we are led to the second aspect of the problem: singling out environ-
ments where competitive equilibrium prices are linear. In any economy where
feasibility is a restriction on the average values of (joint) lotteries, equilibrium
prices may be restricted (without loss of generality) to be linear. One such
environment is a large pure exchange economy (with finitely many types).
If each household of type i consumes i.i.d. lotteries §,;, by the law of large
numbers, the aggregate average allocation is, with probability 1, determin-
istic and equal to the average (appropriately taken over types and lotteries)
consumption. Feasibility in a large exchange economy requires that average
endowment to be equal to average consumption. Hence, feasibility is just a re-
striction on the average value of the lotteries. Thus, in large economies lottery
and sunspot equilibrium allocations are equivalent, [8] and [5].

3 For instance, the probability space ([0,1), B, L), with B denoting the Borel sub-
sets of [0,1) and L the Lesbegue measure.

* In this literature as well as in this paper, a feasible (sunspot) allocation is efficient
if it does not exists a feasible lottery that Pareto dominates it. Furthermore, it is
understood that preferences are extended over random allocations via expected
utility.
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The Model

We depart from the existing literature in two aspects. First, the lack of convex-
ity is generated by the preferences of the households and not by the nature
of their consumption set. In previous work, [12], we have studied the Lan-
caster model of characteristics, [9]. When the household production function
transforming commodities into characteristics is concave, but not linear, the
derived utility function over commodities (i.e., the composition of the concave
utility function over characteristics with the concave production function) can
be any continuous function. Furthermore, a long history of experimental ev-
idence indicates the lack of linearity of the household production function.
Thus, the Lancaster model of characteristics provides a sound justification for
the study of economies with non-convex preferences.

The second key feature of our model is time. We study a continuous time
growth economy. In this economy lotteries appear naturally because they are
the only sensible way to define the limit of allocation paths (over time) that
are in the limit achieving the supremum in the growth problem. Since the
utility function is not concave, an optimal deterministic path may not exist:
however, the sequence of paths yielding the supremum value is oscillating
among extreme points. The natural limit of these paths is a path taking
values in lotteries. Hence, in our model, the household consumption set is
identified with the set of lotteries and the feasibility requirement equates the
effective investment to the average production of investment goods at each
instant of time. The definitions of the consumption set and of the feasibility
requirement are, in an obvious sense, the outcome of the optimal use of time as
a convexifying device. The same type of mechanism is at work for competitive
versions of these growth economies. Households facing a budget constraint
reproduce, by varying their consumption over time, the distribution of their
consumption over goods induced by a lottery. In a way they would, by their
intertemporal choices, extend the commodity space. This extension is precisely
our “natural” choice of commodity space.

A Growth Economy

The growth economy provides thus a natural environment to study the rela-
tion between lotteries and sunspot allocations. We examine this relation by
using several specifications of the economy, differentiated by time character-
istics and the number of households. The competitive equilibrium describes
the growth economy where the household consumption set and the feasibility
requirement are as previously described and there exist complete markets for
time contingent lotteries. In a sunspot equilibrium, for given (time invariant)
sunspot probability space (£2,2,5), the consumption set of the individuals
is identified, at each instant of time, with the set of (£2,2()-measurable con-
tingent commodity allocations. Feasibility, conformably with the notion of
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competitive equilibrium, requires, at each instant of time, the effective invest-
ment to be equal to the average production of investment goods. The average,
this time, is taken over the realization of the sunspot allocation according to
the sunspot probability measure 6.

In a (finite) pure exchange economy with a representative agent, feasi-
bility requires the sunspot allocations to be equal to the sunspot invariant
endowments. Thus, sunspots do not matter. However, in the growth economy,
the adopted notion of feasibility allows for non trivial randomness of feasible
allocations even in the model with a single representative consumer.

An equilibrium can be either intertemporal or static and the economy can
be with a single representative household or with a large number of iden-
tical ones. The last distinction is immaterial in convex economies, but has
important consequences when preferences display non-convexities.

The intertemporal economy is just the standard competitive version of
the growth economy. We compare the intertemporal competitive equilibrium
allocations with the intertemporal sunspot equilibrium allocations. If, at each
competitive equilibrium, lotteries are priced linearly, a quite strong result
holds true: competitive allocations and sunspot allocations coincide. Also,
without loss of generality, probability adjusted prices are sunspot invariant.

Most importantly and in the contrast with the literature, independently of
the sunspot space specification, there cannot exists inefficient sunspot equilib-
ria. The reason is quite simple. If a sunspot probability space does not provide
enough randomness to reproduce the desired lotteries, time supplies the ad-
ditional missing noise. This in turn implies that it cannot exists a solution
to the household programming problem or, equivalently, that there cannot
be an intertemporal sunspot equilibrium for "inadequate" specifications of
(£2,2L,5). Hence, the key question is to single out environments guarantee-
ing price linearity of the lotteries in basic commodities. As already argued,
the large economy is always one of such environments. The second requires
a non-generic restriction on the technology that we call semi-linearity. With
a semi-linear technology, for each given vector of capital goods, the isoquant
curves of investment and consumption goods are linear (as in the text book
growth model). Thus, a lottery is feasible if its average value is feasible. The
latter is the key desideratum to obtain linear supporting prices.

However, with a representative household (or with finitely many), for gen-
eral specifications of the technology, lottery prices are non-linear and sunspot
equilibria do not exists. We provide examples of this fact by using the static
version of the economy. The notion of static equilibrium is the restriction of
the definition of intertemporal equilibrium to vectors of allocations and prices
that are constant over time. Thus, each static competitive (lottery) equilib-
rium is a stationary, intertemporal competitive equilibrium and viceversa.

Stationary allocations are important, simple to analyze and they are con-
structed, in standard economies, using our notion of static equilibria. Indeed
in standard, convex environments, static and stationary intertemporal equilib-
ria coincide. However, in our environment, sunspot (static) allocations behave
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differently. There are non-convex economies with indeterminate and Pareto
ranked static sunspot equilibrium allocations associated with distinct spec-
ifications of probability space (£2,2,0). By what previously said, inefficient
static sunspot allocations can never be stationary, intertemporal sunspot equi-
librium allocations. Thus, when preferences are not convex, static sunspot
equilibria are an inadequate tool to analyze stationary equilibrium allocations
of growth economies.

Furthermore, we show that there exist large economies with a countable
infinity of Pareto ranked static sunspot equilibrium allocations with aggregate
pro capita consumption invariant both across equilibria as well as across real-
izations of the uncertainty. We select the technology to make sure that these
equilibria are equilibria of a large pure exchange economy with non-convex
preferences.

2 The Representative Household Economy

We model a growth economy with a representative household. The model
is standard except for the lack of convexity of the household’s preferences.
The particular notions of competitive and sunspot equilibria that we use are
much related to the solution of an optimal growth problem with, potentially,
a non-concave utility function. Hence, in order to clearly explain the various
adopted definitions of equilibrium we turn next (and quickly) to the optimal
growth problem. A detailed analysis of the growth problem is in Rustichini
and Siconolfi ([13]).

2.1 The Optimal Growth Problem

Consider a growth economy with a representative individual. The consump-
tion set in the basic commodity space is Y, a non-empty, compact and convex
subset of §R$ The instantaneous utility function, U : Y — R, is continuous,
but not necessarily concave. A vector of capital goods is x € %f . The contin-
uous and jointly concave function F' : %f xY — ﬂ?ff describes the technology.
Let § : Y — R4 denote a measurable map, § = (3(¢))¢>0. For given initial
condition #(0) = xg, the optimal growth problem is:

sup / T et (1)

subject to the constraint:
(t) = F(2(t), (1)), £(0) = zo, §(t) €Y. (2)

If U is not concave, an optimal solution to (1) may not exist.
The reason is simple. If preferences are not convex, a consumption path
(that is, the g path) can give, over some time interval, a strictly higher utility
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than the path equal to the average over time of the original path. So variability
over time is, from the point of view of the allocation of consumption, desirable.
But the opposite is true from the point of view of production: a variable
consumption path can yield a strictly smaller asset accumulation than the
path equal to the average over time. Making the variability occur in shorter
and shorter time periods can reconcile the two desiderata. The utility is still
going to be roughly equal to the average of utilities in different points in
time. The loss in production is going to be smaller and smaller because the
resulting oscillations in the x path are smaller and smaller. But the limiting
measurable optimal path may not exist. The next example illustrates this in
a simple economy.

Ezxample 1. An economy with no optimal growth path

The economy is described by C = K =1, and F(x,y) = f(z) — y, with f
strictly concave and such that f/(1) = r and f(1) = 1. The initial condition
for the capital stock is xg = 1.

The utility function U is monotonically increasing, but not concave. There
is however a concave function V that satisfies V(y) = U(y) for y € [0,1/2] U
[3/2,00], and V(y) = AU(1/2) + (1 —NU(3/2) > U(y), for each y = A\(1/2) +
(1-=X)(3/2), A€ (0,1).

The optimal growth problem when the utility function is V' (rather than
U) has, given the choice of our initial condition, the unique solution y(t) =
z(t) = 1, for all ¢. The value to the problem is 3 (U(1/2) + U(3/2)) = V/(1).
Furthermore, since V(y) > U(y) , for all y, the value to the growth problem
(1) with the utility function V is greater or equal to the value of the problem
with the utility function U.

Consider now the growth problem with U. Fix an arbitrary time interval.
Consider the consumption path g that alternates period by period the con-
sumption levels 1/2 and 3/2. For r close to zero, the value of this path U(§) is
close to 3 (U(1/2) + U(3/2)) = V(1). Since the production function is strictly
concave, variability is costly. Thus, since the average (over time) consumption
of the path is 1, g is, given the initial condition, not feasible. However, by
making the time period arbitrarily small, the cost of the variability converges
to zero and the consumption path converges (in the appropriate topology, the
narrow topology: see below, and [18] for details) to the time invariant path
in the space of probability measures that assigns to both consumption levels,
1/2 and 3/2, a probability 1/2. .

2.2 The Relaxed Problem

Let M4 1(Y') denote the set of Borel probability measures on Y. For any prob-
ability distribution 8 € M4 1(Y), and any real valued function g(-,-), g(-, 8)
denotes the expectation of g according to 3, ie., g(-,8) = fY g9(-,y)8(dy).
Let B : Ry — M4 1(Y) be a measurable map. The relaxed (weak) problem
associated to 1 is:
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sup [ UG 3)

B
subject to the constraint:

@(t) = F(2(t), B(t)), £(0) = w0, B(t) € My 1(Y) (4)

In the programming problem (3), the planner can choose a path of lotteries
over the consumption set and the feasibility constraints are written in average.
The value of (3) is greater or equal to the value of (1). Furthermore, in (3), the
utility function is linear in the control variable, 5 € My 1(Y'). Hence, under
our specification, there exists an optimal solution (&, 3) to (3), while (1) may
not have an optimal solution. A first known result shows that the supremum
of the problem (1) coincides with the value of the relaxed problem (3). Most
importantly, a second known result shows that the sequence of deterministic
trajectories with value approximating the supremum of (1) converges in an
appropriate topology (the narrow topology) to (&, 3), the optimal solution to
(3) (see [18] for details).

These two results justify our characterization of efficient paths by means
of the programming problem (3). However, the interpretation should be clear.
The opportunity of selecting paths of lotteries over Y as well as the average
form of the feasibility requirements are not special assumptions. They emerge
from the optimal use of time as a convexifying device.

3 Intertemporal Competitive Equilibrium

The definition of competitive equilibrium is the natural extension of the con-
cept of competitive equilibrium for an economy with complete markets where
the household has a non-concave utility function. Faced with a budget con-
straint, the household will try to randomize consumption to achieve higher
utility. If a complete market for lotteries over consumption sets exists, he
will be able to do this. The randomization over consumption corresponds to
the randomization he can achieve in the dynamic economy by altering con-
sumption over time (chattering). The possibility of choosing lotteries over the
space of basic consumption goods allows him to randomize at each point in
time, rather than across time as he does with chattering. Hence, we identify
the consumption set, at each ¢, with My ;(Y). The (lottery) price domain is
M5 1(Y)*, the dual of M4 1(Y). It contains (an isomorphic copy of ) the set
of continuous functions on Y. We write < ]373 > the dual pair. We denote by
L the Lebesgue measure on the real line. Firm and household allocations are
vectors of paths o
(&g, &n, g, an, By, Br)

where, Z7(t) and Z5(t) € RK are, respectively, the supply and the demand
of capital , as(t) and an(t) € RX are demand and supply of investment,



Growth in Economies With Non Convexities 211

and f3,,(t) and Bf(t) € M4 1(Y) are supply and demand of (lotteries over)
consumption allocations. Prices are vectors of paths:

(4:0,p)
where l;(t) € RE is the rental price of capital, §(¢) is the price of investment
good, and p(t) € My 1(Y)* is the price of consumption allocations. The
space of allocations is a subset of the space of measurable functions from
R, to R2E x M 1(Y). The precise space is the set of measurable functions,
(%, a, B), such that the discounted L; norm is finite. Prices are linear functional

on this space, hence measurable functions with finite, discounted essential sup
norm. The inner product is defined in the natural way:

+oo
< (4.b,9)(&,a,5)) >= /O [G(0)2(8) + b(t)a(t)+ < B(t), B(¢) >]dt.

In the intertemporal economy, the firm and the household solve the following
problems.

Definition 1. For a given vector of prices, the firm’s problem is:

(z,a,y

+OO A
. /0 [b()E()+ < p(1). A(t) > +a(t)a(t))de -

subject to
a(t) = F(2(t),4(t)) L — almost every t; (6)
Let v(g, b, p) denote the value of the firm, i.e., v(¢,b,p) = O+m[—3(t):%(t)
+ < P(t),4(t) > +q(t)a(t)]dt, where (2, a, B) is a solution of the firm’s problem
(5) at (g, b, p);

Definition 2. For a given vector of prices and value of the firm v(-), the
consumer’s problem 1s:

+oo
max /0 e U (A(t))dt, (7)

(z,a,7)(t)

+o00 +oo “
subject to /O < D), A() > dt — /0 b(L)#(t) — dD)a)]dt < v(d, b, p);

and
z(0) = zo, £ =a(t), L — a.e.

Although U may be a non-concave function of y € Y, U, and, there-
fore, f;oo e "U(-)dt, is a linear function of the lotteries, v € M 4 (Y). Fur-
thermore, if at equilibrium, preferences satisfy local non satiation, the path
(Zp, ap) is chosen to maximize the wealth of the household. Wealth maxi-
mization is independent of the particular shape U and it is always a linear
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problem. Hence, (7) is a concave programming problem. The nature of the
investment at time ¢, #(¢) requires some clarification. Investment is a random
variable, dependent on the realization of the random variable input. However,
since this quantity enters linearly into the consumer’s problem, we may as-
sume that the consumer chooses a deterministic investment at each time. The
market clearing condition on investment is satisfied L- almost surely because
the market clearing condition on the stock of capital in each period is satisfied.
If we write the market clearing condition explicitly, it is stated as an equality
between the expected value of demand and supply of investment. We identify
an economy with an array (U, F, ).

Definition 3. A competitive equilibrium of the economy (U, F, xq) is a vector
of prices and allocations

(Q7b7ﬁ7 'i:f7jha &fa &haﬁf7ﬁh)
such that

1. (T¢,&n,ay) is a solution of the firm’s problem (5);
2. (&n, an, By,) is a solution of the consumer’s problem (7);
3. Markets clear:

Bf(t) = B, (t), &5(t) = @n(t), ap(t) = an(t), L — almost every t;

In the framework we have described, the economy is a neoclassical econ-
omy with concave (linear) preferences and convex technology. Hence under
technical assumptions a competitive equilibrium exists, is efficient, and the
second welfare theorem holds.

3.1 Static Equilibrium

The notion of static equilibrium is the restriction of the definition of intertem-
poral equilibrium to vectors of allocations and prices that are constant over
time.

Definition 4. A static equilibrium is a vector

(‘Laap;xf)af)Bf?Bh)

where © € RK, Bp,Bp € My 1(Y);pe Mya(Y)*, g€ RE, and v € R such
that

1. 3}, is a solution of the consumer’s problem:

max U(y), subject to < p,v>< v; 8
Lo pmax (), subj Py (8)



Growth in Economies With Non Convexities 213
2. The firm’s value gross of the capital expenses is
v=<p,B; > +qd
3. (wy,ar,By) is a solution of the firm’s problem:

mnax —rqz’ + [< p, B > +qa'] subject to o’ < F(z',3) (9)

4. markets clear:
F(%ﬁf) =0, B, = 6}‘7 ar=0

The relation between the static and the intertemporal equilibrium notions
is fairly obvious. A stationary, intertemporal equilibrium is a static equilib-
rium. Viceversa, a static equilibrium (z, 8,p, q) is a stationary equilibrium of
the intertemporal economy, i.e., given the initial condition x(0) = z, the path,
(4,b,p, &, 4, B)(t) = (2,0, 8,e (g, 0,p)), for all ¢, is an equilibrium of the in-
tertemporal economy. Hence, the stationary allocation (z,/) is an efficient
allocation of the intertemporal economy. A static allocation (z, ) is efficient
if it is an efficient stationary allocation of the intertemporal economy, i.e., if
there exists a ¢ € RE such that (z, ) € argmax U(B) + ¢F (z, B). (see, [13]).

4 Static and Intertemporal Sunspot Equilibria

In agreement with the definitions of competitive equilibria, we give intertem-
poral and static definitions of sunspot equilibria. The common element is the
existence of an exogenous (and, for sake of simplicity, time invariant) stan-
dard measurable space of extrinsic uncertainty (sunspots) (£2,.4) together
with an exogenous probability, 6. The definitions of sunspot equilibria is a
simple restatement of the definitions of competitive equilibria in an environ-
ment where there is a complete set of contingent (on the realization w € §2)
commodities, but where lotteries are absent. Capital and investment good
prices are restricted to be sunspot invariant. As already discussed, this is
a consequence (given the sunspot invariance of the prices ¢) of the concav-
ity in (£,a) of both the firm and the household programming problem. Let
By, denote the Borel sets of #,. In the intertemporal economy, the space
of allocations is the space of paths of (2 x 2, A x By, )—measurable func-
tions (&,a,9) : 2 x Ry — §R3_K x Y satisfying the restriction 7 (Z,a)(w,t) is
w—invariant”, with norm || (#,9) 1,= ;> e~ || #(t), supyeq i(ew,?) || dt,
finite. Prices are linear functional on this space, hence measurable functions
with finite norm || (4,0,9) |leo.r= supyer, € [ || (4,0,p(w))(t) || o(dw).
Hence, p(w,t) is an element of §Ri for each (w,t), and, thus, prices are linear
(in contingent commodities). In the static economy, the space of allocations
is the space of ({2, A)—measurable functions (2, d,§) : 24 — R2E x Y satis-
fying the restriction that ”(Z,d)(w) is w—invariant. ”, while prices are linear
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functionals over this space. As for the notion of competitive equilibrium, in a
sunspot equilibrium, the equivalent constraint of equation 6 in the definition
1 reads

a(t) = /Q F(z(t),9(w,t))6(dw) L — almost every t; (10)

while for a static sunspot equilibrium, feasibility requires, in agreement with
the definition of a static sunspot equilibrium:

0= / F(z,9(w)6(dw) L — almost every t; (11)
2

We do not explicitly write down the definitions of static and intertemporal
sunspot equilibria because, modulo the change in the allocation sets, are iden-
tical to the definitions of intertemporal and static competitive equilibria.

When, judging the efficiency of sunspot allocations we use the following
definition of efficiency:

Definition 5. A feasible sunspot allocation (&,d,4) of the intertemporal econ-
omy (U, F,xo, (£2,A,6)), is efficient if it does not exists a feasible (lottery)

allocation (%', d’, B/) of the economy (U, F,xg) such that

[ vt oystaena < [ wiE @

5 Sunspot and Lottery Equilibrium Allocations

5.1 Sunspot Equilibria in Finite Economies

As already explained, two major differences between the concept of competi-
tive equilibrium and sunspot equilibria are clear and crucial. The first differ-
ence concerns the nature of the consumption sets, while the second concerns
the nature of prices. We start by analyzing the first difference.

Sunspot and Lottery Allocations

In economies with non convexities, there are two aspects to the link between
lottery and sunspot allocations. 1) The space of sunspots ({2,.4,5) must be
rich enough to provide the randomness necessary to reproduce lotteries. 2)
Since (£2,A4,6) is the common randomization device, individual sunspot al-
locations must be appropriately correlated to be , & — a.e.w, feasible. This
second aspect is obviously absent in our representative economy. Later, when
we study the large economy, 2) will manifest necessarily itself. The first aspect
is however present and it needs to be clarified.

In finite, complete markets economies different specifications of the sunspot
space may yield different and Pareto ranked sunspot equilibrium allocations
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([17], [4]). In section 8, we work out an example of a large economy with
non convex preferences, which may describe a static economy as well a pure
exchange one, where distinct specifications of the space of sunspot yield a
countable infinity of Pareto ranked sunspot allocations. The existence of mul-
tiple sunspot equilibria provides the rationale for the search of ways to refine
sunspot equilibria ([7], [6]).

We identify the set of sunspots with the interval [0,1), their probability
with the Lebesgue measure L and we allow for different specifications of the
o—algebra, B, with B C B, the Borel sets over the interval [0,1). As shown
in [5], ([0,1), B, L) (or any probability space isomorphic to it) accomplishes
desideratum 1), in the following precise sense: Let C be a Borel subset of Y
and observe that =1 (C) is a Borel subset of [0, 1), for § € Y ([0, 1), B), the set
of ([0,1], B) — measurable functions from [0,1) to Y. A lottery 5 € M; +(Y)
and an allocation § € Y([0,1), B) are equivalent, § ~ £, if for any C :

B(C) = L5~ 1(C)) = L{w : §(w) € C}, and, therefore, = Log~!.

[5], in Lemma 4, proves that for each 8 € M; L (Y), there are § €
Y ([0,1), B) such that § ~ (8 and viceversa. Also, by the same argument,
for each given sunspot space (£2,.4,5) and each y € Y (2, A) there exists
9* € Y([0,1), B, L) such that §* ~ §. Hence, {[0,1), B, L} is rich enough to
reconstruct lotteries as well as any sunspot allocation measurable with respect
to any arbitrarily given standard probability space ({2,.4,5). From now on,
we identify a sunspot economy with the array (U, F, xo, B), B C B. While, as
already stated, a lottery economy is an array (U, F, zg).

Constant Price Sunspot Equilibria

Again following [5], a key role in our analysis is played by a particular notion
of sunspot equilibria, that we call constant prices sunspot equilibria, hereafter,
CPSE. An intertemporal CPSE is an intertemporal sunspot equilibrium with
(2,A,6) = ([0,1),B, L) and p(t,w) = p(t), for all w € [0,1) and some p(t) €
ML, The natural adaptation of the last definition to the static environment
provides the definition of CPSE for the static economy. Whenever we talk
about a CPSE of some economy, it is understood that B = B so that we can
talk of a CPSE of the economy (U, F’, zp) without ambiguity.

In pure exchange economies with non-convexities, CPSE have a very pow-
erful property. Under fairly general conditions, these two results hold true.
1) To each lottery equilibrium supported by linear prices it corresponds an
equivalent CPSE and viceversa ([5], Theorem 3). 2) The sunspot invariance
price restriction is without loss of generality.

Thus, in finite economies, whenever CPSE exist, they perform as well as
linearly priced lotteries. However, the existence of CPSE (or, in general, of
any sunspot equilibrium) is related to the form of the feasibility constraint.
If the latter is a restriction on the average (sunspot or lottery) allocation (as
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in a large economy), CPSE exist, otherwise, their existence as well as the
existence of any sunspot allocation may fail. Equivalently, as we will clarify
later, CPSE exists if competitive (lottery) equilibria have linear supporting
prices, otherwise they do not. The example that follows illustrates this simple
point.

Ezxample 2. A one period economy without sunspot equilibria.

We consider a one period, two commodities, pure exchange economy with
a unique individual. The feasibility restricts the realizations of lotteries and
sunspot allocations (as opposite to their average). In this economy, the unique
efficient allocation can be supported in the lottery economy, but not in the
sunspot one.

The consumer utility function is U(y) = {¢/(y1)? + (y2)?, g > 0, and the
endowments are e = (1,1). For all g, the unique efﬁ(:lent allocatlon coincides
with e.

In the economy with lotteries, for given prices p € M4 1(Y)*, the consumer
seeks a lottery 8 € arg{maxgens, ,(v)U(B) subject to fyeyp(y)ﬁ(dy) <
p(e)}, while feasibility restricts lotteries into the set {8 € M4 1(Y) : B{y €
Y :y < e}} = 1. The efficient lottery allocation is d. (i.e., the degenerate
lottery that assigns probability 1 to e) supported by, for instance, the price
p(y) =U(y) € My (V).

In the economy with sunspot space ([0, 1), B, L), we restrict, without loss
of generality, prices to be w — invariant and thus, for given pE 9‘{1 . the
individual seeks a sunspot allocation § € arg{max [ U(j(w))dw subject to
f (g — e)dw < 0}. Feasibility restricts the sunspot allocatlons in the set
{9 : L{y g(w) < e} =1.1If g > 2, the optimal solutions are, for each w, the
consumption bundle (@ 0), if p1 < pa, (0, plp%), if po < p1, or the pair
(2,0) and (0,2), if p; = pa. Thus a CPSE (and more generally, any sunspot
equilibrium) does not exist.

Furthermore, in the sunspot economy, for g € (0,2), there is not a solu-
tion to the consumer problem. To make this point, suppose, without loss of
generality, that p; < py and pe = 1. Pick ¢ > 0, set §(0) = 0, for 0 > ¢ and
j(0) = (1/p1,0), for & € [0,¢). Then, [U(j(w))dw = (1/p1)?/9(c)*T" which
diverges to infinity as € — 0.

In the same economy, with a large number of identical individuals, sunspot
equilibria exist and are efficient. The reason is simple. In the large lottery pure
exchange economy, by the law of large numbers, feasibility restricts the aver-
age lottery consumption, i.e., [, (y —e)B(dy) < 0. Apparently, the situation
is different for the sunspot economy, where feasibility restricts, realization by
realization, the average taken across individuals of the sunspot allocation.
However, the sunspot allocation can be appropriately correlated across indi-
viduals in order to make the average taken across individuals equal to the
average taken across sunspot realizations. This point is clarified in sections 7
and 8. "
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There are two important differences between the growth economy and the
finite economy that change some aspects of the relation between lotteries and
sunspot. To these topics we turn next.

5.2 Intertemporal Sunspot Equilibria

As already said, in the growth economy, in addition to the probability space
([0,1), B, L), the representative household can use time as a convexifying de-
vice. The latter has two implications. First and in contrast to the finite econ-
omy results, intertemporal sunspot equilibria of the economy (U, F, xo, B) are
efficient (in the sense of the definition (5)) for any B C B. Second, all in-
tertemporal sunspot equilibria are, without loss of generality, CPSE. To avoid
confusions, we are not showing that sunspot equilibria exist, but rather that,
when they exist, they are efficient and CPSE. The first property implies that
([0,1), B) pr0v1des at each t, enough variability to reproduce the optimal lot-
tery and that the latter, by definition of sunspot, can be supported by linear
prices. This second property has a key implication. When the representative
agents maximize facing linear prices, they optimally select allocations yield-
ing the value of the concave regularizations of their objective functions. The
next Lemma makes precise this statement. Let V' = co U be the concave
regularization of the utility function U, since Y is compact, V' can be defined
as:

V(y) = maXBEMLJr(Y){U(B)a SubjeCt to y(ﬁ) = y}a for Yy e Y.

For given BcB , household wealth W and price trajectory p consider the
two following programming problems:

(U) max / T / t))dw)dt,
9(t)eY ([0,1),B) R4 0,1)

subject to/ (/ Plw, t)g(w, t)dw)dt < W
R4 J[0,1)

and

(V) max / T / t))dw)dt,
g(t)eY ([0,1),B) SR, 0,1)
subject to / (/ P(w, t)g(w, t))dw)dt < W.
[0,1)

The next lemma explains the relations between the optimal solutions to (U)
and (V). Its proof is deferred to the appendix.

Lemma 1. Any optimal solution to (U), §*, is an optimal solution to (V).
Furthermore,

/SQ+ e_rt(/[o,U(U@*(w’t))dw)dt = /@m e_rt(/[oﬁl)(V(z)*(w,t))dw)dt.
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We now exploit Lemma 1 to show that each intertemporal sunspot equi-
librium of (U, F, zg, B) is a sunspot equilibrium of (V, F, g, B). To simplify
notation we denote by 7 prices and by £ allocations.

Proposition 1. Let (A*,f ) be an intertemporal sunspot equilibrium of the

economy (U, F, xO,B). Then, (fr*,é*) is a sunspot equilibrium of the economy
(V, F,x0, B). Furthermore,

/m e_rt(/[o,U(U@*(w’t))dw)dt = /m e_rt(/[(J,l)(V(z)*(w,t))dw)dt.

Proof. The economies (V, F,z0; B) and (U, F, zy, B), when facing identical
price trajectories, have identical profit and household’s wealth maximization
problems. Thus, we just need to prove that §* is an optimal solution to

/ _”/ V(§(w,t))dw)dt
t)EY([O 1), Ry [0,1)

subject to

/m(/m) Pw, )9 (w, ))dw)dt</m(/[o’l)ﬁ(W,t)ﬁ*(w,t)dw)dt.

This follows immediately from Lemma 1 which implies as well the second part
of the proposition.

The economy (V, F,r; B) is a concave economy. Therefore, sunspot do not
matter. This is the key property that we exploit in order to show both that
sunspot equilibria are efficient and that they are, without loss of generality,
CPSE.

Proposition 2. Let (7, E) be a sunspot equilibrium of the intertemporal econ-

omy (U, F, xO,B). Then: 1) ¢ is an efficient allocation of the economies

(U, F,z0) and (V,F,x0); 2) (%,€) is, without loss of generality, a CPSE of
the economies (U, F,xo) and (V, F,xq).

Proof. By proposition 1, (7, é) is a sunspot equilibrium of (V| F, xq, B) Since
the latter is a concave economy, by the First Fundamental Theorem of Welfare
Economics, £ is an efficient allocation (according to definition 5) of the econ-
omy (V, F, xzp). Suppose that, by contradiction, there exists a feasible lottery

allocation (&*, &*,3*) of the economy (U, F, z() such that:

/ e U(B" () dt > / e / (U(§(w, £))dw) (12)
R, Ry I7)

Since, by the definition V( ) >U(y), forally € Y, and Since by propo-
sition 1, f§R+ e ([ (U(g(w, t))dw)dt = fER e " fQ dw)dt 12 im-
plies that f§R+ e "V (8" (1)) dt > fgh e " f_Q ))dw)dt A contradic-

tion. Thus, 2) holds true. Since ¢ is efficient for (V, F, xo) and the latter is a
concave economy, the following equalities hold true:
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/ V(§(w, £))dos = V(/ 3w, 1))dw), and (13)
[0,1) [0,1)
Sy FG (), 5, 0)dew = F(f 1 (0(0), 5w, ) o).

Thus, by 13, (£,a,7) is an efficient allocatlon of the 1ntertemporal econ-
omy (V, F,xg), for g(t) = f[O,l) §(w,t)dw. Therefore, there exists a sunspot
invariant price (§*,b*,p*) that supports (#,d,7) as a (degenerate) sunspot
equilibrium of the economy (V, F, xo, B*), for any B* C B. However, again by
13, (¢*, l;*,ﬁ*) supports also the allocation (&, G, §) as an intertemporal sunspot
equilibrium of the economy (V, F, g, B*), for any B c B* C B. Hence, to
conclude the argument we need to show that (G*,b*, p*) supports (Z,d,§) as
an intertemporal sunspot equilibrium of the economy (U, F, zg, B*), for any
Bc B*cB.

Since the economies (V, F,r; B*) and (U, F,r; B*), when facing identical
price trajectories, have identical profit and household’s wealth maximization
problems, it suffices to show that g(¢ )t>0 is an optimal solution to

maxg (t)eY(ml )84 Sy, €77 (Jjo, 0y (U0 (w, 1)) dw))dt

subject tofﬁlh ([ 77 (w,t))dw)dt < fER p*( (f[071) J(w, t))dw)dt

Suppose by contradlctlon that there exists a budget feasible allocation 7’
such that ¢'(t) € Y ([0, 1), B*), for all ¢, and

/m ) e /[0’1)(U(g)’(w,t))dw)dt > /We + e /[0’1)(U(g)(w,t))dw))dt

N /ém /0 1) £))dc )t

However, the definition of V' and the previous inequality imply that

[ weoaas [ o] 0/

A contradiction.

Thus, by the last proposition, if sunspot equilibria exist, they are "equiv-
alent" to competitive equilibria. As we stated in the introduction, there are
two economic environments, where this equivalence is guaranteed: the first is
defined by a restriction on the technology F', that we call it ”semi-linearity”,
and the second is the large economy. Next we turn to semi-linear economies.

5.3 Sunspot Equilibria and Semi Linear Economies

An economy (U, F,r) is semi-linear if F(z,y) = f(x) + By for some (con-
cave) function f : R — R and matrix B of dimension L x K. Semi-linear
economies have an appealing feature: equilibrium prices are (without loss of
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generality) linear, i.e., < p,3 >= p [yB(dy), for some p € R%. The latter is
obviously a necessary feature to allow for the existence of sunspot equilibria.
First we show that prices are indeed linear in a semi-linear economy and than
we exploit this feature to construct equivalent CPSE. The next proposition
shows that lottery equilibrium allocations of a semi-linear economy are closely
related to the equilibrium allocations of the concavified version of the economy.
Most importantly, the supporting prices are identical and, therefore, linear.
Let (a*,2*,9*) be a feasible allocation of the semi-linear economy (V, F, z)
and let (a,&,3) be an allocation of the semi-linear economy (U, F,z). The
two allocations are equivalent if (a*,2*)(t) = (a,2)(t), U(B(t)) = V(§*(t))

and y(B8(t)) = 4*(¢), for L — a.e.t.

Proposition 3. Let F(-) = f(-) + By. The economies (U, F,r) and (V, F,r)
have equivalent efficient allocations. Furthermore, without loss of generality,
the supporting prices are in both economies equal and linear.

Proof. Let (a,%,7) be an efficient allocation of the semi-linear economy de-
fined by (V, F, o). Let B(t) € arg{max e, , U(7) subject to y(y) = 5(t)}.
By the definition of least concave, V(j(t)) = U(B(t)) and by the semi-
linearity of the technology, (@, , () is feasible. Thus, the allocations (a, Z, )
and (a*, 2%, 3) are equivalent. Since, (a, &, 9) is efficient for (V, F, xq), the defin-
ition of V' implies that (a, &, B) is efficient for (U, F, zo). Conversely, let (a, &, B)
be an allocation of the semi-linear economy (U, F,xg). Then, by the semi-

linearity of the technology, 5(t) € arg{maxU(y) subject to y(v) = y(5(¢))}.
Thus, U(B(}f)) = V(y(B(t)). Then, the allocations (a,&,3) and (a,2,95),
gjﬁ(t) = y(B(t)), for all ¢, are equivalent and, quite obviously, (d,:%,gj/@) is
an efficient allocation of (V| F,zp). Thus the first part of the proposition
holds true. Consider a pair of efficient and equivalent allocations (&,QE,B)
and (a,, 7). By the concavity of (V, F,xg), there exists a price (g, ?),;f)), with
p(t) € RL, for all t, supporting (@, 2,9) as a competitive equilibrium alloca-
tion. Thus, we need to show that (g, b, p) supports (4, Z, [3) as an equilibrium
allocation of the economy (U, F, xg). Since the firm profit and the household
wealth maximization problems are identical in the two economies, we just
have to show that 3 is an optimal solution to: max f%+ e~ "U(4(t)dt subject
to fﬁh p(t)y(F(t))dt < f§R+ p(t)9(t))dt Once again, the definition of V implies
the claim.

The proposition allows for an immediate characterization of intertemporal
equilibria of the semi-linear economies in terms of CPSE sunspot equilibria.

Corollary 1. Let (g, 13715, z,a, B) be a competitive equilibrium with linear prices
of the semi-linear economy (U, F,r). Then, there exists a consumption sunspot
allocation 4, with §(t) ~ B(t), for all t, such that the vector (¢,b, p, &, a,7) is
an intertemporal CPSE.
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Proof. This is an immediate consequence of the equivalence relation ~.
It suffices to observe that, for any given measurable function g and any
allocation g} 6 Y([O, 1), B), by the standard change of variable formula,
f[01 7 = fyg )L o gil(dy) However, for §j ~ 3, 3 = Lo !,
hence fy gly )\ oy fy gly . It follows that at common prices

(4, b, p), equivalent paths (2, a, ) and (ac, a,9) yield the same value of profits,
overall utility and budget constraints. Since for each § € M 4 (Y) there exists
equivalent § € Y ([0,1), B), and viceversa, the latter implies the claim.

Proposition 3 implies that every competitive equilibrium can be sup-
ported by linear prices. Thus, Corollary 1 implies that every competitive
equilibrium allocation can be supported as a sunspot equilibrium alloca-
tion. Furthermore, Proposition 2, imply that also of the converse of the
claim in Corollary 1 holds true. Hence, lotteries and sunspot are in the
semi-linear environment equivalent. Propositions 2 has another interesting
implication. Consider (Z,a,¢) an inter-temporal sunspot equilibrium allo-
cation of the economy (U, F, xo,B), with F' (not necessarily a semi-linear).
By Proposition 2 (:% a,y) is an inter temporal sunspot equilibrium al-
location of (V F, xmB) Hence, fo 1 V((w,t)dw = V( f[o 1) 9(w, t)dw) and
Jeoy F@@,g(w)dw = F(&, [, ) §(w)dw), for L — a.e.t. Thus, both V and F
are linear in the in the relevant range. In other words, if there are intertempo-
ral sunspot equilibria, the representative agent economy is without essential
loss of generality, semi-linear.

6 Non Existence of Sunspot Equilibria

The converse of proposition 2 (point 1) is not true. There are intertemporal
competitive equilibria of economies (U, F', z() that do not allow for an equiv-
alent CPSE. Equivalently, by proposition 2 (point 2), there are intertemporal
competitive equilibrium allocations of (U, F, xo) that cannot be supported as
intertemporal sunspot equilibria. In this section, we construct examples by
using the static notion of equilibrium. However, before doing that we need to
clarify the relation between static and intertemporal sunspot equilibria.

6.1 Static and Stationary Sunspot Equilibria

As already mentioned, efficient static allocations are efficient, stationary in-
tertemporal allocations. Also, static competitive equilibria are stationary, in-
tertemporal competitive equilibria. However, there might be static sunspot
equilibria that are not intertemporal (stationary) sunspot equilibria. The rea-
son is simple. In the static formulation of the model time is absent, while
in the intertemporal version, agents can use time to generate lotteries over
basic commodities. When prices are, as in the sunspot case, linear, the agents
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can reproduce lotteries that yield the least concave utility function. Hence,
only static sunspot equilibrium allocations yielding the least concave utility
can survive the test of time, i.e., they are stationary, intertemporal sunspot
equilibria. This is summarized in the next proposition.

Proposition 4. A static sunspot equilibrium of the economy (U, F, B) s a
stationary, intertemporal sunspot equilibrium only if it is a static sunspot
equilibrium of the “concavified” economy (V, F,r; B) (as well as, a stationary,
intertemporal sunspot equilibrium of the concavified economy (V, F,r; B) ).

Proof. The argument is a trivial consequence of proposition 2.

6.2 Examples

We construct (open sets of) static economies (U, F') that have:

1) a continuum of Pareto ranked static sunspot equilibria associated to
distinct specifications of the sunspot space;

2) efficient allocations supportable by static sunspot equilibria, but not by
CPSE, and an empty set of intertemporal sunspot equilibria for some value
of the initial capital stock zo and for all B C B;

3) an empty set of sunspot static equilibria.

By proposition 2, the Pareto ranked static sunspot allocation cannot be
intertemporal sunspot allocations and intertemporal sunspot equilibria are,
without loss of generality, CPSE. Thus, point 1) does not apply to the in-
tertemporal economy, while 2) implies that sunspot and lottery intertemporal
equilibrium allocations are not equivalent and that the set of intertemporal
sunspot equilibria may be empty. Thus, 1), 2) and 3) point out that, when
preferences are not convex, static sunspot equilibria are a inadequate tool to
analyze stationary equilibrium allocations of growth economies.

Proposition 5. Static sunspot equilibria may fail to exist. When they exist
they may be indeterminate and inefficient. Efficient stationary allocations may
be decentralized as static sunspot equilibria, but not as static CPSE.

Ezxample 8. An economy may have a continuum of static sunspot equilibria,
all Pareto ranked.

The static economy is described by C = K = 1, and F(z,y) = f(z) — 3%,
6 > 1, with f strictly concave and such that f/(1) = r and f(1) = 1. The
utility function has U’(0) = +oo, is monotonically increasing in an interval
[0, M], and is such that co U(1) > U(1). For example the following utility
function satisfies all these conditions:

U(y> = min{max{yo‘, y}? 2M — y}7
for o € (0,1) and M > 2 and arbitrarily large (14)
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We restrict the space of extrinsic uncertainty to two points w € {1, 2} with
(1) = 0. We set ¢ = 1/6. The first order conditions for the firm’s problem
(recall that this problem is concave) give that the equilibrium capital and the
firm supply are

&=1, grw) = (Bw)™T, w=1,2, (15)

when 6 > 1. When 6 = 1, the equilibrium prices are p(w) = 1, w = 1,2. At the
equilibrium prices, the set of optimal g’s is the set of non negative quantities.

For arbitrarily given # > 1, an equilibrium is a sunspot allocation §* =
(9*(1),9*(2)) such that:

1. the solution ¢ of the consumer’s problem

méixz o(w)U (§(w)), subject to

Y oW @) W) < Y ow) (G (W)

coincides with g*,
2. the market clear: ) o(w)(9* (w))e =1.

Consider for example the utility function in equation (14). Note that the
equilibria are symmetric: to any equilibrium at (0,1 — o)) corresponds an
equilibrium at (1 — o,0), so we only consider o = o(1) < 1/2. The Inada
condition that U’(0) = +oo insures that ¢* > 0. Let, without loss of gen-
erality, aps < pi1. (Otherwise relabel the states) Since, lim, U'(y)/p(1) =
a/p(l) < limy; U'(y)/p(2) = 1/p(2), the budget feasible allocation y(w) = 1,
w = 1,2 is not optimal. When max{#(l)7 (171)])(2)} < M, the utility function
is monotonically increasing in the budget feasible set, so the solution of the
consumer problem will satisfy the budget constraint as an equality, and so we
only have to find §* that coincide with the solution of

max Za(w)U(gj(w)), subject to

(y1,92) )

> o(w)p* (W)iw) =1, for p*(w) = (5 (@)’
w
The first order condition that marginal utilities are equal at the two choices
y; is necessary: note that the probabilities appear both in the utility and
in the budget constraint, and therefore cancel out. The sunspot equilibrium
allocation g* and the supporting prices p* are a solution to the following
system of equations:

ap(2)

i) = (375

) Y o(w)pW)iw) =1, and pw) = (H(w))’ !, w=1,2.

(16)
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The latter is a system of 4 equations in 5 unknowns (¢, p, o). The solution
changes with ¢ and this gives the continuum of equilibria. The value depends
on o, and the equilibria are Pareto ranked.

The case 6 = 1 is simple:

1. there is an equilibrium for any o € (1/M, 1/2];
2. the allocations are different for different o

1-(1—0)a™=

§=(——2" o), (1)

3. the value is strictly decreasing in o, and given by:
1+(1-0)(a™s —aT=). (18)

The allocations described in 2. satisfies §(2) € (0,1) and y(1) € (1, M), for
o € (1/M,1/2]. The matrix of partial derivatives of the system of equations
16 with respect to (g, p) is for, § = 1 and for any o’ € (1/M,1/2], invertible.
Hence, for o’ € (1/M,1/2], by the implicit function theorem, for each (0, o)
in a neighborhood of § = 1 and ¢’, there exists a sunspot equilibrium. m

The efficient lottery of the static economy, in the next example, cannot
be supported by linear prices and, hence, by a CPSE. Quite surprising, it
can be supported by sunspot equilibria that display sunspot price variability.
As already explained, this implies that the set of sunspot static equilibria
is empty. This example is in contrast with the findings of [5] for finite, pure
exchange economies. The existence of sunspot equilibria which are (genuinely)
not CPSE is, in that context, possible only with finite sunspot state space and
discrete consumption sets.

Example 4. An efficient allocation of a static economy may be supported as a
sunspot equilibrium, but not by a CPSE.

We consider the economy defined by technology of the previous example
and the utility function in equation (14), with parameter values («a, ), 6 > 1
and a € (0,1). As already explained, the optimal amount of capital is z* = 1,
for all 6. The optimal lottery 8* is found by solving the following steps:

1) for given q > 0, find the set Y*(g) = arg max, U(y) — qy’

2) find a price for the investment good g and a probability distribution over
Y*(q) such that y?(8) = 1 for B € M; (Y*(q)). Recall that, by definition,
for y and y' € Y*(q), U(y') — a(y/)’ = Uy) — a(y)’.

Since limy1 U'(y) = o < lim, )3 U'(y) = 1, the deterministic allocation
B* = 4, is suboptimal for all parameter values, o € (0,1) and 6 > 1. The next
claim shows that, given the initial condition xg = 1, the efficient allocation is
a unique, stationary and non degenerate lottery. The proof of the Claim is in
the appendix.

Claim. The intertemporal economy (U, f(z) — y%,1) has a unique efficient
allocation (%,4a,03), (t) = 1, a(¢) = 0 and B(t) = g%, for L — a.e.t. The
support of the optimal lottery 8% is {y7, 93}, with 0 < ¢ <1<y} < M.
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In order to avoid unnecessary complications, we restrict the parameters
values in the set P(M) = {(a,0) : « € (0,1), 6 > 1 and y3 < M}, an
open subset of E)ﬁ. To characterize the optimal lottery we seek values of the
four unknowns (y1,y2, 5, q) that satisfy four equations (market clearing, two
optimality conditions, y; € Y(q), and U(y1) — q(y1)? = U(y2) — q(y2)%). By
straightforward computations, the unique solution is:

6 — 66—
yi = (§25)709 ()70, g5 = (§=4) 70 (a) 70,
6—a)(0—1 —a(f—1 *6
¢ =07 (§=h) T (@) T and 67 = Bk
2 1

For given 6 > 1, both yj and y; are strictly increasing functions of a. For
a=0,y5 =35 >1and yi =0, while for a = 1, yi = 1 (and y = 0).

In order to show that the efficient stationary allocation can be supported
as a static sunspot equilibrium, we take 2 = {1,2} with o = §*. Profit
maximization pins down the supporting prices p as:

Pr(w) =g 0(ys)’ " w=1,2.

Since both yi and y5 belong to regions where the utility function is concave,
p (1)

is equal to the value of the marginal rate of substitution computed at the

p*(2)
sunspot efficient allocation. Furthermore, for each given M > 2, %% # 1, for

an open and dense set of parameter values in P(M). Hence, for (o, ) in an
open and dense subset of P(M), efficient allocation are supported as sunspot
equilibria, but not as CPSE. Thus, by proposition 2, the uniqueness of the
efficient allocation implies that, for these parameter values, the set of sunspot
equilibria is empty. =
In Proposition 2, we were silent about the possibility of the sunspot equi-
libria of the static economy to support the efficient allocations. The last ex-
ample shows that indeed CPSE may fail to accomplish this task. However,
it leaves open this possibility for different types of sunspots equilibria. Un-
fortunately, there is a fundamental reason that breaks the equivalence result:
sunspot equilibria may not exists. This is shown in the next example.

Ezample 5. An economy (U, F,r) may have neither sunspot equilibria nor in-
tertemporal sunspot equilibria for some initial condition zy and any o—algebra
B CB.

Let C = K =2, and

1
Fi(z1,91) = 5 (fi(z1) - ) (19)
Fy(w2,y2) = fa(x2) — y2 (20)
while the preferences are defined by
Uy, y2) = y2 + u(y1), (21)

where for a < 1 and ¢ > 0 and small enough, u is defined by
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(11_1€)y1 —(10+¢€), fory; €1[0,1—c¢),
uw(yr) = y1 + (/2)[(y1 — 1)% — (€)2], fory1 €[1 —€,1+¢
y1, fory1 >1+e.

The function u is continuous and piecewise differentiable, and therefore so
is U; for € small enough, U is strictly increasing.

Since the functions F; are, for ¢ = 1,2, separable in = and y, the optimal
capital stocks are independent of prices and are found by solving:

maxa, fi(z;) = rai,
k2

for i = 1,2 and a1 = 1/2 and az = 1. Since f; are strictly concave the
optimizers z} are unique and we take them to satisfy:
filel)=af =1, fori=1,2.

In this static economy, although the utility function is not concave, the
planner allocation, (z*,y*), is deterministic, it is equal to (1,1,1,1) and it is
supported by prices (¢}, ¢5) = (1,1). Since the characterization of the efficient
allocation plays a minor role in the proof of the non-existence, we postpone its
detailed construction to the appendix, and we just point out the only property
needed in the sequel, namely:

1
1 € argmaxu(yy) — iyf

In the static economy, we take ([0,1), B, L) as the probability space of
sunspots. We normalize prices by setting ¢; = 1.

Let (z, 97)(p, q) and g1 (g, p) denote, respectively, the firm’s profit maximiz-
ing and the household’s utility maximizing choices, for given price function
p:[0,1) — Ry and ¢ € RE,. Since the functions F; are, for i = 1,2,
separable in z and y, the profit maximizing capital stocks are :

f@l)=af =1, fori=1,2.
Given the adopted specification of F', (z,3s) € (z,9s)(p, q) if
J1,7(s) = P1(w), P2(w) < g2 and Pa(w)fe,f(w) = @2P2,¢(w), L —a.ew (22)

Let 91(p, q) denote the optimal consumption allocation chosen by the house-
hold at prices (p, q).
The market clearing conditions are:

and gf(w) = gp(w), L — a.e.w (23)
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Now we give immediately the final step in the proof of the non-existence of
equilibrium, assuming first the following two preliminary steps. Later (see
equation (27)) we prove that at a sunspot equilibrium:

/ P1(w)dw 2/ P1(w)f (w)dw. (24)
0,1] [0,1]

We also prove (in lemma (2)) that any allocation g, with ¢;(w) = 1, for
L — a.e.w, cannot be an equilibrium allocation. We assume for the moment
these two preliminary results, and show the conclusion.

Proposition 6. There are no sunspot equilibria of the static economy defined
by (19), (20), (21).

Proof. By contradiction, let g, § = 5 = yn, be the equilibrium allocation.
Since by the firm first order conditions p;(w) = ¢1(w), L — a.e.w, (24) can be
rewritten as:

D = Y1 (w)dw 71 (w))2dw
/[071)p1<w>dw— /[071)@/1( Jdw > / (1 ()% (25)

[0,1)

Hence, by the market clearing conditions (23) :

/ 1 (w)dw 2/ (91(w))2dw = 1. (26)
[0,1) [0,1)

By Jensen’s inequality, the last inequality holds true if and only if g; (w) =
1, L — a.e.w. However, lemma (2) below rules out that this latter can be a
sunspot equilibrium allocation.

To proceed in our argument, we show that any consumption allocation
g, with 1 (w) = 1, L — a.e.w, cannot be a sunspot equilibrium allocation.
The argument is based on a simple observation: at the consumption bundle
(1,92), y2 > 0, the utility function is not concave and, hence, no linear price
can support that allocation.

Now the details. Arguing by contradiction, suppose that (z,¢) is an equi-
librium allocation. Let (g, p) be the equilibrium price function. Since z = (1, 1)
and f[071] F(z,4(w))dw = 0, the value of the firm net of capital expenses is:

v(p,q) = /[ P = 1t g

Let §* be any consumption allocation with ¢} (w) = 1, L —a.e.w. The proof
of the next Lemma is deferred to the appendix.

Lemma 2. §* can not be a sunspot equilibrium allocation of the static econ-
omy.
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To conclude the construction we have to show that if there were a sunspot
equilibrium then inequality (24) would hold true. Evidently, by proposition 6,
the latter is a contradiction.

Suppose that there exists a sunspot equilibrium. Recall that (1, 1) is the
efficient consumption bundle. Then, by 2 and by the definition of efficient
allocation, U(1,1) > f[o,l} U(§(w))dw. Hence, by revealed preferences, it must
be that the constant allocation ¢*, with ¢*(w) = (1,1), L — a.e.w, is at least
as expensive as the equilibrium allocation 3. Hence, at the equilibrium prices
P, it must be:

/ (51() + o)) > / (PL@) () + po(@ia(@)d  (27)

However, by taking into account that [ ps(w)fe(w)dw = [ po(w)dw (see
23), the latter inequality simplifies to (24).

To conclude the analysis we show that given the initial condition zy =
(1,1), there cannot exist sunspot equilibria of the intertemporal economy.
Suppose, by contradiction, that there exists an intertemporal sunspot equilib-
rium. By propositions 2, the intertemporal sunspot equilibrium is efficient and
, without loss of generality, a CPSE. Furthermore, there exists an equivalent
lottery equilibrium of the intertemporal economy (U, F,r). Hence, for given
initial condition z(0) = xg, the economy (U, F,r) has two efficient paths, one
stationary (33,3), with (1,1,0¢1,1)) = (a?,B)(t), for all ¢, and one not, (aﬁ**,B*)
Consider for A € (0,1), the path (AZ + (1 — A)&*, A8 + (1 — A)B"), where
A8+ (1— )\)B*)(t) is the compounded lottery that assigns with probability
A the lottery () and (1 — \) the lottery B (t). Evidently, by efficiency and
linearity in lotteries, [ U(B(t))dt = fU(B*(t)dt = [UNB+(1— A)B)(t)dt.
However, by the concavity of F',

F((A&+(1=NE A3+ (1=NE) (1) = AF((x, B)(1) + (1 - N F((z*,5)(t)) =
N(1) + (1 — N)a* (8) = (1 — N)a* ().

If the inequality is strict for an L — positive measure set of SR, the strict
monotonicity of U contradicts the efficiency of both paths. Hence, for L—a.e.t,
the previous inequality must be an equality. Then, the strict concavity of F’
in « and of Fy in yq, implies that Z(t) = 2*(t) and B*(t){y sy =1} =1, for
L —a.e.t.

But then given the form of F, y(B*(t)) = 1, for L — a.e.t., and since
U (and F) is linear in yo, B*(t) and B = 4, yield the same utility and

F(1, B (t)) = F(1,1,1,1), for L—a.e.t. Hence, the path (&*, B*) is supported
by the supporting prices of the stationary allocation (é‘:,B) Since the latter

can not be supported by linear prices, the intertemporal economy does not
have sunspot equilibria. -
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7 The Large Economy

In this section we study the version of the economy with a large number of
identical households. For large numbers of individuals we mean (as usual) that
the law of large numbers holds true. Namely, if we assign to each household
an i.i.d. lottery 8 € M7 +(Y) , the pro-capita average allocation is equal
(with probability one) to y(8) = [yB(dy). The particular specification the
measurable space of households is not important, provided that the law of
large numbers holds. We take it to be {[0,1), B, L} (with the usual caveat
that applies to the validity of the Law of Large numbers with a continuum of
random variables). As for any large economy, we assume that feasibility is a
restriction over the random realizations of the pro-capita total output.

Since we are dealing with a market economy where identical individual
face identical choices, we limit attention to efficient allocations yielding the
same level of utility to each household, ”equal utility allocations.” The set of
consumption allocations, at each instant, can be identified just with the set
My +(Y). To each 8 € My 1 (Y) it is associated the pro-capita consumption,
y(B). Hence, feasibility is just a restriction over average output. The reason
is obvious. If we assign to each household independent lotteries identically
equal to 8, by the law of large number, the average output is equal (with
probability 1) to y(5). Considering more general random allocations does not
enhance efficiency, [14].

A large economy has basically the same properties of a semi-linear econ-
omy. Since feasibility restricts the average values of the lotteries, the basic
properties of equilibrium and efficient path of the economy (U, F,, r) are closely
captured by those of the concavified economy (V, F,r). This is the substance
of the arguments, which, are obviously very similar to the ones used for the
semi-linear case.

7.1 Equal Utility Efficient Paths

Equal utility efficient paths are the solution to the following programming
problem:

max / e U (B(t))dt subject to F(&(t), y(B(t))) > (t), £(0) = zo.  (28)
(.8)

The optimal solutions to (28) can be characterized in a simple way by making
reference to the ”concavified” economy (V, F,r) Hence, consider the following
programming problem, where, given the concavity of V', the planner optimizes
within deterministic allocations:

{22}){/67’1‘/(3}(75))& subject to F(2,9(t)) > @(t), £(0) = wo.  (29)

Let V(x0) be the value of (29) and U(zg) be the value to (28). Then:
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Proposition 7. (,7) is an optimal solution to (28) if and only if (z, B) with

U(B(t) = V(§(t)) and y(B(t)) = §(t), for all L— a.e.t, is an optimal solution
to (29). Hence, V(xo) = U(xo).

Proof. The proof is an easy consequence of the definition of least concave
function.

7.2 Lottery and Sunspot Equilibria

The large competitive economy with a complete set of markets for lotteries
is identical to the one we have already described. The only difference is in
the presence of a large number of households. In order to characterize the
equilibria of our large economy, we follow the same technique adopted for
the characterization of efficient paths. We study the ”concavified” economy
where, rather than U, V is the utility function of the households.

The efficient allocations of the concavified economy and the efficient allo-
cations of the large economy are equivalent in the sense of proposition 7. Fur-
thermore, for both economies, competitive allocations and efficient allocations
coincide. Hence, the two economies have equivalent competitive allocations.
In the next proposition, we state that they have identical supporting prices.
Therefore, supporting prices of large economies are linear in commodities.
This is the key fact for sunspot decentralization of the efficient paths.

Proposition 8. Let (Z,a, ) be an efficient path of the ”concavified” economy
supported by prices (4,b,p). Then the efficient path (Z,a, ), with U(B(t)) =
4(t), of the large economy is supported by the same prices.

g,
V(9) and y(B(t)) = §(t

Proof. The proof is basically identical to the proof of proposition 3 and it is,
therefore, omitted. n

Constant Prices Sunspot equilibria

Propositions 3, 7 and 8 establish a strong similitude between representative
economies with semi-linear technologies and economies with a large number
of households. It is not a surprise, therefore, that the results of Corollary 1
generalize to large economies. However, there is a difference between this two
environments that makes the extension non immediate. In the representative
household semi-linear environment, aggregate and individual consumption are
obviously equal. Consumption may be random, although only its average value
is of importance for feasibility. In the large economy, individual and pro-capita
consumption are very different. The first may display randomness, while the
second is deterministic and equal to the average value (over lottery real-
izations) of the random individual consumptions. Hence, sunspot allocation
have in the large economy the additional task of creating enough correlation
among individual allocations in order to make the pro-capita consumption
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sunspot independent and feasible. A sunspot consumption allocation of the
large economy is a measurable map A : [0,1)2 x Ry — Y, where A(h,w, t) de-
notes the consumption bundle consumed by individual h at t when w realizes.
Given an initial condition xg, an intertemporal CPSE of the large economy
is an w — tnwariant trajectory of prices (g, B, p), of investments, capital goods
and pro-capita consumption allocations (Z,a,y) and a consumption alloca-
tion A such that i) (Z,a ,4) is profit maximizing af (4, b, p) i) (&,a, A(h))
is utility maximizing at (g, b,p), for L — a.e.h; iii) fo 1 A(h,w, t)dh = §(t),
L xL—ae.(wt).w) F(Z(t),4(t)) > a(t), L — a.e.t. We exploit propositions
7 and 8. Hence, for given initial condition, we take a competitive equilibrium
allocation of the concavified economy and we show that the same prices sup-
port a CPSFE with equivalent allocation. This result implies, by propositions
7 and 8, that any efficient (lottery) allocation of the large economy can be
equivalently supported by a CPSE.

The following observation, although not necessary (see for instance [5]),
greatly simplifies the argument. Consider the set = = {(y,u) : y € Y
and u = U(y)} C¢ REFL Let CH(ZE) C R®*!' be the convex hull of
Z. Consider an equilibrium allocation of the ”concavified” economy. For
each t, by the definition of least concavity, (§(t), V(4(¢))) € CH(Z). Then,
Caratheodory’s theorem implies that there exists at most C'+ 2 consumption
bundles (41 (¢), ...., Jo+2(t)) and 5(t) € A(C+2) such that X, 5,.(£)4.(t) = §(t)
and X3, (1)U (§(t)) = V(§(t)). Hence, when we analyze efficient (lottery)
allocations of the large economy there is no loss of generality in restricting
attention to allocations 8(t) with support consisting of at most C' 4 2 points.

Proposition 9. Let (g, l;,]ﬁ; Z,a,9) be an intertemporal equilibrium of the con-
cavified economy (V, F,xq). Then, there is a sunspot allocation A, with

[ At = i),
and f[o 1 U(A(h,w,t))dw = V(§(t)), for L x L—a.e.(h,t), such that the vector

(q, b D T, a, y7A) is an intertemporal CPSE of the large economy.

Proof. By proposition 3 and corollary 1, at (g, b, p) households maximize util-
ity by selecting the capital and investment trajectories (%, @) and an individual
sunspot allocation ¢§* such that

/ U (t,w))dew = V(§(2)
[0,1)

and f[o 1 *(t,w)dw = g(t). Hence, we just have to show, that there exists a
function A(.) such that A(h) = §*, for all h, and f[o,l) A(h,w,t)dh = §(t),
L x L—a.e.(t,w). By Caratheodory’s theorem, for each §(t) there exist 5(t) €
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A(C'+2) such that U(y(B(t))) = V(g(¢)) and y(5(t)) = §(¢). Denote by §,(t),
k =1,...,C+2, the points in the support of B(t) Divide, for each t, the set of
sunspots [0,1) in the C' + 2 disjoint intervals, I,;,(t) = [Zj;olﬁj(t), Efzoﬁj(t)),
with the convention that 3,(t) = 0. Let 4 denote addition modulo 1. Then A
is defined as:

A(hyw,t) = G, (t), if wih € L(t).

Evidently, A(h) = §*, for all h, and f[o 1)fl(h,o.;,t)alh = §(¢), since L{h :
A(h,w,t) = yu(t)} = L{h : htw € I.(t)} = B,.(t), for each pair (k,t). .

8 Indeterminacy of Sunspot Equilibria

We construct an example of a large static economy with a countable infin-
ity of sunspot equilibrium allocations, which are Pareto ranked. Once again,
inefficient sunspot equilibria of the large static economy can never be station-
ary sunspot equilibria of the large economy. However, there is a significant
difference between example 3 and this example, which justifies its construc-
tion. The static economy with a representative household bears no similarity
with any finite dimensional Arrow-Debreu economy. This is particularly evi-
dent when equilibrium calls for random consumption allocations. The latter
maps into randomness of the investment allocations, a = F(z,y). However,
feasibility requires that investment be equal to zero in average. It is the fea-
sibility requirement that makes the representative household economy very
different than anything else. Of course, its interest is justified by its relation
with the associated dynamic economy. The situation is quite different for a
large economy. Randomness in individual consumption allocations does not
translate (at efficient allocations) into randomness of investment allocations.
When pro-capita output is deterministic, feasibility in the static large econ-
omy is identical to feasibility in any finite dimensional Arrow-Debreu economy
with a large number of identical households. In particular, it is immediate to
show that for specific choices of the map F', the equilibrium of the large static
economy is an equilibrium of a large pure exchange economy (with identical
individuals) with the same preferences and endowments equal to the efficient
pro-capita aggregate consumption of the static economy. We make sure that
this feature is present in our example. Hence, the Pareto ranked multiple
equilibria of the large static economy are equilibria of the ”isomorphic” pure
exchange economy.

8.1 The Economy

There is a unique consumption good and a unique capital good. The technol-
ogy is F(x,y) = 1/2(f(x)—y?). f is chosen so that for z* = arg max(f(x)/2)—
rx, f(z*) = 1. We identify the space of sunspots with a set of J points having
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identical probability 1/J for some integer J > 1. The prices of the consump-
tion good are restricted to be sunspot invariant and normalized to one. The
form of the technology F' and the restrictions on sunspots and prices imme-
diately imply that ¢ = 1 and the output of the firm is equal to 1. Hence, the
economy is isomorphic to a standard pure exchange economy populated by
identical households with one unit of endowment of the only existing good.
There is a unique consumption good and a continuum of identical house-
holds, with generic index h in the space {[0,1), B, L}. The utility function U
is piecewise linear and non decreasing®, defined as:

0, for Y € [07 y*]v
U= oy — ys), for y € [yu, ],
alyy —y«) + 7y — ), for y > ys.

We assume:

Hl) y. <1<wyp, H2) 1> = alyp—y«)/yp >y and H'2) a(1—y.)—~ > 0.

H1 allows for the existence of sunspot equilibria. By H2 there is a least
concave function V associated to U. H2 and H’2 are not essential, but they
simplify the computations. The least concave function associated with U is:

V_ ( 3y, for y € [0, o], )
a(yp — y«) + (¥ — yb), for y > ys.

There is a complete set of contingent commodity markets, where indi-
viduals buy contingent commodity bundle 47/ = (y1,...,ys). In the next two
sections we drop the subscript h. Since states are equiprobable and prices
sunspot invariant and equal to 1, the programming problem of the households
is:

J j .
(H”) nﬁx X;U(y’), subject to Z(yj —-1)=0.
J

Let y(J) be the set of optimal solutions to (H”). An allocation A7 is a
measurable map from [0, 1) to R. A7(h), h € [0,1), is the vector of contingent
commodities of individual A prescribed by the allocation map A”.

An allocation A7 is feasible if

/ A7 (h,j)L(dh) =1, for all j =1,..., J.
[0.1]

Given J, a sunspot equilibrium is a feasible allocation such that A7 (h) € y(J),
for L — a.e.h.

5 It should be evident from the analysis that, at the cost of heavier computations,
all the conclusions can be generalized to strictly increasing and non concave func-
tions.
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8.2 Individual Optimization Problem

Facing several equiprobable states and sunspot invariant prices, households
optimize by selecting few consumption bundles and making endogenous their
probabilities by associating an endogenous number of states to each distinct
consumption bundle. This idea is formalized by the next lemma the proof
of which is in the appendix. Let S(y’) = {y € Ry : y; = vy, for some j},
y” € y(J).

Lemma 3. #S(y’) <2, for all J and some y’ € y(J).

Because of Lemma 3, in order to get insights into the optimal solution to
(H”7), we can study, first, a fictitious and simple programming problem with
two states of uncertainty and with o € (0,1) denoting the probability of the
first state. The two prices are sunspot invariant and equal to 1. The household
solves:

(H?) maxoU(y1) + (1 — 0)U(y2), subject to oy; + (1 —o)ya <1

The set of optimal solution to (H?) is denoted by g(o) = (y1,y2)(0).
Evidently, (y1,y2) € g(o) if and only if (y1,y2) € (1 — o). Hence, we just
analyze the problem for o € [1/2,1).

Let 0* be such that

(1-0%)gp =1

By H1, o* € (0,1) and since (1 — o*)U(yp) = V(1 — o®)yp), 9(c*) =
(0,yp). Given the symmetry of the problem, we assume, without loss of gen-
erality, that

o" >1/2.
Let 1 1
i1(0) = (0,7=—), Un(0) = (1 - 0)U(—),
and
(0 —7)(yp — 1)

= € (0,1).
Yoo =) — —ay, ©.1)

By H2 and H2', 7 € (c*,1). The optimal solution and the value, W (o),

of the programming problem, (H?), are characterized by the next lemma the

proof of which is postponed to the appendix.

Lemma 4. The optimal solution to (H?) is equal to

gH(U)v for oc [1/2,5—)3
9(o) = | gu(e)U(1,1), foro =0,
(1,1), for o € (7,1].

The value to H?, W (o), is equal to Uy (o) and strictly increasing in [1/2,0*],
equal to Uy (o) and strictly decreasing in [0*,5), and constant and equal to
U(1,1), for o € [7,1]. Furthermore, W(o*) > W(o) > U(1,1), for o €
[1/2,0%).
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Lemma 4 implicitly characterizes the optimal solution to the program-
ming problem H”. Given an arbitrary J, let n(J) € arg max s <,<; W(%)-
(Remember that, by the symmetry in ¢ of the programming problem H?,

W (%) = W(Z52). Hence, the constraint 2 < n < J is without loss of gen-
erality.) By Lemma 4, "(J) € [7,1] only if 5 ¢ [1/2 ), for all 4 <n < J.
Evidently, if J is even or sufficiently high, ( € [1/2,5). Let J* be the
smallest odd integer such that 4 € (1/2,5) for some n < J. Then:

Lemma 5. For J > J* y(J) = @H(n(TJ)

8.3 Sunspot Equilibria

We construct a family of sunspot equilibrium allocations indexed by J. The
construction is basically identical to the one used in the proof of Proposition
9.

For J > J*, partition the interval [0,1] in J subintervals, I; = [j —
1/J,3/J), j=1,...,J. For each j and h, let hjr(%) be an addition modulo 1.
Then A7 is defined as:

A7 (h,5) = yu (ML) if h+<i,>
1

The allocation map A” is feasible and A7 (h) € y(J), for all h. Furthermore,
(F)Z;U7 (AR, ) = W ().

Proposition 10. There exists a countable infinity of Pareto ranked sunspot
equilibria.

Proof. Tt suffices to show that there exists a sequence of integers Jj, such that
W(%{:)) is monotonically increasing and W(an) — W(o*). For J > J*,
let n™(J) € argmaxicn,-(5 —0”) and nt(J) = argmaxg«<zn <5(5 — o).
Evidently, n=(J) =n"(J) — 1 and ”( J) ¢ AIg MAXne (n- (1).n* (1)} W(%).

If o* is an irrational number, set Jk = k. If o* is a rational number let
(n*, N*), n* < N*, be the pair of natural numbers satisfying a) 0* = =, and
b) N 4+n > N*+n*, for each pair of natural numbers (n, N) # (n*, N*) such
that o™ = L. If N* is even, consider a sequence J = 2k + 1, and if it is odd
Ji. = (2)*. In both cases, o* —@ # 0, for all k, and limkﬂm(o*—@) =0.
By using if necessary subsequences, we get the claim.

Appendix

Proof of Lemma 1 The argument is based on some properties of Young
measures [18]. A Young measure on R, XY is a positive measure 7 such that
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for any Borel set A C Ry, 7(AXY) = L(A), where L is the Lebesgue measure.
The narrow topology on the set of Young measures is defined by the duality of
these measures with the Caratheodory’s integrands; equivalently a sequence
of Young measures converges narrowly if and only if the inner product with
any Caratheodory’s integrand converges.

Let ¢ : Ry — Y be a measurable map. The unique Young measure associ-
ated to g, v, is such that for any function U: R, xY — Rmeasurable and > 0,
fR+XY Udv = fR+ U(t,§(t))dt. Since in our case, Y is compact, U = e "U

and U is continuous, the requirement U > 0 is without loss of generality. A
Young measure v can be represented by its disintegration, which is a family
(B¢)ter, of probabilities over Y such that for any function U:Ry xY —>R

measurable and non negative, fR v Udv,, = fR fY (t,y)B:(dy)]dt. If v is

associated to ¢, B; = d0y(¢), for d4(;) denoting the Dlrac mass at §(t). The set of
Young measures associated to functions is dense (in the narrow topology) in
the set of Young measures. Thus, if (U) has a solution §* = (§*(w,.))we0,1);
the family of Young measures (v,,),e[0,1) associated to § and, equivalently, its

disintegration B*, B*(w,t) = g+ (w,t), is an optimal solution to:

' max / _Tt/ t))dw)dt,
6(t)€M+,,([0,1),B) §R+ 01)

subject to / (/[0 1)ﬁ(w,t)y([3(w,t))dw)dt.

where M; ,([0,1),B) = {3(t) : 2 — M, (Y) : B(t) is ([0,1),B) —
measurable}.

The argument is concluded by the next claim that creates an obvious
parallelism between the programming problems (U’)and (V).

An optimal solution to (U' ) B* and to (V), §*, are equivalent if

[o V(@ (w,t))dw = [, UB B (w,))dw and §*(w,t) = y(B (w,t)), for L x
L—a.e. (w t).

Claim. Optimal solution to (U’) and to (V') are equivalent.

Proof. This is a trivial consequence of the linearity (in contingent commodi-
ties) of p and the definition of V.

Proof of Claim 6.2 We break the argument in two steps.

Step 1: The support of the optimal lottery 5% is {yf,y5}, with 0 <y} <1<
y; <M.

Proof. By the feasibility condition y?(5*) = 1 and by the Inada condition y >
0. Furthermore, as already observed 1 is never in the support of 8*. Thus, the
support of 8% contains at least two points. Suppose, by contradiction, that it
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contains more than two points. Then, there exists at least two points y; and y»
either both strictly less than one or strictly greater than 1. Thus, there exists
q* such that y; and y» € argmax, y® —q*y? or y; and y» € argmax, y —q*y’.
However, both functions y* — ¢*y? and y — ¢*y? are strictly concave and
therefore they have a unique maximizer.

Step 2: The intertemporal economy (U,y?,1) has a unique efficient allocation
(%,a,8), £(t) =1, a(t) =0 and B(t) = 8%, for L —a.e.t.

Proof. We just prove that there exists a unique stationary allocation. A minor
modification of the argument implies the claim. By the form of the technology,
the optimal stock of capital is x = 1. By contradiction, suppose that there
exists two distinct optimal lotteries 8 and v with supports {y1,6,¥2.0 }, Y10 <
1 <y2s <M. o = f,v. Denote with o, in addition to the optimal lottery,
the probability of y1,, 0 = «, 3. Since, y?(0) = 1, ¢ = 3,7, and U(B) =
U(®), {v1,8:Y2,8} # {¥1,4,Y2,}, otherwise, the two lotteries are identical.
Define the lottery n which assigns probability n = B_qu to the allocation
y1(n) = %‘i and probability 1 —n = 5@2 to the allocation ya(7) =
(A=)y24+(A=B)y1.8

() . The lottery 7 is feasible since by convexity:
1= 10°(8) + 4* (1)} = B (5 (1.0) + 7= (1.2))+
20D (=B (o 5) + 2 (12))] > 1(wr)? + (1= 1) (y2)° =

Y’ (n).

Furthermore, by concavity:

+ a | 2—=(y+8 1— 1— o

Utn) = LB (Fyr st )+ G (2 gt 00400 >

3 (B) +y* (V] =U() = U(B).

Thus, the lottery n is weakly preferred to the optimal lotteries § and
~ and frees up resources. Thus, y;(n) can be increased (by an arbitrarily
small amount) delivering a lottery that Pareto dominates the optimal ones.
A contradiction.

The Efficient Stationary Allocation of Example 5

Bear in mind that f(z}) = zf = 1, for ¢ = 1,2. Since U and F are
separable, y5 = f(z]) = 1 € argmaxy, y» — ¢3Yya, for ¢5 = 1.

For given g1 > 0, let Y1(q1) be the set of optimal solution to:

12§x1dy1)—7(q1/2)un)2, (30)

To pin down the efficient allocation (for the first good) , we have to find
a price ¢; > 0 and a feasible lottery 8 over the Yi(q1), i.e., a lottery that
satisfies [y, ;) yiB(dyy) = 1.

Lemma 6. The unique feasible and optimal solution to 30 is, for ¢* = 1,
yi =1
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At this point, for sake of clarity, we break the argument in two steps. First
we show that, by the feasibility conditions, ¢* = 1. Then we show that for
qi =1, the optimal solution is y7 =1 .

Step 1: ¢f =1.

Proof. Suppose by contradiction that ¢f # 1. If an optimal solution y; # 1+e¢
exists, it must satisfy the following first order conditions:
(11/1—¢) —qgiyn =0,  p €[0,1—¢)
].—quyl:O, y1 >1+4¢

1+a(yr —1)— ¢y =0, y1 € (1—g,1+¢).

The first order conditions are satisfied by y1 = (1/¢}) > 1 +¢, if ¢f < a,
and by some y; > 1, for ¢ € [a,1). Furthermore, for ¢ < 1, y1 = 1 —¢
can not be an optimal solution, since lim,_,;_.)-[u'(y1) — q(y1)} > 0 and
limy, o)+ [u'(y1) — q(y1)] = 1 —qf +e(gi — a) > 0. Hence, if ¢ < 1, the
consumption bundles that maximize the problem 30 are all greater than 1,
thereby violating the feasibility conditions. Hence, it must be 1 < ¢}. However,
if g7 > 1, the first order conditions imply that y7 < 1. Furthermore, for ¢ > 1,
y1 = 1+¢ can not be an optimal solution, since lim,_, (1)~ [u'(c1) — q(c1)] =
1 —qf —e(gf —a) < 0 and lim._ 4o+ [u'(c1) — g(c1)} < 0. Once again,
feasibility conditions are violated. Hence, ¢ = 1.

Step 2: yi =1

Proof. Observe that, for ¢f =1,

a) yi = 1 satisfies the first and second order conditions

b) it does not exists y1, y1 # 1 — ¢ and y; # 1+ ¢, that satisfies the
first order conditions.

However, at 41 = 1 — ¢ and at y; = 1 + ¢, the objective function u(y;) —
(y1)?/2 is not differentiable, but it is locally concave. Hence, in order to rule
out 1 —¢ and 1+ ¢ as possible optimal solutions we compare the values of the
objective function at 1, 1 4+ ¢ and 1 — . By direct computation:

(1 —2) — (1 —£)*/2] — [u(1) — (1)2/2) = =(1/2)(1 — a)e? < 0,

and

[u(l+¢e) — (1+¢)2/2) — [u(1) — (1)2/2] = —(1/2)(1 — a)e? < 0.

Hence, the claim.

Proof of Lemma 2. By contradiction, suppose that there exists (g, p),
such that ¢* is (part of) a static sunspot equilibrium. Bear in mind that
75 (w) =1, pa(w) 93 (w) = @95 (w), L — a.ew, and u/(1) = 1. Then, by the first
order conditions of the individual problem (H):

W (77 (W) = v/ (1) =1 =mnp1(w), 1 < np2(w) and §3(w) = npa2(w)is (w), for
some 1 > 0, L — a.e.w.

Then, last conditions and equations 22 immediately imply that:

i) p1(w) =1/n, L — a.ew, and ¢2 = 1/7;

”) f[071) ﬁQ(w)yg(w)dw =q2 f[O,l) g);(w)dw = f[o@)(@;(w)/n)dw’ and
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Then

[ b @ = (a) [ 5 @) =200 = 14 o, s o = 1
[0,1) [0,1)

Consider the constant allocation §’ defined by ¢'(w) = (2,0) for all w.
Evidently, ¢ is budget feasible at (¢, p) and f[o 1 U(§ (w))L(dw) = 2. However:

2> f[O,l) U(g*(w))dw = u(l) + f[071) fo(w)dw =14+ u(1) =2 — (1/2)ac? =

Proof of Lemma 3 This is consequence of Jensen’s inequality. More
precisely, the utility function U is concave in [0,y,] and in [y., c0). For each
vy’ € y!(J), let y'* = (y1,...,55,) be the vector of components of y” contained
in the interval [0,y.] , i.e., ¥/t € [0,9.]7t. There is no loss of generality in
assuming that the entries of y”/* are the first .J; entries of y”/. Let J, = J — J;.
Evidently, by construction, y’2 = (y7, 11, -.-,47) € (y«,00)”2. Then:

- Uly, Ul(y;
YiU(yy) = Jlfj-]:l(J—lJ) + B 52])

IN

(LU (y5/00)) + J2U(Z5 g, 41 (w3 ) J2))-

Proof of Lemma 4 Given the shape of U, for o € [1/2,1), the optimal
solutions to (U) is either i) the constant bundle 1 = (1,1) and/or ii) § # 1,
with min{y1,y2} =0 and og; + (1 — 0)j2 = 1.

There are just two candidates that satisfy #¢). They are obtained by setting
equal to 0 either the first or the second entry of the consumption bundle. The
first candidate g (o) has already been defined, the second, g1, (o), is defined
as follows:

ir.(0) = (%,0) and Uy (o) = O'U(é)
Let (o) = Uy (o) — UL(0). For o € [0*,1), 7= >y, > 1, and hence:
P(0) = (1 =0o)[(a =Yy =] + 7 — a(l — ow.).
Then:
P(0") = (0™ = (1 =0")7)y»

(1) =7 —a(l —y.).
Since 0* > 1/2 and a > 7, ¢(c*) > 0. Furthermore, by U3, #(1) > 0, Hence:

Un(o) > Ug(o), foroelo",1),
For o € (1/2,0%], &= > 1 > y, and, by direct computation:
Do) =a(l+ (20 —1)y.) >0
Hence, Uy (o) > UL(o), for all o € [1/2,1). Furthermore:
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Ty aoy., for o € [1/2,0%)
Un(o) -U1) = { (a—7)((1=0)yp — 1) + aoys, for o € [0*,1) [~

Therefore, by trivial computations, Uy () = U(1), W (o) = Ug(o), for
o € [1/2,5), while W(o) = U(1), o € [7,1). Finally, by taking into account
assumption H2),

ay. >0, for o € [1/2,0%)
dW(o)/do = ¢ —(a—¥)yp + ay. <0, for o € (0*,5)
0, for 0 € [7,1)
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1 Introduction

The conditional heteroskedasticity and long-memory persistence apparent in
financial times series is one of the most thoroughly studied but least under-
stood of empirical regularities in financial economics. These regularities were
first noted formally in the mid-1960s by researchers examining the long-run
statistical behavior of stock prices, interest rates, and foreign exchange rates
(see e.g. [8], [12], or [21]). In the early 1980’s, the availability of high-speed
computers made it possible for researchers to begin modeling the time-varying
behavior of these time series explicitly. Early work on these topics includes
the original Autoregressive Conditional Heteroskedasticity (ARCH) model of
[7], and work by [17] and by [10] on fractional differencing (which built on
the seminal analysis of fractional Brownian motions by [22]). Since that time,
a number of extensions and elaborations of these models have appeared (see
[2] for a detailed review of this literature). Application of these models to the
stock price, interest rate, and foreign exchange data generally yields results
which are highly statistically significant. It is no surprise, then, that ARCH
and fractionally integrated time-series models have become increasingly more
popular as tools for analyzing financial data.

What is surprising, however, is the relative dearth of theoretical results
which might explain the observed time-varying volatility and/or persistence
in the data. Standard asset pricing models of the type originally formulated
by [20] or [3] are simply too stationary to deliver the desired effects. In the
[20] framework, for example, the price of asset i is given by

Pi(ye) = BEAM; (e, yer1) Werr + 0i(yes1)) | ye}

*We would like to thank Beth Shorish for her patience and guidance during this
project, as well as conference participants at the 1998 North American Econometric
Society Summer Meetings, Montreal, and the 53rd Econometric Society European
Meetings, Berlin for their many useful comments.
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where 3 is the discount rate, M; is the pricing kernel, and y; is the vector
of dividends paid at time t. With a stationary pricing kernel, only the as-
sumption of conditional heteroskedasticity in the dividend process will deliver
ARCH effects in this framework. In models with production, convergence to
steady-state equilibrium has the effect of eliminating non-stationarities in the
model which might generate time-varying conditional volatilities, unless, of
course, one assumes that the exogenously given shock process is itself ARCH.
This approach has been examined explicitly in work by [1] and [11]. Each of
these papers allows for underlying dividend processes with time-varying condi-
tional variances and examines the implications of changing risk on the general
equilibrium behavior of the model. While such studies can yield interesting
insights, they hardly constitute a theoretical explanation of ARCH.

There have been several hypotheses put forth to explain ARCH effects. One
such hypothesis holds that serially correlated news arrival drives increases in
variance (see, for example, [5] or [9] for details). While this is plausible on its
face, is poses the obvious question as to why the information arrival process
should be serially correlated. Other researchers ([26], [27]) have examined time
deformations that can occur when calendar time and market time proceed at
different rates. In these models, trade can occur more or less frequently in the
same calendar period. This can lead to observed volatilities which vary with
calendar time even though the asset is covariance stationary when measured
in “operational time”. While these models do exhibit the desired conditional
heteroskedasticity, they do not explain what might drive the fluctuations in
trading rates that give rise to the time deformation to begin with.

A third hypothesis has been put forward by [14] to explain the observed
ARCH effects in interest rate time series. In their model, market incomplete-
ness together with constraints on borrowing leads to differences in savings
behavior between rich and poor agents. This implies that the distribution
of wealth in the economy influences the degree to which otherwise nicely be-
haved stochastic endowment shocks affect the interest rate in the model. Time
variation in the distribution of income translates into time variation in the
volatility of interest rates. While this mechanism may be at work in generat-
ing ARCH effects in interest rates, it seems implausible that variations in the
wealth distribution could occur with sufficient frequency to drive the ARCH
effects observed in stock prices.

The literature on theoretical explanations of the observed persistence in
economics time-series is even sparser. The earliest result is work by [13] show-
ing how aggregation of independent AR(1) processes can generate a process
which is fractionally integrated. Since many financial and economic decision
problems in stochastic environments lead to decision rules and pricing rela-
tions which are autoregressive, this would seem a plausible explanation for
why economic aggregates exhibit persistence. One problem with this result,
however, is that it is driven by the requirement that there exist AR(1) pro-
cesses which have autoregressive parameters very close to 1. This requirement
is generally not consistent with observed microeconomic data. A second prob-
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lem is that the result isn’t applicable to much of the financial data which is
available in disaggregate form. More recent work on this issue has been done
by [6] who examines a model based on the Ising models of physics. In Durlauf’s
model, firms are located on a lattice, and the activities of neighboring firms
7spill over” and influence the original firm’s production activities.

In this paper, we examine a very different mechanism based on an agency
theoretic model of the internal dynamics of the firm. One of the weaknesses
of exchange models of asset pricing is the need to exogenously specify the
dividend process. This weakness is remedied somewhat in models of capital
accumulation, since production is modeled explicitly. But the neoclassical view
of the firm as a shell housing the basic technical processes that transform
inputs into outputs fails to capture several essential aspects of real firms that
may be relevant in determining the value of the firm. A key feature, which
we focus on here, is the ability of a firm’s managers to respond to favorable
opportunities by expanding output (or sales from inventory) and to reduce
output (or restock inventory) in response to unfavorable shocks.

We examine this feature using a standard principal-agent model together
with a particular reduced form for production which allows the agent to con-
trol, at some cost, the rate of growth of the firm’s output. To keep the analysis
relatively simple, we embed this part of the model in a simple variant of the
[20] asset-pricing model. As in Lucas, we have a single representative agent
who owns an orchard full of trees (the assets) which bear stochastic amounts
of completely perishable fruit (dividends) in every period. Unlike Lucas, how-
ever, we do not assume that the process of fruit production is completely
exogenous. Instead, we include an agent, who one may think of as the gar-
dener, who can influence the production of fruit by exerting effort in the
orchard. Specifically, we assume that the agent can cause the amount of fruit
produced to grow by exerting effort. In the context of the tree model, we can
think of our gardener’s fixed amount of time being allocated between routine
crop tending and innovations in fertilizers, root stocks, and hybridization. The
latter facilitate growth, which in turn demands more of the former activities,
making it more difficult to engage in activities that promote innovation.

In order to keep the analysis relatively simple, we will focus on the case
of a single asset or firm. The owner of the firm contracts with a manager
to operate the firm and pays him a portion of the output as compensation.
Again, for simplicity, we assume that the principal’s interest is in maximizing
the value of the firm, while the agent is risk averse with respect to his income.
We consider a simple repeated relationship between the principal and agent
without commitment. Under these assumptions, we show that the optimal
contract generates a time-series for the firm’s price which exhibits significant
conditional heteroskedasticity and long-memory persistence, even when the
underlying innovations are i.i.d.

In Section 2 we lay out the formal model. In Section 3 we look at a specific
parametrization of the model and indicate how to solve this model numeri-
cally. Section 4 compares the first-best and second-best contract equilibria for
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the model, using both analytical conclusions and the numerical solution. Sec-
tion 5 examines simulated time-series data generated by the model, and tests
the data for evidence of long-memory persistence and of ARCH effects. We
find that for certain specifications of the manager’s preferences, both of these
phenomena occur. Section 6 presents conclusions, while an Appendix contains
the solution of the first-best contract, as well as the existence proof for the
second-best contract equilibrium and details of the numerical simulation.

2 The Model

The model is based on the stochastic asset pricing model of [20], in which
the firm is comprised of two agents, an owner and a manager. The manager’s
action is defined as an effort level which contributes to the production of
the firm. Following Lucas, we associate the firm’s production with a simple
specification of a dividend process:

Ty ~ G(ﬂft \xt—ly Clt) (1)

where x; and z;_1 are the current and previous dividends, respectively, a; is
the manager’s action, and G is a continuous conditional distribution function
over a compact support X—for simplicity we specify a first order dividend
process.

Each period the manager chooses an action which maximizes the expected
utility for the upcoming period. We assume that the manager is accepting a
series of one-period contracts, and cannot commit to a longer contract. The
manager’s preferences are separable and given by

U(wy, at) = u(wy) — hay) (2)

where w; is the manager’s wealth, defined as the wage paid by the owner, u
is an increasing, continuous concave function, and h is a strictly increasing,
continuous convex function. The h function measures the disutility of working
to the manager. Finally, we assume that the agent possesses outside employ-
ment opportunities, which sets a lower bound u for the utility the agent must
receive from employment.

The owner of the firm wishes to maximize the firm’s value, i.e. the asset
price. The owner must pay the manager a wage w; in return for the manager’s
labor a; in production (which is summarized by the dividend process). We
suppose that the manager’s labor contribution is unobserved when the wage
is specified—thus the owner can only condition the wage upon the current
dividend z;. The owner seeks to

max Ei—(py), (3)
where F; denotes the conditional expectation operator with respect to infor-
mation known at time j.



Shaking the Tree: An Agency-Theoretic Model of Asset Pricing 247

As in [20] the price of the firm is given by the discounted expected future
dividends, net of the labor wage. This can be succinctly written as

Pt = BEi1 + 2 — wi(xy), (4)

where 8 € (0,1)is the owner’s discount factor.

To complete the model, some mechanism for the owner’s expectation of the
future price must be defined. Suppose that the owner uses prior values of the
state variables, in this case the dividend, in order to form her expectations. We
assume that only the expected current dividend value is used in the forecast,
and that the forecast function v : X — R is continuous and time invariant:

Et(pt+1) = U(It)~ (5)

The owner’s problem is to select an action a; and a wage w; to maximize
the value of the firm, given that the action of the agent will be unobservable.
Using equations (1) to (5) we can restate the owner’s problem as

max /X (z —wi(z)) dG(x |T4—1, ar) + ﬂ/X v(x) dG(x |zi—1, at) (6)

such that
a; € arg max/ u(w)dG(x | x4—1,a) — h(a), (7)
a X

/X w(wy) dG(z |z4—1, ar) — h(ay) > a.

Note that in this form the owner faces a typical second-best repeated static
moral hazard problem—the dividend process is conditioned on the manager’s
choice of labor, but this is not incorporated into the contracting institution by
the agents. While the single-period contract specification is used for reasons
of tractability, it may be helpful to think of this as describing a firm which
hires and fires labor of the same type every period. A newly-hired manager
may observe that previous labor has affected the dividend process (as the
distribution function for dividends is common knowledge) but has no control
over the previous manager’s labor choice.

We would like to examine the solution to the owner’s problem without
having to worry about the learning dynamics associated with the forecast
function v. That is, we will assume that the owner has already learned the
rational expectations equilibrium (REE) price function, and uses this function
to forecast future prices. In other words, the owner knows the actual function
v* which takes the observed dividend and returns the expected value of the
firm, i.e. Ey_1p; = v*(x4—1). This means that the REE price function must
satisfy

v*(24—1) = max {Et_l [t |zi—1, at ] —/ we(z) dG(z |T1—1, at) (8)

at, Wt X

- ﬂ/xv*(x) dG(x [z, “t)}'
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such that

a; € argmax/xu(wt)dG(x|xt_1, a) — h(a), (9)

a

/ w(wy) dG(z |xi—1, ar) — h(as) > @. (10)
X

In the Appendix it is shown that under the current assumptions on the
dividend process and some additional restrictions on preferences, there ex-
ists a function v* which defines at each point in time the value of the firm.
However, in order to more fully characterize the qualities of the value func-
tion (and the associated optimal labor and wage functions, respectively) it is
necessary to introduce functional form assumptions on the dividend process
and on preferences. These assumptions also allow for numerical simulations
to take place. In selecting these functional forms we have attempted to main-
tain a balance between generality and tractability—even with the specifications
given below, the rational expectations price function is still general enough
that an analytical solution cannot be found, and numerical analysis must be
performed.

Definition 1. The dividend process is an AR(1) process with innovation in
the mean, i.e.

G(zi|ag, xi-1) & @ = ap + pre—1 + &1, |p| <1, ¢ ~ N(0,1) Vt.
Definition 2. U(wy, at) = — exp(—w;) — exp(az).

With Definition 2 we may adopt the first-order-approach (see e.g. [25], [18])
to replace the argmax operator in equation (7) with the associated first-order
condition:

9
%/Xu(wt(x))dG(ﬂa,xt_l)—h(a) ~0. (1)

a=ay

3 Numerical Approximation

The specifications for the dividend process and preferences are not enough
to generate an analytical solution for the value, wage or labor functions. The
approach taken in this paper is to leave the remaining functional forms as
general as possible, and to instead focus on numerical solutions to the REE
condition. The aim here is to identify and analyze the dynamics of the price
and dividend processes given the numerical solution, instead of concentrating
solely upon the analytical results of e.g. a local quadratic approximation of
the value function v*.

However, we would like to be able to compare the resulting owner-manager
contract and, ultimately, the dynamics of the price process with a benchmark
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case. We can then see what this type of environment is ‘bringing to the table’
when compared with other contracting forms. In particular, it is interesting to
compare the ‘second-best’ model outlined above with the ‘first-best’ problem,
in which the manager’s action is set by the owner without considering the
manager’s optimal choice. In this case the incentive compatibility condition
is absent from the owner’s optimization, and the only thing the owner need
worry about is giving the manager enough utility (in this case @) to choose
employment.
In the first-best case, the problem facing the owner is

A, Wt

max {Etl [t |Te—1, at] —/ wi(x) dG(x |x4—1, at)
X

N 5/}(7](95) 4G (x |wr 1, at))}

such that
/ u(wy) dG(z |Ti—1, az) — h(a) > @.
X

In the Appendix it is shown that when Definitions 1 and 2 hold the wage func-
tion has the usual property that the manager’s risk is entirely smoothed away—
regardless of the observed dividend, he always receives a utility of 4. Both the
wage function and the effort function are constant, and the expected price
function v* is linear and increasing. Further details on the first-best contract
will be presented when compared with the second-best contract below.

Unfortunately, in the second-best case it is not possible to find a closed-
form solution. So there remains the problem of finding the expected price
function (or ‘value function’) v* of the firm. We adopt here a numerical ap-
proximation technique to identify the value and policy functions. The method
of obtaining the value function used here is by iterating on a functional oper-
ator T', defined by

T (0") (w1-1) = Epoa [we 21, 0] —/Xw?(x)dG(x\zt—u a) (12

+5/X7ﬂ(x) dG(x w1, a).

where wy’ and aj are the optimal choices given the candidate value function
v™. Since T is a contraction (see Appendix) it follows that
lim T"(vo) = v* Voo € Ck. (13)
n—oo
This condition simply states that for any initial continuous (bounded) function
taking dividends into prices, iterations of the operator T" on the initial function
will converge to the rational expectations price function.
In the approximations these iterations are derived from a class of functions
known as universal approximators. A universal approximator has the prop-
erty that given a finite collection of points from the domain and range of an
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unknown function, the approximator can update its parameters such that it
converges almost everywhere to the unknown function. Members of the class
of universal approximators include neural networks, which specify a ‘general’
functional form up to a finite set of parameters. These parameters are then
updated by iteration using the collection of points from the unknown func-
tion until they approach a set of ‘true’ parameters which in principle allow the
neural network to arbitrarily approximate the unknown function. (See [16] for
a discussion of universal approximation and neural networks, and [29], [19] for
a general discussion of the applicability of neural networks to both functional
approximation and regression analysis.) The properties of neural networks are
by now well established—for the purpose of this paper, they are essentially a
convenient method of implementing nonlinear least squares regression in a
deterministic setting.

We are now in a position to outline the algorithm for numerically comput-
ing the rational expectations value function v*:

1. Select an initial value function v°. Using neural networks, this amounts
to defining a network whose parameters are randomized.

2. Specify a finite grid over the dividend space X. Given v° and a distribution
for the error process €;, numerically compute for each point in the grid
the optimal values for w? and af (i.e. carry out the optimization on the
right-hand side of equation 12, where n = 0). For each grid point, the
value for T o v° is computed.

3. Tterate the value function to v! = T o ¢?, for which there is a finite col-
lection of values given by step 2. These values define a neural network f!
which approximates the function v!.

4. Use the neural network approximation f! in place of v° in step 2. Re-
peat steps 2-3 until Hf” — f”*1H < n, where 7 is some predefined error
tolerance level. Call f™ the rational expectations value function, or v*.

5. Given each point in the dividend grid, perform the optimization on the
RHS of equation (12) using v*. This gives in the optimal values for the
wage and effort level for each grid point. These values serve to define
a neural network [w},af] = [w*(x¢, 1), a*(x¢—1)], which is the ’policy
function’ for the economy. Given the state of the economy (i.e., a real-
ization of the current dividend, plus the previous dividend) the policy
function tells the principal what wage should be paid, and how hard the
manager should work in the current period.

The rational expectations value function is the law of motion for the econ-
omy. Once found, v* defines the optimal a;-this, combined with the previous
level of the dividend x;_; and a new realization of the error process ¢;, gen-
erates the current dividend x;. Having observed z;, v* also defines w;—this
is the wage paid to the agent by the owner and depends only upon [xt, z¢—1]
since the owner cannot observe the manager’s effort. The actual price of the
asset p; is then

pr = Pv*(xy) + xp — W (x4, Tp—1). (14)
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With the current dividend z; the next effort level a;,, can be defined, and
the process continues. Thus, the economy can be simulated and sequences of
dividends and prices can be generated and analyzed.

Particulars on the specification of the networks v*(z;—1) and [w* (2, x¢—1),
a*(x¢—1)], including the number of hidden units, number of iterations, con-
vergence criteria, and other parameter values may be found in the Appendix.

4 First-Best and Second-Best Comparison

We start with the analytical benchmark’ results for the first-best case. In the
Appendix it is shown that the optimal value and policy functions are:

1 a* “
Eroape =v'win) = 75 (1 —pp Tl =€ )> *

P
1 _ﬂpxt,l, (15)

Figure 1 displays the optimal value function for the case where @ = —2,
8 = 0.9, and p = 0.9. These are the identical parameter values used for the
second-best approximation.
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Fig. 1. First-Best Contract Expected Price

Clearly, in the first best case we will have no conditional heteroskedasticity
or long memory—the actual price follows the process
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_ _(1=8p 1 a* al — e p
pe = 74+In <|u| (2—ﬁp)>+ﬂl—ﬁ (1_ﬂp+1n(u|—e )>+1_ﬂpxt<:)

1—0Bp+ P,
1—8p 7
where we have grouped constant terms into ¢ for convenience. Since

pr=c+ (16)

Ty =a" 4 prs_1 + &

we can lag and substitute (16) into the dividend relation to yield

pe = ppi—1 + (1 —p)e+ <11€pﬁ;0) (a* + &)

The price thus follows an AR(1) process with the same autoregressive param-
eter as the dividend process, but with a different mean and variance. This
result supports the intuition that because in the first-best case there is no
response by the agent to changes in production, there should be no resultant
correlation between production (or price) volatility from period to period. In
the first-best case, the sole connection between the present and the past is the
autoregressive dividend process.

In the second-best case, however, things are markedly different. Figures 2-4
present the numerical results for the second-best value function, wage function
and effort function respectively. Figure 2 shows the numerical approximation
of the value function given by the program (8)-(10), using Definitions 1 and 2
and the parameter values u = —2, § = 0.9, and p = 0.9. The value function is
strictly concave, and for high levels of the dividend the expected future price is
nearly constant. This reflects the fact that for very high levels of the dividend
the manager shirks a great deal, absorbing any expected future gains from
the dividend. Figure 3 presents the manager’s effort function—note that for
low or negative dividend levels the manager wishes to work a (small) positive
amount, but that as dividends rise the manager rapidly works less and less.
Figure 4 presents the optimal wage as a function of the current and past
dividends. From this we see that the manager receives positive compensation
when there is a large positive gain in the dividend process (indicating hard
work by the agent). Compensation then falls as the difference between the
two dividends falls, and becomes sharply negative when the current dividend
is far below the previous one.

5 Simulation of Time Series

Once the value function and optimal wage and effort functions have been
approximated it is possible to simulate the economy and generate synthetic
time series for analysis. The simulation of time series data is important because
the second-best model has no analytical solution. Thus, analytical tools such
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as comparative statics must be traded for tools which take advantage of the
large number of simulated data points that can be generated from the model.
Tools such as regression analysis do, of course, make the tacit assumption
that the model is an accurate representation of the salient features of the
owner-manager relationship in a real economy. Nonetheless, the complexity of
the model and the relative paucity of relevant data in the real world are both
strong incentives to use simulated time series data as a proxy for economic
data generated from actual owner-manager behavior.

The owner-manager model is by its nature a nonlinear model of pric-
ing. Thus, one might expect the dynamics of observed price and dividend
sequences to reflect this nonlinearity. Of particular interest is the extent to
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which the nonlinearity in the model is capable of generating time-series data
with properties observed in real stock price data. Thus, in analyzing the sim-
ulated time-series, we look for evidence of conditional heteroskedasticity and
long-memory persistence.

The tools used for the analysis of the simulated time series are the general-
ized ARCH (or GARCH) model of conditional heteroskedasticity (see [7] and
[2]), the estimated power spectrum of the simulated time-series, and a test
for long-memory persistence. The results of this analysis indicate that 1) the
price series exhibits strong ARCH-like behavior, with the GARCH (1,1) model
demonstrating significant correlated volatility, and 2) the power spectrum and
the long-memory test indicate some long-memory persistence.

The second-best value function and the optimal wage and action functions
were used to generate time series of both prices and dividends for one hundred
thousand periods. A typical example of the dividend time series, along with
the associated wage compensation and effort levels for 200 periods are given
in Figures 5 and 6. A sample path of the second-best price for the same
200 periods is presented in Figure 7. Since it is the value of the firm which
empirically demonstrates ARCH-like behavior and long-memory persistence,
only the time series for the price of the firm was tested in what follows.

5.1 Spectral Analysis

To answer the question of whether the simulated price series exhibits per-
sistence, we first examine the empirical power spectrum. We calculated the
Welch-averaged spectral density of the simulated price series with 100,000
data points, with a Hanning window 100 units wide. The smoothed spectrum
with 95% confidence bands is shown in Figure 8.
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The spectrum indicates considerable power in the lower frequencies, a hall-
mark of long-memory processes. However, it does not appear that the spec-
trum demonstrates strong long-memory persistence. Rather, it appears at first
blush that the spectrum of the second-best price series is still dominated by
the AR(1) structure of the dividend process. In order to ascertain if long-
memory has any impact we turn to a 'rough and ready’ test of persistence
given by [10]. This test attempts to verify whether or not the spectrum bears
a some similarity to an inverse power law in frequency. In the literature on
fractionally integrated time-series, this is often referred to as ”1/f” noise.

To test the hypothesis that the observed data behave as 1/f noise, we
regressed the log of the power spectrum against the log of the (sin of) fre-
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quency, and the results are presented in Table 1. As shown in the table, the
estimated long-memory exponent d = 0.61 is significant beyond the 99% con-
fidence level. We conclude, then, that the simulated price series exhibits some
long-memory persistence.

This results raises the obvious question as to what causes the observed
persistence. One way of approaching this is to consider an experiment first
performed in the 1940’s by the hydrologist Harold E. Hurst. Hurst’s exper-
iment involved generating random sequences of biased random walks, and
analyzing the properties of the resulting time-series. Subsequences were char-
acterized by a fixed bias in the step size of the random walk. A second random
variable determined when the bias would be changed, generating a new sub-
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Table 1. Spectral Regression (Geweke & Porter-Hudak) Estimate Results

Variable Coefficient Std. Error t-statistic

intercept  2.2096 0.0705  31.349**
d 0.6088 0.0441 13.816**
R? 0.7578

sequence. When Hurst examined large data sets generated in this fashion, he
found significant evidence of long-memory persistence. Subsequent work on
time-series models with exogenous structural breaks has confirmed the long-
memory properties of the time-series generated by such models (see e.g. [24]).
In our model, structural breaks in the trend of the stock price time series oc-
cur when the drift parameter swings from negative to positive (or vice-versa)
in response to increased (or decreased) effort by the agent. These breaks oc-
cur endogenously (but randomly, given their dependence on the innovation
process of the dividend) and, we believe, generate the observed persistence.
As we will see in the following section, the trend breaks may also generate
the significant conditional heteroskedasticity observed in the simulated price
series.

5.2 Estimation of the GARCH (1,1) Model

The GARCH (1,1) model for conditional heteroskedasticity is defined as
pt| W1 ~ N (Bp,_;.07),

2 2 2
oy = o+ o1 + eop_q,
&t =Pt — ﬂpt—la

where ¥;_1 is the information set available at time t—1, p;—; = [1, pi—1, - - .pt,l]/
is an (I + 1)—dimensional vector of lagged endogenous variables, &; is the
residual of the mean regression, and 3, a = [ag, a1, as] are (1 x I+ 1) and
(1 x 3) —dimensional vectors, respectively. This specification allows for the
possibility of ‘booms’ and ‘busts’ (or alternatively, ‘fads’ and ‘bubbles’) in the
price sequence, and has (along with its variants E-GARCH and N-ARCH)
been implemented extensively on economic data (see e.g. [4], [15] and [23]).3
The GARCH (1,1) model of the second-best price series was estimated
using Maximum Likelihood with 100,000 observations, with a first-order au-
toregressive process for the conditional price expectation. Before estimation,

$Veronesi (1996) also used the GARCH (1,1) specification to test for ARCH, in
a model which uses 'regime shifts’ (similar to the trend breaks of Perron [1989]) to
generate correlated volatility in asset returns.
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the Lagrange Multiplier (LM) test for ARCH ([7]) and the Jarque-Bera nor-
mality test were applied to the residuals of the mean equation. The results
of the estimation and tests are presented in Table 2. The LM test strongly
rejected the i.i.d. residual hypothesis at the 99% confidence level, while the
Jarque-Bera test rejected the normality hypothesis beyond the 99% confidence
level. These are strong indications that the time series contains some measure
of correlated volatility.

Table 2. GARCH(1,1) Estimation Results

Variable Coefficient Std. Error z-statistic
Mean Equation:
Ei—1pt = Bo + Pipe—1

Constant  2.5293 0.0266 95.015™*

Pt—1 0.8309 0.0018 453.23**
LM ARCH Test: T * R*> = 488.27, Pr(i.i.d.) < 10e™
Jarque-Bera Statistic: 3815.3, Pr(normal) < 10e™°

Variance Equation
Ei 107 = ap + 1?1 + azo?_q

Constant  0.4802 0.0243 19.739**
€?,1 0.0631 0.0025 25.561**
O't2_1 0.7738 0.0097 79.328**

** refers to significance at the 99% confidence level.

The coefficients of the GARCH (1,1) model were all statistically significant
beyond the 99% confidence level. In addition, the conditional variance process
is strongly persistent (with ag = 0.774). This provides reasonable grounds for
acceptance of the GARCH (1,1) model as demonstrating the existence of
conditional heteroskedasticity in price data which is generated by second-best
contracting. Naturally, fitting the GARCH model to the data is an a priori
model misspecification, since the price data are actually generated by (14).
The GARCH estimation is in this case simply used to demonstrate the strong
presence of correlated volatility in the price data.

6 Conclusion

We have seen that the simple model presented here yields a price sequence
which can have hidden nonlinear behavior. In addition, it appears that exam-
ples of this sequence are fit well by an ARCH-like specification, which has been
noted to exist in empirical data. These results support the conclusion that en-
dogenous correlated volatility and persistence is possible when the manager
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influences the production process and is in turn affected by his contractual
relationship with the owner.

The model of owner-manager behavior in an asset-pricing model presented
here has been simplified in many key ways. First and most important, the
type of contract that the manager is able to make with the owner is essen-
tially static-commitment only occurs over the single period the contract is in
force, and the same contract is assumed to be accepted in perpetuity. Further
investigation would see whether a more general model, incorporating a multi-
period contract with commitment, would be substantively different from the
simplified model presented here. It would be interesting to see, for example,
whether the correlation between dividends and prices is less strong under a
fully dynamic model, since it is empirically observed that dividend time series
is less volatile than (hence, less strongly correlated with) the asset price series.

In addition, it is not clear whether the manager affects the mean of the
production process (as assumed here), the variance of the process (as would be
true, for instance, if the manager could influence the impact of the exogenous
shock upon the dividend), or both. Future research will develop a production-
based model of manager effort which can then suggest a dividend process
such as equation (1) as a direct conclusion. Of course, given the analytical
complexity of the simplified case, it is not at all clear that a more general
model with the above extensions would yield analytically testable conclusions.
Rather, it would appear from this presentation that the tools of numerical
approximation and simulation of time series would be just as valuable for
these cases.

7 Appendix

7.1 Solution of the First-Best Contract

Consider the first-best economy:

v*(z4—1) = max {a + pxi_1 — /w(x)dG(x|xt,17 a) + 5/0*(x)dG(m\xt,1, a)}

w,a

s.t./e_w(m)dG(ﬂxt_l,a) +e* <lu|,

where we have used the functional forms from Definitions 1 and 2. From
the optimization with respect to w we know that the wage payment will be
independent of the observed output z, so that

e et =7 =>
w* = —In([] —e"),

given a particular level of managerial effort a.
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The owner’s optimization is now
v (my_q) = max {a + pxi—1 + In(|ul — e*) + ﬂ/v(z)dG($|xt_1, a)} .

The objective function of the owner is concave in a. Posit a candidate policy
function a = a*, where a* is some constant, and a candidate value function
v* (24—1) = ¢1 + c2x¢—1. Then Bellman’s equation at the optimal level of effort
is

c1 + cowi—1 = a* + pry—1 + In(|u| — ea*) + Bey + Bea(a” + pri—q).
Matching coefficients yields

¢1 =a* +In([a] —e¥) + Bey + Beaa’

c2 = p+ Bpcz
or
1 a* «
ci=——|7—>F +In(g] —€° ),
1= 125 (g - )
¢y = p
1—0p

(note that this can also be directly verified by appealing to the equivalent
sequence problem—cf. [28]).
The owner thus wishes to solve

max { a* + pri_1 + In(ju| —e?) (17)
a*€(—oo,In(|ul))

ﬂ a* = _ a" 6p *
+1—ﬂ(1—ﬂp+ln(|u e )>—|—1_5pa }

This problem has (after some rewriting) the associated first-order condition

*

e _ 1 N
[ul e 1-0p

. [l
¢ _ln(Q—ﬂp)

This implies that the optimal wage payment is

w* = —In([g] — ") = —In <|u| (;:gg)) .

In the first-best equilibrium, then, the value of the firm is a linear function
of the previous level of the dividend, while the wage and manager effort are
constant. As either the rate of discounting (3 or the autoregressive parameter p
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converge to zero the effort level converges to In ( [ ) , while the wage converges

to —In ( %) . In these cases either the owner does not care about the future,
or the manager does not contribute to future dividends through the past
dividend level, and the manager’s effort level is low. As § or p rise, however,

the effort level rises and the wage rises to compensate.

7.2 Existence of the Second-Best Value Function

We seek to prove that a function v* exists which solves:

o) =max { [ (= wloatvle.a)an+ 5 [ oatyle.a)a

w,a*

such that
a* € argmax / w(w(y))g(y| 2, a)dy — h(a),
X

a

/ w(w(y))gly [2,a%)dy — h(a*) > @,
X

where X is the dividend space, y is the current (unobserved) dividend, z is
the previous dividend, w is the wage paid to the manager, a* is the manager’s
optimal action, and @ is the manager’s reservation utility. Note that for expo-
sition our notation here differs slightly from the form in the text—in addition,
we have replaced the current dividend density function dG with the density
function gdy.

We assume that the first-order approach is valid; that is, the manager’s
preferences are such that the incentive compatibility condition (ICC)

a

a* € arg max/X u(w(y))g(y|z,a)dy — h(a)

may be replaced with (cf. [18])

/ u(w(e) 2UE D 4y ey = o (1ce)
X

Assuming that the first-order approach is valid implies that an interior so-
lution to the problem ICC exists, i.e. that the second-order condition satisfies

/U (6‘§a)dy—h”(a*)<0.

when the second-order condition exists. In order to ensure this, we must add
the condition that the density function of current dividends g (y|x,a) be at
least twice-continuously differentiable in a.

From this we know immediately that the Implicit Function Theorem (IFT)
applies around a*; next we assume that g (y | z, a) is at least twice-continuously
differentiable in x so that we may write
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[ vt 2D gyt s ) = o
x a

Note that since w takes as its argument the current dividend y, the optimal
action ¢* will not depend parametrically upon w, but rather functionally. By
the IFT, however, we know that this functional dependence is one-to-one.
Thus, the incentive compatibility condition defines the optimal action given
the previous dividend and the wage function.

We may now write the dynamic programming problem of the owner as

olo) = { [ = wloatylos o +.6 [ owatylo.a oiw)y}

(1)
such that
[ utwtgtle.a @ w)dy — bia 50) = @ (PC)
b'e
where PC is the participation constraint of the manager.

This problem has a straightforward solution. The current-period return
function is bounded in w by assumption, and we also suppose that the
conditional expected value of the current dividend is finite (i.e., [ < y9(ylz,
a*(xz;w)dy < 00). The constraint PC is compact-valued, non-empty and con-
tinuous. As before (see equation 12) we define an operator T : C% — C%
by

T<v><x>=/x<y—w<>>< &, a* (")) dyw/ (y |, 0" (&5 0°))dy

(19)
where w? is the optimal solution to the problem (18) + (PC) for a given
function v.

From the above considerations we know that the Theorem of the Maximum
obtains—the T operator takes bounded continuous functions into bounded con-
tinuous functions. Furthermore, we can use Blackwell’s sufficiency conditions
to show that T is a contraction. Recall that if T is an operator taking bounded
continuous functions into bounded continuous functions, then it is a contrac-
tion mapping if

1. T is monotonic, i.e. T'(v)(z) < T(w)(x) whenever v(x) < w(zx) V.
2. T is ’sublinear’; i.e. T(v + ¢)(z) < T(v)(z) + Be Vv, B € (0,1),¢c < O

It is clear that the operator defined by (19) satisfies Blackwell’s conditions,
so that T is a contraction mapping. Hence, we know that a continuous function
v* exists which solves the owner’s problem, and that

lim T"(vo) = v* Vg € Cx.

n—oo
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7.3 Second-Best Approximation Details

The second-best value function v* was estimated using a single-layer feedfor-
ward neural network of 6 hidden units. Following the procedure outlined in
Section 3, neural networks were fit to dividend grid data and then used to
calculate the next iteration of the value function. Each neural network fit the
grid data so that the sum-of-squared-error (SSE) between the estimated data
and the actual data was less than 1010,

The dividend space X ranged from -2 to 20, and was divided into a grid
{z;} of 30 equidistant points to be used as network input. These points were
used to calculate the value function points v™(z;). These points constituted the
target vector for fitting the neural network. The actual grid data used to esti-
mate the neural network varied from iteration to iteration. An adaptive grid
was used to focus the neural network’s attention on those points which were
particularly hard to estimate, i.e. those grid points whose absolute errors were
above the mean absolute error of the current iteration’s estimate. Convergence
of the value function was assumed when the largest absolute error between
consecutive value function estimates was less than 1073, As mentioned in the
text, the owner’s discount factor 3 was set to 0.9, the autoregressive param-
eter p of the dividend process was also 0.9, and the reservation utility o was
-2.

After the value function iteration had converged, grid data for the optimal
wage function and the optimal effort function were generated. The optimal
wage function was estimated using a single-layer feedforward neural network
of 16 hidden units, and the SEE between the estimated and actual wage values
was less than 1074, The optimal effort function required 6 hidden units, and
the SSE between the estimated and actual effort values was less than 10712,
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Central-Bank Interest-Rate Control in a
Cashless, Arrow-Debreu Economy
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Summary. A pure-exchange, competitive economy with date-specific units of ac-
count is studied. It differs from the standard pure-exchange model in having unit-
of-account endowments. For such an economy, conditions are given for an outside
agent, a central bank, to be able to control the nominal rate of interest. It can do so
provided it has positive unit-of-account endowments. A more general outside agent
that has a positive endowment of some good and positive unit-of-account endow-
ments can select the time path of the price level.

1 Introduction

Money is often described as having three functions: (i) a unit-of-account func-
tion, (ii) a medium-of-exchange function, and (iii) a store-of-value function.
In a cashless economy, the third is not operative and, probably, neither is the
second. To lay people, the notion of a cashless economy may seem strange.
To economists, it is not at all strange. After all, the theory of relative prices,
the modern competitive version of which is called the Arrow-Debreu model,
has always been the developed part of economics. It is monetary theory that
has always been undeveloped. And, as it happens, the Arrow-Debreu model
has room for a unit of account—what is called an abstract unit of account,
abstract in the sense of not having a physical counterpart. This note describes
conditions under which an activity that resembles central-bank open-market
operations determines nominal interest rates in a simple Arrow-Debreu model.

2 A two-date model

The model is of a 2-date, pure-exchange economy with IV people and L goods
at each date. In order to make the model fit the unit-of-account vision that
people seem to have in mind for a cashless economy, my version has date-
specific abstract units of account called date-1 ecus and date-2 ecus. Goods
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are indexed by I € {1,2,..., L} and people by n € {1,2, ..., N}. Let w} € RY
denote person n’s endowment vector of date-t goods. Although somewhat non
standard, I will also endow people with ecus at each date and let e} € R denote
person n’s endowment of date ¢ ecus. (I permit e’ to be positive or negative.
A negative holding is a debt denominated in date-t ecus.) Note that all the
objects are perishable. For goods, that is what pure exchange means. For ecus
that is one of the meanings of cashless: there is no technology that permits a
person to convert ecus at one date into ecus at another date.

Let ¢ € RY be n’s consumption vector of date ¢ goods. Person n has a
utility function, a function of consumption of goods, u™ : Rﬁ_L — R, which
is strictly increasing. Also, let z}* denote person n's consumption or end-of-
date-t holdings of date-t ecus. As implied by the function u, people do not
value consumption of ecus, just as they do not value consumption of cash in
a cash economy.

Definition 1. Person n can afford non negative (ct,cy,zy,x5) at the prices
(p17p27 R) Zf

(Pl + el —pref — @) + R(pawy + €5 — pacy — 23) > 0. (1)

The restriction x} > 0 should be interpreted as a no-reneging condition. If
xy < 0, then a person leaves date ¢ owing date-t ecus. That is not permitted.
Notice that the nominal interest rate is % — 1. Given that definition of what
a person can afford, we can define a competitive equilibrium (CE) as follows.

Definition 2. A CE is (¢}, cy, x7,x4) for each n and (p1,p2, R) such that (i)
(ch, ey, xt, xl) maximizes u™ subject to being affordable at (p1,p2, R), and (ii)
the allocation is feasible; that is, > cf < > wi and Y., xp < > e for
t=1,2.

This definition does not include equilibria in which either or both of date-
1 ecus and date-2 ecus are worthless. In general, there are such equilibria.
Therefore, when we describe necessary conditions for a CE that satisfies def-
inition 2, they are necessary conditions for a CE in which date-1 and date-2
ecus have value. Consideration of such equilibria is similar to consideration
of valued-cash equilibria in models with cash. Often, those models also have
equilibria in which cash is not valued.

If there are no endowments of the unit of account—that is, if e} = 0—then
this is (a special case of) the standard pure-exchange model. And it has the
standard zero-degree homogeneity property.

Claim. If (¢}, ch) for each n and (p1,p2, R) is a CE, then (c},ch) for each n
and (7,p1,72P2,71R/72) is a CE for any (7,,7,) € R,

Proof. Obvious.
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Notice that this implies that there is a sense in which R € Ry can be
selected arbitrarily. Such a selection can be interpreted as influencing the
inflation rate between dates 1 and 2 because R has the units date-1 ecus per
unit of date-2 ecus.

Now suppose that there are endowments of ecus. Then, for some prices,
some people may have negative wealth. That may cause problems for existence
of a CE. If a CE exists for given ecu endowments, and if those endowments
are held fixed, then there would seem to be what has been called real indeter-
minacy because as prices vary the wealth distribution varies. I will duck the
existence question here and deal with properties of a CE.

Claim. In any definition 2 CE, (i) prices are positive (p; > 0,p2 > 0, and
R > 0) and z = 0 and (ii) the feasibility conditions hold at equality and

Yo er=0.

Proof. Part (i) follows from monotonicity of u. As for part (ii), monotonicity
of u also implies that (1) holds at equality, and, therefore, that the sum of
(1) over n holds at equality. Then, because prices are positive, the sum of
(1)) over n implies that the feasibility conditions hold at equality. That and
xp =0 imply > ef =0.

The necessary condition, ), e = 0, is reassuring. It says that total en-
dowments of ecus at each date are zero. In other words, claims on date-t ecus
must be offset by debts of date-t ecus.

And, as is standard, if we adjust ecu endowments appropriately, then the
zero-degree homogeneity property holds.

Claim. If (¢}, ck) for each n and (p1,p2, R) is a CE for ecu endowments e},
then (c, cy) for each n and (vyyp1, vop2, V1 R/72) is a CE for ecu endowments

i€l and yyed for any (vy,72) € RY ;.

Proof. Obvious.

3 A Central Bank

Subject to the above proviso about existence, it seems that the nominal in-
terest rate can be anything. Therefore, there would seem to be scope for an
outside entity, the central bank, to choose the nominal interest rate. One way
to think of a central bank as enforcing a particular magnitude for the nominal
interest rate is to have it offer to buy date-1 ecus for date-2 ecus, and vice
versa. This would seem to be the analogue of open-market operations.

To explore this, let us label the central bank agent 0. Assuming, as is
natural, that the central bank does not deal in goods and does not have
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endowments of goods, we can regard it as choosing non negative x9 and 9
subject to the following special case of (1):

el — 2 + R(ey — 25) = 0. (2)

We can interpret €) — x? as the central bank’s sale (purchase if negative) of
date-t ecus. Then, (2) says only that the central bank trades at a price.

Because the central bank does not maximize utility in any ordinary sense,
we do not assume that it necessarily chooses 2 = 0. However, we do assume
that it is also subject to ¥ > 0: it cannot leave date ¢t owing date-t ecus.

Because the central bank does not deal in goods and does not maximize
utility, the only amendment needed in the definition of a CE is to replace
the feasibility condition for ecus to include agent 0. And because (1) holds at
equality for each private agent and (2) holds, it follows that such feasibility
implies Zﬁ;o xp = Zﬁ;o ey for t = 1,2. And because z} = 0 for n # 0 in
any CE, a necessary condition for a CE is

N
$?—6?=Ze?fort=1,2. (3)

n=1

Notice that for general private endowments of ecus, endowments that do
not satisfy ZnN:1 e} =0, (2) and (3) are inconsistent. Therefore, we continue
to assume that Ziv:l ey = 0, the necessary condition for a CE when there is
no central bank. Under that assumption and the assumption that the central
bank has positive endowments of ecus, an assumption discussed below, it can
be shown that the central bank can make an arbitrarily chosen R a necessary
condition for a CE.

Claim. Assume 25:1 e’ =0 and € > 0 for t = 1,2. For any R € R,
the central bank (agent 0) can behave as a price taker in such a way that a
necessary condition for a CE is R = R.

Proof. We have to construct behavior for agent 0. Let the function f(R) deter-
mine the choice of €9 — 29, with €3 — 29 given by (2). Let f : Ry — (—Red, )
be strictly monotone, continuous, and satisfy f (R) = 0. The bounds on the
range of f are chosen to satisfy 29 > 0. Now, suppose, by way of contradiction,
that there is a CE with R # R. By the choice of f, this implies z) —e? #£0.
But this violates (3), a necessary condition for a CE.

There seems to be nothing more to this proof than the idea that if the
central bank chooses to supply something for which private excess demand is
perfectly inelastic at the quantity 0, then equilibrium requires that the price
be such as to make the central bank willing not to supply it.

Positive endowments for the central bank play an important role. In par-
ticular, if the central bank has no endowments, then its budget constraint,
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(2), and 2?2 > 0 imply 2 — e = 0 at all R. How do we interpret positive
endowments for the central bank simultaneously with 25:1 ey =07 I am not
sure. Perhaps the positive central-bank endowments are the analogue of the
central bank’s power in a cash economy to print cash at any time.

It may seem odd to claim that the central bank can determine the nominal
interest rate without providing a proof that there exists such an equilibrium.
The known existence results are for versions without endowments of the date-
specific units of account, versions in which the magnitude of the nominal
interest rate does not matter in the above model. Almost certainly, those
existence results can be extended. After all, by choosing p; and ps to be
sufficiently large, given unit-of-account endowments can be made arbitrarily
small in real terms. And setting a nominal interest rate does not prevent p;
and pso from being arbitrarily large.

4 Fiscal and monetary policy

Notice, of course, that control of R as just described leaves one degree of
indeterminacy. It is tempting, therefore, to describe a somewhat more general
policy, one that would eliminate all indeterminacy. Now, I assume that agent
0 has, in addition to endowments of ecus, some of one of the goods. Without
loss of generality, let it have an endowment of good 1 at date 1, denoted w9;.
I will not describe where it obtained this endowment. One can think of it as
coming from a bit of lump-sum taxation, which is why I call the policy being
described fiscal and monetary policy. Just as the agent 0 ecu endowments
only had to positive, not large, I only require that w9, is positive.

Now I can show that there is a way for agent 0 to behave, behave in
the sense of having an excess demand function, that allows it to determine
both p11, the price of good one — one, and R. Before doing that, I have to
again amend the definition of a CE. Once again, agent 0 does not maximize
anything. Hence, we need only amend the feasibility conditions to include
agent 0. I assume that agent 0 consumes at most some of good one — one. As
a convention, I define its consumption, denoted ¢{;, to be the amount of good
one —one it has after trading. Then the feasibility conditions hold at equality.

Claim. Assume ZnN:]_ e? =0and e >0 for t = 1,2 and w9; > 0. For any
(pi1, R*) € R3,, agent 0 can behave as a price taker in such a way that a
necessary condition for a CE is (p11, R) = (p3;, R®).

Proof. We construct behavior for agent 0. Let the function f(p, R) : ]RiL R
R2E42 denote the excess demand for agent 0. We suppose that f(p, R) =
f(»,R) if p11 = p}, and R = R'. Moreover, f(p,R) = 0 except for good
one—one and ecus. Aside from continuity, we let the sign of excess demand for
the vector (fi1, f2), excess demand for good one—one and for date-2 ecus be as
indicated in figure 1 with f;, excess demand for date-1 ecus, determined by the
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Fig. 1. Sign of (fi1, f2)

agent-0 budget constraint at equality. In addition, let f be continuous. Now,
suppose, by way of contradiction, that there is a CE with (p11, R) # (p3;, R*)).
By the choice of f, this implies 2¥ — €Y # 0 for some ¢. But this violates (3),
a necessary condition for a CE.

The idea is the same as in the proof of claim 4. The private sector cannot be
either a net supplier or demander of ecus at either date. Therefore, given that
agent 0 is a net supplier or demander at prices that do not satisfy (p11, R) =
(pi1, R*), satisfaction of this equality is necessary for a CE. By the way, while
the behavior posited in the proof of claim 4 is consistent with a CE in which
ecus at both dates are worthless, that is not the case for the behavior posited
in the proof of claim 5. As should come as no surprise, the willingness of agent
0 to sell goods for ecus prevents ecus from being worthless.

Finally, it is obvious that nothing in these arguments hinges on there being
only two dates. The results apply for any finite number of dates.

5 Concluding remarks

The above model is disarmingly simple. It can be because it does not have to
confront the hard problems of modeling cash economies. Because no one holds
cash from one date to the next, there is no need to explain why people hold
non interest-bearing cash when they seem to have available assets with higher
rates of return. Also, there is no zero lower bound on nominal interest rates.
This bound arises in an economy with cash because people have available a
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technology for converting cash at the current date into cash in the future;
namely, storing it under their mattresses. In a cashless economy, there is no
such opportunity and, therefore, no lower bound on nominal interest rates.
Also, for cashless economies, there is no terminal condition problem concerning
why cash has value at a last date.

But simplicity it not an end in itself. Suppose we were to require not only
that the model be cashless, but that it be a limit of a cash economy, a limit as
something in the economy makes cash disappear. If we take that sensible view,
then we have to face all the hard problems of monetary theory: we have to
decide what cash (monetary) model we like and what limit to take to produce
cashlessness.

In that regard, some recent work on monetary models takes a mechanism-
design point of view and requires that money play a benefical role relative to all
feasible mechanisms. That work concludes that such a monetary model must
have several frictions relative to Arrow-Debreu. For example, in [1], individuals
cannot commit to future actions and there is imperfect public monitoring of
past individual actions in the form of an updating lag of the public record of
individual actions. Remove either and you get a cashless economy. However, if
you only remove the imperfect monitoring by letting the lag get short, which
is what seems to be happening in actual economies, then you get a cashless
economy that is not an Arrow-Debreu model. Thus, it should not be taken
for granted that the cashless limit of interest is an Arrow-Debreu model.
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